Soviet-era science, translated into English

A. Kh. Gudiev

1963

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196301.55588

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196301.55588

Abstract
Full Text

A. Kh. Gudiev

Classes L, , ,,(f,,) and an Embedding Theorem for Ab-
stract Set Functions

(Presented by Academician S. L. Sobolev on 12 VII 1962)

Let €,, be a bounded domain of the m-dimensional Euclidean space R™

(m < n). We denote each point z € R™ by =z = (7,,z,,,...,%,,),
where s, are positive integers satisfying the condition s; + sy + -+ +
‘ik = m; Ty = (xlaxQ"“7xsl)7 Ts, = ('r51+1axsl+27"'7xsl+52)’ )
zsj = (x31+82+~~+sj,1+13zs1+32+~~+sj,1+2’ "rsl+sz+-~~+sj,1+sj ) e
Next, denote by R° the space of vectors z, ,

J

— RSi — vyl =r = = 2 2 2
QSJ,—RJﬁQm7 lt —yl=r=mr,=/r2 +7r +-+712,

S1tSytts,; 1+8; 1/2

— E 2
s, = (xl - yz) )
1=81+8y++s; 1 +1

2 2 2 1/2
Tn—(sl+32+-~+sj,1) - <Tsj + Tst +ot Tsk> :

We shall consider the set of functions f(z) defined in €2,,. Each function f(z)
may be regarded as a function of the variable vectors z, ,z, ,..., 2, . Under
such a consideration, to almost every vector z, there corresponds an element
of an abstract space—the function f(isl,J?Sz, ,xsiil,mgi,i"siﬂ, ,isk) of the
variable vectors 7, , @ 1T, 11 Ts, e T Thus one may introduce for con-
sideration the set of abstract functions f(z, ,z

EREREN

, T, ) for which the expres-

I
sion

1/1%

P/ Pr—1
Pz/P1 P3/P2
- _ _
( | f]P dxsl> dz,, dz,, dz,,
QSR st—l QS2 Qsl

is bounded.

We denote the set of such functions by L
in it by the equality

p1panpe) (Slm)- We introduce a norm
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1Ly (@) =

1/py
D3 /P2

P2/P1
|£|Pr dmsl> dz o di dz

S2 Sk—1 Sk
51

Next, let €2, denote either a domain of an s-dimensional Euclidean space, or
a smooth manifold of s dimensions in a Euclidean space of a larger number
of dimensions. We assume the s-dimensional measure of Q2 to be finite and
different from zero, and set

U(:c):/Q 7(y) r— dy.

For s = n, U(Z) was studied in the works of S. L. Sobolev (12), V. I. Kondrashov
(%), V. P. I' in (%), and L. V. Kantorovich (°); for s < n and m = n, in the
works of L. V. Kantorovich (°) and Kh. L. Smolitskii (7).

In this note we present results that generalize (in the case of a finite exponent)
some results for U(Z) obtained in the works cited above. These results made it
possible to generalize the embedding theorem of S. L. Sobolev (3) for abstract set
functions, i.e., made it possible to formulate and prove an embedding theorem
for the trace on arbitrary hyperplanes of dimension s < n.

Theorem 1. If 7(y) € L,(Q); A +Z7, 1 , where s, are positive rational

numbers satisfying the condition 21:1 ;=n, 8 <ny,and 1 < p < p; <
Doy Dgs - s P < 00, then U(Z) € L, ’pk>(Qn) and, moreover, the inequality

HU”L(I,N,2 _____ (@) S CHT”LP(QS)

holds.
Let the number ¢ be such that

’U‘ﬁ

s k
AP

Put € = €, 4 €5; then

k Si_g _
U(@)] < / oo o () PG |y e (T =) g )
QS
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Applying Holder’ s inequality to three factors, after obvious transformations we
obtain

k
p@r <alripel™ [ rap i e

Integrating (2) over Qsl, changing the order of integration and simplifying, we
shall have

k

/ U@ dz,, < e lrlp e n / PR g )

Q,
Raising both sides of inequality (3) to the power p,/p;, integrating over ,_,
applying the generalized Minkowski inequality ((°), p. 179), and simplifying,
we obtain

LU

S1

Pz/Pl (Zk o ) Pz/Pl
_ _ _ 5(1—p/py _ - y €2)P1
U (&) dxsl> dz,, < cylr|2 P ( / (@) Pras s, dy> .
QS

Continuing this process, at the k-th step we obtain

U Dy
ol

< Pr
(P1,P2,sPk — CkHT”Lp

(25) (2,)

Remark 1. For: 1) s; =n, p; =00, S5 =83 = =5, =0;2) 8y =n, p; <00,
we obtain assertions a) and b) of Theorem 2 of Kh. L. Smolitskii (7) and, in
a somewhat different formulation, Theorem 1 of L. V. Kantorovich (6). For
s=m, §; <N, S§g=83=--=5,=0, p=2, p; <00, py =00, we obtain S. L.
Sobolev’ s result for an indefinite exponent (2); for s =n, s; < n, s5 =8, =
=5, =0, py <oo, py =00, V. 1. Kondrashov’ s result.

Theorem 2. If 0 < p; < py,p3, ..., p, < 00, k < s, then

)(Qs> - :[‘p1 (Qs)7

L<P1 sP2s-5Pr

where — denotes embedding (see (8)).

Theorem 3. If 7(y) € L<q/7p27m)pk>(Qs);

k
SLABNT
p’ ; p;’
where s, are positive integral rational numbers satisfying the condition

k
Zsi:m kE<s

i=1
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and

p S q S maX(Qap/) S p2ap3a apk < 0,

then U(z) € L,/ (9,,), and, moreover, the inequality

HU”LP/(Q,,) < C||T||L(q,1p2 RRE (4)

holds.

Remark 2. For s, = 53 = - = 5, = 0, from Theorem 3 we obtain the assertion
of S. L. Sobolev ((3), p. 307).

Theorem 3 makes it possible to generalize S. L. Sobolev’ s embedding theorem to
abstract functions of sets. In order to formulate and prove the result obtained,
let us consider the class @, , . (X,QN5,) of abstract additive functions
of sets o(I) (I € &, where é’ s the set of all Lebesgue-measurable subsets of

QNS,) with values in a Banach space X, for which the norm introduced by the
equality

s (@) dao (D),

I7le, ot pmspg) (2050)

5PE)

lelle x,ans,) = SUP (5)

(p1yp2=~-ypk»<

is bounded. As is not difficult to see, from ®
obtains the known space ®,, of S. L. Sobolev.

(p1,paspy)e S @ special case one

Theorem 4. If p(E) € %@(X, ),
n—1[< - —|— —|— Z
=2 pl
where s, are positive integral rational numbers satisfying the condition
k
Z Si =n, k S S S n,
i=1

and

p < g <max(q,p’) < py, Pz, s P < OO,

then ¢ is defined on all smooth manifolds S; N2 of s dimensions and represents
a function of sets ¢(/) belonging to the class @, . (X,02N5;). Moreover,
the inequality
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18ls,,,, . xans,) < deloxo (6)

,,,,,,

holds; ¢ = const does not depend on ¢.

Consider the integral identity

- / K(1,5) dyen(B)+ Y / Ko (1,5)d,D% ¢, (E),
Q |a|=t V&

where
o, (1) = [ 2(y) dy; E)= [ p(7)dz; D%, (E) = | D% (y)dy;
on(I) /Is@(y) Y on(E) [Ew( ) en(E) /E ©(y) dy

K(1,y) /I Z ! 1" € (Y) dT; K4(1,9) = /Ir(:ly) dT.
\

o <l—-1

Let us estimate the expression

I/ @) d, [f, K15 d,eB)]|

%] < sup X 4
” ”q)gqvpg ..... pk)(X’QmS_s;) T ”T”L(q/’p%m)pw(QQSS)
S Jy, K&(1,9) d, D%, (E)
RN RCTAT l,
o=t 7 ” ”L(q/’p2 ’’’’’ pk)(QﬁSS)

Using the definition of the integral (3) and making the necessary transforma-
tions, we obtain

H@quqm,N_,pk)<x,mss) <

- I, [ @) d K<~’ 9] dyenB)| 1 7@ derc (1D @
o7 ||f dorc (LY, @) ”T”L(q,m2 _____ oo (@NS,)
e ML ] 0B, V051
=t T ”f ( ) ( )HLp’(Q) ” ||L(q/yp2“_1pk~)(§mss)

(7)
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On the basis of Theorem 3 and simple estimates we have

[r@d k1| <alrl,, |, oo ®)
1 L,(Q) ek
[r@dutn) <ol s (©)
1 L,(Q) TRk
From (7), (8), and (9) we obtain
||’95h||<1>(w2 _____ o) (X,2NS,) < c||¢h“wf)(X7Q)' (10)

Passing to the limit in equality (10) as h — 0, we obtain (6).

Remark 3. For s; =n, s, = s3 = =5, =0, we obtain the theorem of S. L.
Sobolev (3, p. 321).
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