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MATHEMATICS
A. P. OSKOLKOV

ON THE SOLUTION OF BOUNDARY VALUE
PROBLEMS FOR LINEAR ELLIPTIC EQUA-
TIONS IN AN INFINITE DOMAIN

(Presented by Academician V. I. Smirnov on 31 V 1963)

1. Consider, in a three-dimensional domain €2 lying outside a closed Lyapunov
surface S of class Ly(1,a), 0 < o < 1, the linear uniformly elliptic equation

o%u
Luzaij(x)al‘ial‘j i( )8 ; +a(x)U*f(x), I—<I17JI2,I3), (1)
3 3
MY @ <a (@66 <A 2 A >0 (2)

Let us introduce several definitions. We shall call a function §(t), 0 < a < t < o0,
a Dini function if for it there exists and is finite the integral

/Oo(s(tt)dt<oo. (3)

Let 4(t) be a Dini function. Introduce the function

Ig(g)zéwdt, a <& <oo. (4)

Obviously, I5(¢) — 0 as £ — oo.

Denote by A(e), e > 0, the class of Dini functions 6(¢t), 0 < a < t < oo, satisfying
the following conditions:

1) 4(t) is a positive, monotonically decreasing, continuously differentiable
Dini function;

2) 5t <2,
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It is obvious that if §(¢) € A(e), then 6(t) > t~°. Further, if 0 < &; < &,, then
Afey) 2 Aley).

We shall assume that the origin of coordinates lies inside the surface S, and let
|Z| = max{|z]|,|2’|}, x,2” € Q. Suppose that the coefficients of equations (1)—
(2) satisty the following conditions:

2 - |ai;(x) — a;;(")]
la;lco. @) = max Z lag;(z)]+ max{|x|a Z ! ! <K, (5

|z — 2’|«

s = o Sl o s oo 32 020

a(z) <0, Hch‘Q%‘/‘}é(A,ﬁ) =

— max d Latlzl) LI, n a(e) — a(a)]
N xEQ{ (| |) | | | ( )|}+w,m/eﬂ{6(|§|)| | |J}—Jj/‘a }EK (6)

We shall say that the free term f(x) belongs to the class C’2 (A Q),0<a<l,
§(t) € A(e), if the following norm is defined and finite for it:

ot s { e <o 0

We shall further say that the function u(x) belongs to the class Céfz(:)(A,ﬁ),

1=0,1,2; 0 < a<1;d(t) € Ae), if the following norm is defined and finite for
it:

_ 2]
o am = max{ (1)

zef)

S 1G] — { 2|° |u<x>—u<a:'>|}

”u”Cg{Yl(z)(A’Q> zeQ) l(;<| |) z,2'eQ

J=1
|7 [Dfule) — Diju(a’)]
< 00.
+Zmax{ i) zj: o — 2" 0

It is obvious that if the coefficients of the operator L satisfy conditions (5)—(6)
and u(r) € Cgl’;‘)(A,ﬁ), then Lu(z) € Cé?éa)(A,ﬁ).
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Let us consider, for equation (1)—(2), the Dirichlet problem with zero boundary
condition at infinity:

Lu=f(z) inQ,  fl)e Y (A,9),
ulg =p(x), ) € CHY(S), ()
u(z) — 0, |z| — oo.

For solutions of problem (9) from the class C’fi?(A,ﬁ) the following a priori
estimates of Schauder type are valid.

Theorem 1. If the coefficients of equation (1)—(2) satisfy conditions (5),
(6), then for any solution of the boundary-value problem (9) from the class

C’((fl’?)(A,ﬁ) the following inequality is valid:

ju()|
|W¢$%m§00nmDﬂ@ﬁmm+wbw@+mw- (10)

veq ls([z])

Theorem 2. If the coefficients of equation (1)—(2) satisfy conditions (5), (6)
and the condition

. 3 aij(x)xi'rj —
min | 37 a, (@) + a;(@)r — 2+ S | =Ky >0, (1)

where ¢ > 0 is the same as in the definition of the class A(e), according to
which the class of free terms C’éo(;a)(A,ﬁ) is constructed, then for any solution

of problem (9) from the class C’é?l’;‘)(A,ﬁ) the inequality holds:

C(Alv K)
HUHCQ":;?(A,@ < Ko [||f||c<2§w5a>(A,§) + lelcee(s)] - (12)

An example of an equation

Au=z73, |z|>1; u(z) = = ls(|z]) In |z], (13)
shows that if K,(¢) = 0, then the solution of equation (1)—(2), (5), (6) with
right-hand side from the class Cé?[ga)(A,ﬁ) may tend to zero as |z| — oo more
slowly than Is(|z|).

Let us note that condition (11) essentially imposes a restriction on the spread
of the eigenvalues of the quadratic form a,;(x);¢;.
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Let 0 < & < 1. Then condition (11) is also fulfilled for the Laplace operator (for
it K;(g) =1—¢). It is easy to see that for the Laplace operator problem (9) is

solvable in the class C’f}?)(A,ﬁ), and then, using the a priori estimate (12), by
the method of continuation with respect to a parameter we prove the theorem
on solvability of the boundary-value problem (9) in the class C((SQI’?(A,Q) also
for equation (1)—(2).

Theorem 3. If the coefficients of equation (1)—(2) satisfy conditions (5), (6),
(11), with 0 < e < 1, then the boundary-value problem (9) has a unique solution
in the class C((;Q}?)(A,ﬁ).

Theorems 1—3 in the case §(t) = t7¢, 0 < € < 1, were proved in the author’ s
paper (1).

Let now £ > 1. Obviously, if 0 < 8 < ¢, then

AB) D Ae), K (B)=K(e), C(AB), Q)2 CHY(A®), D),

CHIAB),9) 2 ¢ (AR), Q).

Therefore the following theorem follows immediately from Theorem 3.

Theorem 4. If the coefficients of equation (1)—(2) satisfy conditions (5), (6),
(11), with € > 1, then the boundary-value problem (9) has a unique solution in

the class ) B
M CE2AP),Q).
0<p<1

2. The solvability conditions for the boundary-value problem (9) in the class
C’((fl":)(A,ﬁ) can be considerably broadened. Suppose that the coefficients of

equation (1)—(2) satisfy conditions (5), (6), (11),0 < e < 1, f(x) € Cé%a)(A,ﬁ),
and first consider the following spectral problem:

Lu = f(x) + Ag(x)u in Q, q(x) € C’;?(;‘/II)&(A,Q), (14)

ulg = 0; u(z) = 0, |z| — oo.

From Theorem 3 and the properties of g(x) it follows that the operator Myu =
L~'(qu) is completely continuous in the space C((;?I’?)(A,ﬁ). Therefore problem
(14) reduces to the operator equation u = F + \;Mu, F' = L~ f, in the space
C((;?I’?) (A, Q) with the completely continuous operator Mt,. The spectrum of such

an equation, and hence the spectrum of problem (14), is discrete and consists
of at most a countable set of points in the complex A-plane, with a possible
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accumulation point at infinity. If A is not equal to any of these exceptional values,
then the boundary-value problem (14) is solvable in the class Cf;QI’?)(A,ﬁ) for

any f(x) € C’é?(;a)(A,ﬁ).

We shall obtain a significant extension of Theorem 3 by considering the following
spectral problem:

ou

oxr

Lu= f(z) + pA,(x)— in Q,  A,(z) e ("), (15)

i
ulg = 0; u(z) = 0, |z| — oo.

From Theorem 3 and the properties of the coefficients A,(x) it follows that the
operator

ou
-1 )
Mu=1L (Al o, )

is completely continuous in the space C((sll’/(?(A,ﬁ). Therefore problem (15)

reduces to the operator equation v = F' 4 pt;u in the space C’é’ll’/og(A, Q) with
a completely continuous operator 1,. Hence it follows that the spectrum of
problem (15) is discrete and consists of no more than a countable set of points
in the complex plane (u), with a possible accumulation point at infinity.

Obviously, if
3 ;T

min Zan’(m) + (a; — pdy)z; — (2 +¢) |x|l2 Ll =K (e,p) >0, (16)

z€Q | 9

then g is not a point of the spectrum of problem (15). The example of the
equation

Au_|_l;

2
3 =z 1<i<2, |zl > 1

Lo
x; Oz,
u(z) = O(Is(|z) Infz]), |z| = oo, (17)

shows that if K, (e, ) = 0, then p can already be a point of the spectrum of
problem (15).

3. Analogous results are valid for the boundary-value problem with normal
derivative
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(au+B<w>“>‘S:w<x), B(z) <0,  B(z),¢(z) € CH(S), (18)

u(z) — 0, |x| = oc.

Leningrad Branch
of the V. A. Steklov Mathematical Institute
of the Academy of Sciences of the USSR

Received
24 V 1963

REFERENCES

1. A. P. Oskolkov, Vestn. LGU, No. 7, Ser. matem., mekh., astr., issue 2, 38
(1961).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196301.53120 Machine Translation


https://sovietrxiv.org/items/ru-196301.53120

	Abstract
	Full Text
	ON THE SOLUTION OF BOUNDARY VALUE PROBLEMS FOR LINEAR ELLIPTIC EQUATIONS IN AN INFINITE DOMAIN
	REFERENCES


