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Abstract
Full Text

A. Kh. Gudiev
Classes 𝐿(𝑝1,𝑝2,…,𝑝𝑘)(Ω𝑚) and an Embedding Theorem for Ab-
stract Set Functions
(Presented by Academician S. L. Sobolev on 12 VII 1962)

Let Ω𝑚 be a bounded domain of the 𝑚-dimensional Euclidean space 𝑅𝑚

(𝑚 ≤ 𝑛). We denote each point ̄𝑥 ∈ 𝑅𝑚 by ̄𝑥 = (𝑥𝑠1
, 𝑥𝑠2

, … , 𝑥𝑠𝑘
),

where 𝑠𝑖 are positive integers satisfying the condition 𝑠1 + 𝑠2 + ⋯ +
𝑠𝑘 = 𝑚; ̄𝑥𝑠1

= (𝑥1, 𝑥2, … , 𝑥𝑠1
), ̄𝑥𝑠2

= (𝑥𝑠1+1, 𝑥𝑠1+2, … , 𝑥𝑠1+𝑠2
), …,

̄𝑥𝑠𝑗
= (𝑥𝑠1+𝑠2+⋯+𝑠𝑗−1+1, 𝑥𝑠1+𝑠2+⋯+𝑠𝑗−1+2, … , 𝑥𝑠1+𝑠2+⋯+𝑠𝑗−1+𝑠𝑗

), ….

Next, denote by 𝑅𝑠𝑗 the space of vectors ̄𝑥𝑠𝑗
,

Ω𝑠𝑗
= 𝑅𝑠𝑗 ∩ Ω𝑚, |𝑥 − 𝑦| = 𝑟 = 𝑟𝑛 = √𝑟2𝑠1

+ 𝑟2𝑠2
+ ⋯ + 𝑟2𝑠𝑘

,

𝑟𝑠𝑗
= ⎡⎢

⎣

𝑠1+𝑠2+⋯+𝑠𝑗−1+𝑠𝑗

∑
𝑖=𝑠1+𝑠2+⋯+𝑠𝑗−1+1

(𝑥𝑖 − 𝑦𝑖)2⎤⎥
⎦

1/2

,

𝑟𝑛−(𝑠1+𝑠2+⋯+𝑠𝑗−1) = (𝑟2
𝑠𝑗

+ 𝑟2
𝑠𝑗+1

+ ⋯ + 𝑟2
𝑠𝑘

)1/2 .

We shall consider the set of functions 𝑓( ̄𝑥) defined in Ω𝑚. Each function 𝑓( ̄𝑥)
may be regarded as a function of the variable vectors ̄𝑥𝑠1

, ̄𝑥𝑠2
, … , ̄𝑥𝑠𝑘

. Under
such a consideration, to almost every vector ̄𝑥𝑠𝑖

there corresponds an element
of an abstract space—the function 𝑓( ̄𝑥𝑠1

, ̄𝑥𝑠2
, … , ̄𝑥𝑠𝑖−1

, ̄𝑥0
𝑠𝑖

, ̄𝑥𝑠𝑖+1
, … , ̄𝑥𝑠𝑘

) of the
variable vectors ̄𝑥𝑠1

, ̄𝑥𝑠2
, … , ̄𝑥𝑠𝑖−1

, ̄𝑥𝑠𝑖+1
, … , ̄𝑥𝑠𝑘

. Thus one may introduce for con-
sideration the set of abstract functions 𝑓( ̄𝑥𝑠1

, ̄𝑥𝑠2
, … , ̄𝑥𝑠𝑘

) for which the expres-
sion

⎛⎜⎜⎜⎜
⎝

∫
Ω𝑠𝑘

⎛⎜⎜⎜
⎝

∫
Ω𝑠𝑘−1

⋯ ⎛⎜
⎝

∫
Ω𝑠2

(∫
Ω𝑠1

|𝑓|𝑝1 𝑑 ̄𝑥𝑠1
)

𝑝2/𝑝1

𝑑 ̄𝑥𝑠2
⎞⎟
⎠

𝑝3/𝑝2

⋯ 𝑑 ̄𝑥𝑠𝑘−1

⎞⎟⎟⎟
⎠

𝑝𝑘/𝑝𝑘−1

𝑑 ̄𝑥𝑠𝑘

⎞⎟⎟⎟⎟
⎠

1/𝑝𝑘

is bounded.

We denote the set of such functions by 𝐿(𝑝1,𝑝2,…,𝑝𝑘)(Ω𝑚). We introduce a norm
in it by the equality
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‖𝑓‖𝐿(𝑝1,𝑝2,…,𝑝𝑘)(Ω𝑚) =

=
⎛⎜⎜⎜⎜
⎝

∫
Ω𝑠𝑘

⎛⎜⎜⎜
⎝

∫
Ω𝑠𝑘−1

⋯ ⎛⎜
⎝

∫
Ω𝑠2

(∫
Ω𝑠1

|𝑓|𝑝1 𝑑 ̄𝑥𝑠1
)

𝑝2/𝑝1

𝑑 ̄𝑥𝑠2
⎞⎟
⎠

𝑝3/𝑝2

⋯ 𝑑 ̄𝑥𝑠𝑘−1

⎞⎟⎟⎟
⎠

𝑝𝑘/𝑝𝑘−1

𝑑 ̄𝑥𝑠𝑘

⎞⎟⎟⎟⎟
⎠

1/𝑝𝑘

.

Next, let Ω𝑠 denote either a domain of an 𝑠-dimensional Euclidean space, or
a smooth manifold of 𝑠 dimensions in a Euclidean space of a larger number
of dimensions. We assume the 𝑠-dimensional measure of Ω𝑠 to be finite and
different from zero, and set

𝑈( ̄𝑥) = ∫
Ω𝑠

𝜏( ̄𝑦) 𝑟−𝜆 𝑑 ̄𝑦.

For 𝑠 = 𝑛, 𝑈( ̄𝑥) was studied in the works of S. L. Sobolev (1,2), V. I. Kondrashov
(4), V. P. Il’in (5), and L. V. Kantorovich (6); for 𝑠 < 𝑛 and 𝑚 = 𝑛, in the
works of L. V. Kantorovich (6) and Kh. L. Smolitskii (7).
In this note we present results that generalize (in the case of a finite exponent)
some results for 𝑈( ̄𝑥) obtained in the works cited above. These results made it
possible to generalize the embedding theorem of S. L. Sobolev (3) for abstract set
functions, i.e., made it possible to formulate and prove an embedding theorem
for the trace on arbitrary hyperplanes of dimension 𝑠 ≤ 𝑛.

Theorem 1. If 𝜏( ̄𝑦) ∈ 𝐿𝑝(Ω𝑠); 𝜆 < 𝑠
𝑝′ +∑𝑘

𝑖=1
𝑠𝑖
𝑝𝑖

, where 𝑠𝑖 are positive rational

numbers satisfying the condition ∑𝑘
𝑖=1 𝑠𝑖 = 𝑛, 𝑠 ≤ 𝑛, and 1 < 𝑝 ≤ 𝑝1 ≤

𝑝2, 𝑝3, … , 𝑝𝑘 < ∞, then 𝑈( ̄𝑥) ∈ 𝐿(𝑝1,𝑝2,…,𝑝𝑘)(Ω𝑛) and, moreover, the inequality

‖𝑈‖𝐿(𝑝1,𝑝2,…,𝑝𝑘)(Ω𝑛) ≤ 𝑐‖𝜏‖𝐿𝑝(Ω𝑠)

holds.

Let the number 𝜀 be such that

𝜆 = 𝑠
𝑝′ +

𝑘
∑
𝑖=1

𝑠𝑖
𝑝𝑖

− 𝜀.

Put 𝜀 = 𝜀1 + 𝜀2; then

|𝑈( ̄𝑥)| ≤ ∫
Ω𝑠

𝑟−𝑠/𝑝′+𝜀1 |𝜏( ̄𝑦)|𝑝( 1
𝑝 − 1

𝑝1 )|𝜏( ̄𝑦)|𝑝/𝑝1𝑟−(∑𝑘
𝑖=1

𝑠𝑖
𝑝𝑖

−𝜀2) 𝑑 ̄𝑦. (1)
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Applying Hölder’s inequality to three factors, after obvious transformations we
obtain

|𝑈( ̄𝑥)|𝑝1 ≤ 𝑐1‖𝜏‖𝑝1(1−𝑝/𝑝1)
𝐿𝑝(Ω𝑠) ∫

Ω𝑠

|𝜏( ̄𝑦)|𝑝𝑟−(∑𝑘
𝑖=1

𝑠𝑖
𝑝𝑖

−𝜀2)𝑝1 𝑑 ̄𝑦. (2)

Integrating (2) over Ω𝑠1
, changing the order of integration and simplifying, we

shall have

∫
Ω𝑠1

|𝑈( ̄𝑥)|𝑝1 𝑑 ̄𝑥𝑠1
≤ 𝑐1‖𝜏‖𝑝1(1−𝑝/𝑝1)

𝐿𝑝(Ω𝑠) ∫
Ω𝑠

|𝜏( ̄𝑦)|𝑝𝑟−(∑𝑘
𝑖=2

𝑠𝑖
𝑝𝑖

−𝜀2)𝑝1
𝑛−𝑠1 𝑑 ̄𝑦. (3)

Raising both sides of inequality (3) to the power 𝑝2/𝑝1, integrating over Ω𝑠2
,

applying the generalized Minkowski inequality ((9), p. 179), and simplifying,
we obtain

∫
Ω𝑠2

(∫
Ω𝑠1

|𝑈( ̄𝑥)|𝑝1 𝑑 ̄𝑥𝑠1
)

𝑝2/𝑝1

𝑑 ̄𝑥𝑠2
≤ 𝑐2‖𝜏‖𝑝2(1−𝑝/𝑝1)

𝐿𝑝(Ω𝑠) (∫
Ω𝑠

|𝜏( ̄𝑦)|𝑝𝑟−(∑𝑘
3

𝑠𝑖
𝑝𝑖

−𝜀2)𝑝1
𝑛−𝑠1−𝑠2 𝑑 ̄𝑦)

𝑝2/𝑝1

.

Continuing this process, at the 𝑘-th step we obtain

‖𝑈‖𝑝𝑘
𝐿(𝑝1,𝑝2,…,𝑝𝑘)(Ω𝑛) ≤ 𝑐𝑘‖𝜏‖𝑝𝑘

𝐿𝑝(Ω𝑠).

Remark 1. For: 1) 𝑠1 = 𝑛, 𝑝1 = ∞, 𝑠2 = 𝑠3 = ⋯ = 𝑠𝑘 = 0; 2) 𝑠1 = 𝑛, 𝑝1 < ∞,
we obtain assertions a) and b) of Theorem 2 of Kh. L. Smolitskii (7) and, in
a somewhat different formulation, Theorem 1 of L. V. Kantorovich (6). For
𝑠 = 𝑛, 𝑠1 < 𝑛, 𝑠2 = 𝑠3 = ⋯ = 𝑠𝑘 = 0, 𝑝 = 2, 𝑝1 < ∞, 𝑝2 = ∞, we obtain S. L.
Sobolev’s result for an indefinite exponent (2); for 𝑠 = 𝑛, 𝑠1 < 𝑛, 𝑠3 = 𝑠4 =
⋯ = 𝑠𝑘 = 0, 𝑝1 < ∞, 𝑝2 = ∞, V. I. Kondrashov’s result.

Theorem 2. If 0 < 𝑝1 ≤ 𝑝2, 𝑝3, … , 𝑝𝑘 < ∞, 𝑘 ≤ 𝑠, then

L(𝑝1,𝑝2,…,𝑝𝑘)(Ω𝑠) → L𝑝1
(Ω𝑠),

where → denotes embedding (see (8)).

Theorem 3. If 𝜏( ̄𝑦) ∈ L(𝑞′,𝑝2,…,𝑝𝑘)(Ω𝑠);

𝜆 < 𝑠
𝑞 + 𝑠1

𝑝′

𝑘
∑
𝑖=2

𝑠𝑖
𝑝𝑖

,

where 𝑠𝑖 are positive integral rational numbers satisfying the condition

𝑘
∑
𝑖=1

𝑠𝑖 = 𝑛, 𝑘 ≤ 𝑠
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and

𝑝 ≤ 𝑞 ≤ max(𝑞, 𝑝′) ≤ 𝑝2, 𝑝3, … , 𝑝𝑘 < ∞,

then 𝑈( ̄𝑥) ∈ L𝑝′(Ω𝑛), and, moreover, the inequality

‖𝑈‖𝐿𝑝′ (Ω𝑛) ≤ 𝑐‖𝜏‖𝐿(𝑞′,𝑝2,…,𝑝𝑘)(Ω𝑠). (4)

holds.

Remark 2. For 𝑠2 = 𝑠3 = ⋯ = 𝑠𝑘 = 0, from Theorem 3 we obtain the assertion
of S. L. Sobolev ((3), p. 307).

Theorem 3 makes it possible to generalize S. L. Sobolev’s embedding theorem to
abstract functions of sets. In order to formulate and prove the result obtained,
let us consider the class Φ(𝑝1,𝑝2,…,𝑝𝑘)(𝑋, Ω ∩ 𝑆𝑠) of abstract additive functions
of sets 𝜑(𝐼) (𝐼 ∈ ℰ𝑠, where ℰ𝑠 is the set of all Lebesgue-measurable subsets of
Ω ∩ 𝑆𝑠) with values in a Banach space 𝑋, for which the norm introduced by the
equality

‖𝜑‖Φ(𝑝1,𝑝2,…,𝑝𝑘)(𝑋,Ω∩𝑆𝑠) = sup
𝜏

∥∫𝑆 𝜏(𝑥) 𝑑𝑥𝜑(𝐼)∥
𝑋

‖𝜏‖𝐿(𝑝′
1,𝑝2,…,𝑝𝑘)(Ω∩𝑆𝑠)

(5)

is bounded. As is not difficult to see, from Φ(𝑝1,𝑝2,…,𝑝𝑘), as a special case one
obtains the known space Φ𝑝1

of S. L. Sobolev.

Theorem 4. If 𝜑(𝐸) ∈ 𝜓(𝑙)
𝑝 (𝑋, Ω),

𝑛 − 𝑙 < 𝑠
𝑞 + 𝑠1

𝑝′ +
𝑘

∑
𝑖=2

𝑠𝑖
𝑝𝑖

,

where 𝑠𝑖 are positive integral rational numbers satisfying the condition

𝑘
∑
𝑖=1

𝑠𝑖 = 𝑛, 𝑘 ≤ 𝑠 ≤ 𝑛,

and

𝑝 ≤ 𝑞 ≤ max(𝑞, 𝑝′) ≤ 𝑝2, 𝑝3, … , 𝑝𝑘 < ∞,

then 𝜑 is defined on all smooth manifolds 𝑆𝑠 ∩ Ω of 𝑠 dimensions and represents
a function of sets 𝜑̃(𝐼) belonging to the class Φ(𝑞,𝑝2,…,𝑝𝑘)(𝑋, Ω ∩ 𝑆𝑠). Moreover,
the inequality
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‖𝜑̃‖Φ(𝑞,𝑝2,…,𝑝𝑘)(𝑋,Ω∩𝑆𝑠) ≤ 𝑐‖𝜑‖𝜓(𝑙)
𝑝 (𝑋,Ω); (6)

holds; 𝑐 = const does not depend on 𝜑.

Consider the integral identity

𝜑̃ℎ(𝐼) = ∫
Ω

𝐾(𝐼, ̄𝑦) 𝑑𝑦𝜑ℎ(𝐸) + ∑
|𝛼̄|=𝑙

∫
Ω

𝐾𝛼̄(𝐼, ̄𝑦) 𝑑𝑦𝐷𝛼̄𝜑ℎ(𝐸),

where

𝜑ℎ(𝐼) = ∫
𝐼

𝜑(𝑦) 𝑑𝑦; 𝜑ℎ(𝐸) = ∫
𝐸

𝜑(𝑥) 𝑑𝑥; 𝐷𝛼𝜑ℎ(𝐸) = ∫
𝐸

𝐷𝛼𝜑(𝑦) 𝑑𝑦;

𝐾(𝐼, 𝑦) = ∫
𝐼

∑
|𝛼|≤𝑙−1

𝑥𝛼1
1 ⋯ 𝑥𝛼𝑛𝑛 𝜉𝛼(𝑦) 𝑑𝑥; 𝐾𝛼(𝐼, 𝑦) = ∫

𝐼

𝜔𝛼(𝑥, 𝑦)
𝑟 𝑛−𝑙 𝑑𝑥.

Let us estimate the expression

‖𝜑‖Φ(𝑞,𝑝2,…,𝑝𝑘)(𝑋,Ω∩𝑆𝑠) ≤ sup
𝜏

∥∫ 𝜏(𝑥) 𝑑𝑥 [∫Ω 𝐾(𝐼, 𝑦) 𝑑𝑦𝜑(𝐸)]∥
𝑋

‖𝜏‖𝐿(𝑞′,𝑝2,…,𝑝𝑘)(Ω∩𝑆𝑠)
+

+ ∑
|𝛼|=𝑙

sup
𝜏

∥∫ 𝜏(𝑥) 𝑑𝑥 [∫Ω 𝐾𝛼(𝐼, 𝑦) 𝑑𝑦𝐷𝛼𝜑ℎ(𝐸)]∥
𝑋

‖𝜏‖𝐿(𝑞′,𝑝2,…,𝑝𝑘)(Ω∩𝑆𝑠)
.

Using the definition of the integral (3) and making the necessary transforma-
tions, we obtain

‖𝜑‖Φ(𝑞,𝑝2,…,𝑝𝑘)(𝑋,Ω∩𝑆𝑠) ≤

≤ sup
𝜏

∥∫Ω [∫𝐼 𝜏(𝑥) 𝑑𝑥𝐾(𝐼, 𝑦)] 𝑑𝑦𝜑ℎ(𝐸)∥
𝑋

‖∫ 𝜏(𝑥) 𝑑𝑥𝐾(𝐼, 𝑦)‖𝐿𝑝′ (Ω)

‖∫ 𝜏(𝑥) 𝑑𝑥𝐾(𝐼, 𝑦)‖𝐿𝑝′ (Ω)
‖𝜏‖𝐿(𝑞′,𝑝2,…,𝑝𝑘)(Ω∩𝑆𝑠)

+

+ ∑
|𝛼|=𝑙

sup
𝜏

∥∫Ω [∫𝐼 𝜏(𝑥) 𝑑𝑥𝐾𝛼(𝐼, 𝑦)] 𝑑𝑦𝐷𝛼𝜑ℎ(𝐸)∥
𝑋

‖∫ 𝜏(𝑥) 𝑑𝑥𝐾𝛼(𝐼, 𝑦)‖𝐿𝑝′ (Ω)

‖∫ 𝜏(𝑥) 𝑑𝑥𝐾𝛼(𝐼, 𝑦)‖𝐿𝑝′ (Ω)
‖𝜏‖𝐿(𝑞′,𝑝2,…,𝑝𝑘)(Ω∩𝑆𝑠)

.

(7)

sovietrxiv.org/items/ru-196301.55588 Machine Translation

https://sovietrxiv.org/items/ru-196301.55588


On the basis of Theorem 3 and simple estimates we have

∥∫
𝐼

𝜏(𝑥) 𝑑𝑥𝐾𝛼(𝐼, 𝑦)∥
𝐿𝑝′ (Ω)

≤ 𝑐1‖𝜏‖𝐿(𝑞′,𝑝2,…,𝑝𝑘)(Ω∩𝑆𝑠); (8)

∥∫
𝐼

𝜏(𝑥) 𝑑𝑥𝐾(𝐼, 𝑦)∥
𝐿𝑝′ (Ω)

≤ 𝑐2‖𝜏‖𝐿(𝑞′,𝑝2,…,𝑝𝑘)(Ω∩𝑆𝑠). (9)

From (7), (8), and (9) we obtain

‖𝜑ℎ‖Φ(𝑞,𝑝2,…,𝑝𝑘)(𝑋,Ω∩𝑆𝑠) ≤ 𝑐‖𝜑ℎ‖𝜓(𝑠)
𝑝 (𝑋,Ω). (10)

Passing to the limit in equality (10) as ℎ → 0, we obtain (6).

Remark 3. For 𝑠1 = 𝑛, 𝑠2 = 𝑠3 = ⋯ = 𝑠𝑘 = 0, we obtain the theorem of S. L.
Sobolev (3, p. 321).
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