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Abstract

Full Text
A. A. BOROVKOV, B. A. ROGOZIN

ASYMPTOTIC REPRESENTATIONS IN
SOME PROBLEMS FOR TWO-DIMENSIONAL
RANDOM WALKS

(Presented by Academician A. N. Kolmogorov, 29 I 1963)

In (1,2), in order to obtain limit theorems in boundary-value problems for sums

of independent summands, the asymptotic behavior of the solution of the equa-
tion

Pl [ PL L dF) = fo ) 0

was studied as z,t (and sometimes also y) increase without bound. In (1),
F(u) is a distribution function; the solution is sought in the class of bounded,
nonnegative functions; f(x,y,t) is determined by the probabilistic meaning of
the function P} ,. In the present note the results of (1,2) are generalized to the
equation

x t
PUs / dF(u) / dG(0) PP, o = fla,y,t,s), 2)
—00 0

where G is also a distribution function, and the asymptotics of the solution is
established as x,t — oo (and possibly also y, s). At the same time, in contrast
to (1,2), we shall consider the case in which F(u) is lattice-valued.

Solutions of equation (2), for suitable right-hand sides, will describe, for example,
limit theorems in the following boundary-value problems for a two-dimensional

random walk. Let {%1),59), ... be a sequence of independent random variables

with distribution function F'(u), and let ff),ff), ... be a sequence of nonneg-
ative random variables, independent of one another and of the first sequence,

with distribution function G(u). Consider in the plane (¢, x) the random walk

determined by the sequence of points (0,0), (5(12>,s<11)), (5(22),3(21>),

sg’) = §§i) + ~~—|—§,<;), i =1,2. Denote sy = maxg j<, 521); Ny is the time of first
passage of the level T' along the t-axis: 7, = max{k : sg? < T}. In insurance

problems, problems of statistics, and others, the distributions

..., where

P,, =P > ),

Z, —_
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s —(1 1
lpg:t = P<S$7t) <z, S’E7t>+1 =x+ Y, 857 >+1 >t 4+ S)

s 1 1 2
o PYy = P(s%f) >z, 857 >+1 =z —y, sihll >t+s), (3)

, 1
3Py = P(Sih)ﬂ =T—Y, 557 >+1 >t+s),
are of interest, where z,¢ > 0, s > 0, and y may take values of different signs. In

many cases it is then possible to determine also the corresponding distributions
1)

that are integral with respect to Syt

New distributions obtained if, in the

probabilities (3), the event 55; >+1 > t+ s is replaced by the event 557? < t—sare

not difficult to find by using relations of the type

P(s,)) <=, 57>+1 —z—y, s <t—u, 1(7)+1 > t+v) =PI

Denote by QI +» J = 1,2,3, the probabilities obtained by replacing in (3) the

event sﬁ,jﬂ = x — y by the event 35711) = z —y. It turns out to be possible

to find asymptotic representations for the transforms with respect to ¢ of the
probabilities (3) and ;Q¥'% (j = 1,2,3) (which are solutions of (2)), allowing
one to carry out a rather complete asymptotic analysis of the distributions
themselves (cf. (2)).

If G(+0) = 0, then our random walk can also be regarded as a jump process

X,,t > 0}, in which changes occur at the time instants s >7s(2>, ..., so that,
t 1952
putting G(t) = 1 — e, we arrive at a generalized Poisson process.

Let us introduce the necessary notation. Let f(\) = M = Ziooo fiAF,
and let (A_, ;) be the largest interval on which f(A) < oco. If a is some
notation connected with the distribution of 59, then, when necessary, we shall
write @ if f;f) is lattice-valued, and a if 5;62) is nonlattice. Accordingly, put
g(u) = Mps" = 5 gk, G(u) = Mer&S |, = sup{p+ g(u) < oo}

We shall assume that:

LA —X_>0.

IL. oy >1; gy >0, limsup, |g(in)| < 1.

The greatest common divisors (g.c.d.) of possible values of 51(gl> and 59 may,
without loss of generality, be regarded as equal to 1; denote the g.c.d.” s of the

differences of possible values of f,(:) and 5122) by d, and d,, respectively, and let
(dy,dy) = d.
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We have f”(X\) > 0 throughout the interval (A_, A, ). Therefore there exist at
most two real zeros A, (z) (A, (z) > A_(z)) of the function 1 — zf()), defined re-
spectively for z € (z,, 2,), where z, = f1(\,), zg = SUP(y ) f~Y(\). Further,
the segment [A_, A ] always contains a point A at which f(Ag) = inf, ) f(A),
so that 25 = f71(A\g). For Ay € (A_,A,), the functions A, (z) can be analyti-
cally continued to a neighborhood of the point z,, which is for them a common
branch point, at which they form one circular system. Denote by K, the do-
mains {z, +0; < [z| < 25+, |arg z| < 0}, where the numbers § and ¢, = §,(0)
are chosen so that Kj, contain no other singularities of the functions A, (z)
except the point z,, and let A + (%) be the functions coinciding with A_(z) at
all points of the intervals [z, 2] and equal to A for z > z,. Introduce the
functions W, (A\) by means of the following analogue of Lemma 1 in (1).

The function

for z € Kj, NKj_ and sufficiently small 6 and v admits a canonical factorization

w.

z

N =W

z

+(A) ' sz()‘)

with respect to A in the domain A_(|z]) — v < A < 3\+(|z|) + 7, in which the
functions W, (\) are representable in the form of absolutely convergent series

Z:io Aiszi (k) .

W,,(X\) are different from zero respectively for z € Kj, , ||

<
z e K§ , [N\ > A_(Jz]) — 7. In these domains the functions W, (\) may be
chosen regular jointly in the variables z and .

We now define the domains F5 and K, . Let p_ =0 and fi_ = —oo. Then, in
a neighborhood of any point of the interval (p_, s, ), the equation z = g(u) is
uniquely solvable with respect to p = M(z). To define the function M(z) on
the whole half-line [0, 00], set M (z) = p_ for z € [0, g(p_)]-

and M(z) = p, for z € [g(p,),00]. Further, let p* = M(z,), py = M(z,),
Mj(z) = min(M(z) + 0,y ). By K5, and fi;i we shall mean, respectively, the
domains

{n= +0,00) < |ul < Ms(z), |argp| <o},

{1 +6,(6) < Rep < My(zg), [ Tmpi| < o},
and by Ej, E(; the domains

{lpl < Mj(2), largp| <7/d},  {Rep < Ms(z)},

from which the points of the segment [, g + ] have been removed.
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Now we can formulate the theorems on asymptotic representations for the trans-
forms of the probabilities (3) and %, . Denote
.t

[e.e] o0
LI = > it P = [ Prean (@
t=1 0

. Y,5 HY,S HY,s+1
PP () = L () — ;P ()
(correspond to the probabilities (3), local with respect to S%Qt) +1),

a Tpytt gs(1)

1) = G 3 A ] Wy (@ Wy ) 9(1)

where
G =" gk, G.w :/ (1—G(t+ s))ert dt.
k=1 j=k+s 0
We define the transforms ;,z%*(u) and P, (p) analogously to (4).
Theorem 1. 1)
Qe () = e (W) g(p),  7=1,2,3.

2)
LS () = g (), j=1,2,3,

where § = e2™/4 k, is a solution of the congruence
kym; =z —y (mod d;)
for 7 = 2,3, and of the congruence
kym; =z +y (mod d,)
for ¢ = 1; m, are residues modulo d; of possible values f;?.

3) There exist 6 > 0, > 0 such that, as © — oo, y — oo,

Po(p) = D(p)A7*(9(p)) W) (1+0(e))
Wi+ (A (g())
(M €E;NKs, D(p)= ﬁ? D(p) = *%) ;

o P (1) = T(A (g(1)), A\_(g()){1 + A(p)O(e " + )}
(ne E;NKs NKs ),

=T (A (9(1)s AL (g()){1 + A(u)O(e ¥},
forx >y, pe EsNKs,,

T (g(1)); A (g(D{1 + A()O(er ¥},
forx <y, p€ EsN K.

3P () =
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Here the estimates are uniform in 4 and s. The absolute values of the functions
P, (1), jpx¥*(u) (j = 2,3) on the contours |u| = const, § < [argu| < m/d in the
lattice case and Re p = const, |argp| > ¢, in the nonlattice case do not exceed
their absolute values at the points of contact of these contours with the boundary,
respectively, of one of the domains K5, K5 _; A(p) = A (g(n)) — A_(g(p)).

If y is fixed, then the following holds.

Theorem 2. For u € E;N Ky, and z — oo,

Y)
9(1)))

Y,s - gs(1) g(u)+(y)
1P () = A5 (g(w)) 900 W O (900)

where the estimates are uniform in p, s (and for y > 0, also in y); v,(y) are the
coefficients

1P () = /\If(g(u))gsw) wg(wi (1+0(e)), ify>0,

g(;“’) Wg(u)Jr <)‘
v

(14+0(e ™)), if y <0,

for AY in the expansion of the function

-1

“AA=A A=A ) W._(N)] ()

The values of | PY"*(n) for p € E5 and pu € Ky, are estimated in the same way
as in Theorem 1.

The asymptotic analysis of the distributions themselves P, 1pi’7, §7 r o
’ ’ x, x,t

is carried out by means of the saddle-point method. The results obtained
make it possible, for example, to describe completely the large deviations for
Kolmogorov-Smirnov statistics over the entire conceivable range of deviations.

Here we give only one theorem, clarifying the physical meaning of the functions
Wzi()‘)'

Theorem 3. Let z/t =7, lim, ,, 7 =a >0, m(\) = A\ "M 1(f~1()\)), let \,
be the point at which min, m () is attained, and let g, = f~1()\,). Then, if \,
is located in the domain of regularity of the function m(\), then for y > 0 and
T — 00

PLE = A0 g, (M (g)) w, L () Pm ) E(T.r—a) . (©)

where A = 7 for a = 0, and A = A()A,) > 0 for a > 0; E(%,T—a) is an
asymptotic expansion in powers of 1/t and 7 — a. The functions A(),), ®(A,)
are known and do not depend on z,t,y, s. The function m*(\,) can also be rep-

resented in the form mt(\,)et(™%) where H(7 —a) is the generalized Cramér
series.

The value of ; P;; for y < 0 is obtained if in formula (6) w,, . (y) is replaced by

vy (y), and ®(A,) by the likewise known value ®;(A,).

g a
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Thus the functions W, (A) and (5) turn out to be the generating functions of
the corresponding limiting conditional distributions. The functions W, (A)(A—
A, (2)) and W,_(A)(A — A_(2))A"!, which in a narrower domain effect the fac-
torization of the function 1 — zf()\), can also be given a certain probabilistic
meaning. If we put (cf. (3))

e e el

ro(z,A) = ZZP{ETFl =0, s, =z} 2"\,

n=1z=1

P{s, =0, max(sy,...,s, 1) <s,, s, =z} (2"\Y),

N

r_(z,\) = i

n=1x

—00

then

(1=2f(N) = (1 =7 (2 )1 =7_(2,X)).

Institute of Mathematics with Computing Center
Siberian Branch of the Academy of Sciences of the USSR
Novosibirsk State University

Received
23 11963

References Cited

L' A. A. Borovkov, DAN, 143, No. 3, 510 (1962).
2 A. A. Borovkov, Siberian Mathematical Journal, 3, 5, 645 (1962).
3 G. Baxter, Pacific J. Math., 8, 4, 649 (1958).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196301.55750 Machine Translation


https://sovietrxiv.org/items/ru-196301.55750

	Abstract
	Full Text
	ASYMPTOTIC REPRESENTATIONS IN SOME PROBLEMS FOR TWO-DIMENSIONAL RANDOM WALKS
	References Cited


