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Abstract
Full Text

PHYSICS
A. E. BAZHANOVA, V. D. SHAFRANOV

ON THE RADIATION OF A CHARGE MOV-
ING IN A PLASMA NEAR CYCLOTRON RES-
ONANCE
(Presented by Academician M. A. Leontovich, 29 XI 1962)

As is well known, a charge moving in a magnetic field 𝐵 in a circle with velocity
𝑣⟂ ≪ 𝑐, in vacuum radiates mainly at the cyclotron frequency 𝜔𝐵 = 𝑒𝐵/𝑚𝑐.
The radiation of a charge in a plasma located in a magnetic field differs from
that in vacuum by a number of features associated both with the peculiarity of
the polarization of waves with frequency 𝜔 = 𝜔𝐵 (1−4), and with the anomalous
dispersion of the plasma refractive index 𝑁 for a wave of one of the two polariza-
tions possible in a plasma as in an anisotropic medium. One of the features of
this radiation, noted in the works of V. L. Ginzburg and V. V. Zheleznyakov (1)
and others (2−4), is that in the dipole approximation the radiation of a charge
in a plasma at the cyclotron frequency is absent. This result, however, was
obtained for the case when the velocity of the charge 𝑣∥ along the line of force
of the magnetic field is strictly equal to zero. In fact, even a comparatively
small velocity of longitudinal motion can lead, because of the Doppler effect, to
a very substantial shift (owing to the large value of the refractive index near
resonance) of the radiated frequency from the cyclotron frequency into a region
where dipole radiation becomes possible. This radiation must evidently depend
on the value of the refractive index 𝑁 , and consequently on the plasma density
𝑛0. Therefore the question arises whether this radiation can be used for mea-
suring the plasma density. To answer this question, a numerical calculation was
undertaken of the radiation intensity of an electron and an ion near the corre-
sponding cyclotron frequencies. The velocity of the radiating electron (ion) is
assumed to be considerably greater than the thermal velocities of the electrons
(ions) of the plasma. In this case the plasma may be regarded as transparent for
the radiation under consideration, and the refractive index of a “cold”plasma
may be used in the calculations.

The radiation intensity of an electron is determined by the formula (first ob-
tained by V. Ya. Eidman (5); see also (4))
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𝐼 = 𝑒2𝜔2
𝐵

𝑐 ∫
1

−1
𝑑𝜇 { 𝑥2

1 + 𝛼2𝑥
[(𝛼𝑥0

𝛽1
𝜆 + 𝛼𝑧1

𝛽2) 𝐽1(𝜆) − 𝛽1𝐽 ′
1(𝜆)]

2 𝑁
|1 − 𝛽2𝜇 𝜕(𝑥𝑁)/𝜕𝑥|} ,

(1)

where

𝜆 = 𝛽1𝑥𝑁√1 − 𝜇2, 𝛽1 = 𝑣⟂
𝑐 , 𝛽2 =

𝑣∥
𝑐 ,

𝑥 ≡ 𝜔
𝜔0

𝐵
√1 − 𝛽2

1 − 𝛽2
2 = 1

1 − 𝛽2𝜇𝑁(𝑥, 𝜇) ,

𝑁2 = 1 −
𝐴2

𝑥2 (𝐴2 − 𝑥2) + 𝑥2
0(1 − 𝜇2) ± √𝑥4

0(1 − 𝜇2)2 + 4𝑥2
0

𝑥2 (𝐴2 − 𝑥2)2𝜇2

2 [𝐴2 + 𝑥2
0 − 𝑥2 − 𝐴2𝑥2

0
𝑥2 𝜇2]

.

𝛼𝑥0
= 𝑥 𝑁2(𝑥2 − 𝑥2

0) − (𝑥2 − 𝑥2
0 − 𝐴2)

𝐴2𝑥0
, 𝛼𝑥 = 𝛼𝑥0

𝜇 − 𝛼𝑧0
√1 − 𝜇2,

𝛼𝑧0
= 𝑥3𝑁2{(𝑥2 − 𝑥2

0)𝑁2 − (𝑥2 − 𝑥2
0 − 𝐴2)}𝜇√1 − 𝜇2

𝐴2𝑥0 [𝑥2𝑁2√1 − 𝜇2 − (𝑥2 − 𝐴2)]
,

𝑥0 = 𝜔0
𝐵

𝜔𝐵
= 1

√1 − 𝛽2
1 − 𝛽2

2
, 𝐴2 = 𝜔2

0
𝜔2

𝐵
, 𝜔2

0 = 4𝜋𝑒2𝑛0
𝑚0

, 𝜔0
𝐵 = 𝑒𝐵

𝑚0𝑐 .

The integration in (1) is carried out over those values of 𝜇 for which 𝑁2 > 0.

Table 1

Ratio of the radiation intensity of an electron in plasma to that in vacuum,
𝑓𝑒 = 𝐼/𝐼0, and the relative optimal radiation frequency 𝑥opt = 𝜔opt/𝜔𝐵, as
functions of 𝛽1 = 𝑣⟂/𝑐, 𝛽2 = 𝑣∥/𝑐, 𝐴2 = 𝜔2

0𝑒/𝜔2
𝐵

𝛽2

𝛽1 =
0.01, 𝐴2 =

3

𝛽1 =
0.01, 𝐴2 =

10

𝛽1 =
0.01, 𝐴2 =

100

𝛽1 =
0.5, 𝐴2 =

3

𝛽1 =
0.5, 𝐴2 =

10

𝛽1 =
0.5, 𝐴2 =

100

𝛽1 =
0.9, 𝐴2 =

3

𝛽1 =
0.9, 𝐴2 =

10

𝛽1 =
0.9, 𝐴2 =

100
𝑥opt𝑓𝑒 0.01 0.890.640.812.2 0.6011 0.940.360.910.320.820.180.980.540.970.380.920.24
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𝛽2

𝛽1 =
0.01, 𝐴2 =

3

𝛽1 =
0.01, 𝐴2 =

10

𝛽1 =
0.01, 𝐴2 =

100

𝛽1 =
0.5, 𝐴2 =

3

𝛽1 =
0.5, 𝐴2 =

10

𝛽1 =
0.5, 𝐴2 =

100

𝛽1 =
0.9, 𝐴2 =

3

𝛽1 =
0.9, 𝐴2 =

10

𝛽1 =
0.9, 𝐴2 =

100
𝑥opt𝑓𝑒 0.1 0.182.4 0.156.3 0.095.8 0.700.440.630.310.350.090.840.470.770.290.510.11
𝑥opt𝑓𝑒 0.7 0.091.6 0.071.3 0.040.640.330.350.260.200.100.14

The calculation of the radiation intensity by these formulas was carried out by
one of the authors (A. E. Bazhanova) on the high-speed M-20 computer. The
calculation showed that the main part of the radiation falls within a compara-
tively narrow frequency range near a certain optimal frequency 𝜔 = 𝜔opt.

Table 2

Dependence of 𝑥opt = 𝜔opt/𝜔𝐵𝑖
and of the coefficient 𝑓𝑖, which determines the

relative radiation intensity of an ion,

𝐼
𝐼0

= 𝑐
𝑐𝐴

𝑓𝑖(𝛽1, 𝛽2) on 𝛽1 = 𝑣⟂/𝑐𝐴, 𝛽2 = 𝑣∥/𝑐𝐴

𝛽2 𝛽1 = 0.1 𝛽1 = 0.5 𝛽1 = 1 𝛽1 = 3 𝑥opt

0.1 22 0.98 0.22 0.037 0.82
0.5 25 1.2 0.30 0.029 0.60

1 21 1.1 0.27 0.028 0.45
3 12 0.64 0.17 0.020 0.24

The frequency 𝜔opt depends rather strongly on the plasma density. Table 1
gives the dependence of 𝜔opt/𝜔𝐵 on 𝐴2 (i.e., in fact, on the plasma density) for
several values of 𝛽1 and 𝛽2. Since for 𝜔 > 𝜔0

𝐵, 𝑁2 < 0, it is clear in advance that
the charge can radiate only for 𝜇 < 0 (𝜇 is the cosine of the angle between the
projection of the velocity vector onto the field line and the normal to the front
of the emitted wave) and 𝜔 < 𝜔0

𝐵. The corresponding frequency range is known
as the propagation region of “whistling atmospherics”(6). The group velocity
of the waves in this range makes a comparatively small angle with the vector
of the magnetic field. It follows from what has been said that a charge moving
along the magnetic field will radiate mainly backward. The radiation intensity
proves to be comparable with the intensity of dipole radiation in vacuum,

𝐼0 = 2
3

𝑒2

𝑐3 𝜔2
𝐵𝑣2

⟂.

The ratio of these intensities, 𝑓𝑒 = 𝐼/𝐼0, is given in Table 1.

The data presented allow one to hope for the possibility of using the radiation
of fast electrons (specially passed through
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plasma or present in it, as, for example, “runaway electrons”in powerful dis-
charges) in order to obtain certain information about the plasma.

An analogous calculation was carried out for ions. Ion radiation may be of
interest in the analysis of cosmic radio emission. In Ref. (3) a rough estimate
was given for the radiation of an ion having a longitudinal velocity 𝑣∥ ≠ 0 near
cyclotron resonance. This estimate shows that the radiation intensity of an ion,
even for comparatively small 𝑣∥, is not only nonzero (as it would be for 𝑣∥ = 0),
but also considerably exceeds the intensity of the dipole radiation of an ion in
vacuum. This increase in the radiation intensity, associated with the large value
of the refractive index 𝑁 (in the frequency region under consideration 𝑁 ∼ 𝑐/𝑐𝐴,
where 𝑐𝐴 = √𝐵2/4𝜋𝑀𝑛0 is the “Alfvén velocity”; values 𝑁 ∼ 104 are quite
realistic), can make ion radiation a fully observable effect.

The intensity of ion radiation near cyclotron resonance is determined by the
formula (4,5) (𝑐𝐴 ≪ 𝑐)

𝐼 = 𝑒2𝜔2
𝐵𝑖

𝑐𝐴 ∫
1

−1
𝑑𝜇 { 𝑥2

1 + 𝛼2𝑥
[(𝛼𝑥0

𝛽1
𝜆 + 𝛼𝑧0

𝛽2) 𝐽1(𝜆) + 𝛽1𝐽 ′
1(𝜆)]

2 𝑛
|1 − 𝛽2𝜇 𝜕(𝑥𝑛)/𝜕𝑥|} ,

(2)

where

𝜆 = 𝛽1𝑥𝑛√1 − 𝜇2, 𝛽1 = 𝑣⟂
𝑐𝐴

, 𝛽2 =
𝑣∥
𝑐𝐴

,

𝑥 = 𝜔
𝜔𝐵𝑖

= 1
1 − 𝛽2𝑛𝜇, 𝛼𝑥 = − 𝜇𝑥

𝑛2{𝜉𝑥2(1 − 𝜇2) − (1 − 𝑥2)𝜇2} + 1,

𝛼𝑥0
= 𝑛2(1 − 𝑥2) − 1

𝑥 , 𝛼𝑧0
= − 𝜉𝑛2𝑥3𝜇√1 − 𝜇2

𝑛2{𝜉𝑥2(1 − 𝜇2) − (1 − 𝑥2)𝜇2} + 1,

𝑛2 = 1 + 𝜇2 + √(1 − 𝜇2)2 + 4𝑥2𝜇2

2{𝜇2 − 𝑥2[𝜇2 + 𝜉(1 − 𝜇2)]} ,

𝑐𝐴 = √ 𝐵2

4𝜋𝑀𝑛0
, 𝜉 = 𝑚

𝑀 = 1
1840 , 𝐴2 = 𝜔2

0𝑖
𝜔2

𝐵𝑖
= 𝑐2

𝑐2
𝐴

.

The integration in (2) is performed over those values of 𝜇 for which 𝑛2 > 0.

The calculation shows that the radiation occurs practically at one frequency
𝜔opt, which can be shifted rather strongly relative to the resonance (see Table
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2). The ratio of the intensity of ion radiation in plasma to that in vacuum may
be written in the form

𝐼
𝐼0

= 𝐴𝑓𝑖(𝛽1, 𝛽2).

The values of 𝑓𝑖 are given in Table 2. As can be seen, these values are of order
unity, so that the radiation intensity, roughly speaking, is 𝐴 times greater than
the vacuum value. We note that in an isotropic medium with refractive index
𝑁 = 𝐴 one would have 𝑓𝑖 = 1.

Received
15 XI 1962
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