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Abstract
Full Text

MATHEMATICS
S. P. NOVIKOV

HOMOTOPIC PROPERTIES OF THE GROUP
OF DIFFEOMORPHISMS OF THE SPHERE

(Presented by Academician L. S. Pontryagin on 30 VI 1962)

By diff M™ and diff® M™ we shall denote, respectively, the group of diffeomor-
phisms of a smooth manifold M™ preserving orientation, and its linearly con-
nected component of the identity in the C°°-topology. Let W be a smooth
manifold of clagss C'°.

Definition 1. A mapping f: W — diff M™ will be called smooth of class C"
(r > 0) if the mapping F(f) : W x M™ — W x M™ such that

F(f)(@,y) = (z, f.(y),
where x € W, y € M", is a diffeomorphism of class C".
The following is easily proved.

Lemma 1. Fvery mapping f: W — diff M™ is approximated arbitrarily closely
by a smooth mapping of class C*°.

Our ultimate aim is to study the groups
diff st qit® st qitfpr,  diff® Dr, K = K" ndiff’ Dn,

where K™ is the group of diffeomorphisms of the ball D", fixed on the boundary
Sn~1 = 9D". A fibered space in the sense of Serre is defined:

aift® pr 2 qif® gn1,
p

where p is the natural projection. The orthogonal group SO,, is naturally imbed-
ded in the group diff’ S*~1. Milnor (6-8) established, for a number of dimen-
sions n, the nontriviality of the groups 7, (diff S*~!), and even of the group
7o (diff S*1) /p, o (diff D™), which has been more or less completely computed
for n > 6. We shall study the groups m,(diff’ $7~1)/p,,(diff’ D") for a number
of values of n and for ¢ > 0. For this purpose we shall first study the rela-
tion between the Whitehead homomorphism J : 7;(SOy) — 7y, (S™) and the
composition multiplication in the ring

G=> G,

>0
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of stable homotopy groups of spheres G; = 7y, (SV), N > i+1. By J, C G, we
shall denote the image Jm;(SOy), and by 51 C G; we shall denote the subgroup
of the group G, each element of which is represented by a framed manifold
combinatorially equivalent to the sphere S*. Obviously J; C §Z It is known
that 6, = G, for i # 2 (mod 4) or for i = 10, and that G,/f; contains exactly
2 elements for ¢ = 2,6, 14 and no more than 2 elements in the remaining cases
(these results are due to Kervaire, Milnor, and Smale (>610:11)) Using the
technique of Morse modifications and surgeries of framed manifolds (*?), we
prove comparatively simply the following theorem.

Theorem 1. Let a € G;, BEG;,i>0,75>0. Thenaop € éiﬂ- for all pairs
(,7), except for the casesi=j=1,3,T.

As is known, the Morse surgery depends on the embedding of the sphere S* C
M™ with trivial normal bundle and on an element h € 7;(SO,,_;). As a result
of the Morse surgery we arrive at the manifold M™(S%, h).

It is not hard to prove

Lemma 2. Let M™ = S* x S7. Then the manifold M™(S%, h) is diffeomorphic
to S™.

The proof is based on the fact that every diffeomorphism 7L~1 Six DI — St x DI
such that h(z,y) = (x, h,(y)) extends to a diffeomorphism h : S¢ x S7 — S%x SJ
such that h/S* x DI = (h, € SO;).

From Lemma 2 it follows that

Lemma 3. Let « € J;, B € J;. Then aof € J; ;, except in the cases
i=7=1,3,7.

We shall now denote by B(M™) C G,,, for a m-manifold M", the set of elements
a € B(M™) C G, having as a representative the manifold M"™ with some
framing. With the aid of Morse surgeries, Lemma 2 gives

Lemma 4. The formula holds

except in the casesi=j=1,3,7.

From the results of Haefliger (12), Smale (1!), and Kervaire (%) it is not difficult
to derive

Lemma 5. Let S7 be a smooth w-manifold homeomorphic to a sphere, and let
i > j/2+ 1. Then the manifold S* x S7 is diffeomorphic to the direct product
S x S,

The proof of Lemma 5 is obtained from Haefliger’ s theorems on approximation
of topological embeddings by smooth ones, Smale’ s theorems on J-equivalence,
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and Kervaire’ s theorem on normal bundles of homotopy spheres in Euclidean
space.

From Lemmas 2-5 it follows that

Theorem 2. Leta € J;, B € éj, with i > j/2+1. Then ao 8 € J;;, except in
the cases 1 =j=1,3,7.

In the case when the hypotheses of rgheorem 2 are not fulfilled, i.e. if i < j/2+1,
a situation is possible in which J; 06, ¢ J;; for suitably chosen dimensions 4, j.
Let 8 € 0, and let the element (3 be represented by a framed homotopy sphere
S’Z, with some framing; moreover the sphere ,’S’Vé is determined uniquely modulo

§7(0r). As is known, the sphere :5’73 decomposes into the union of two disks
Sjﬁ =Dy, DY,
where g4 € diff 771, i.e. g5 € my(diff S771), and determines an element
s € 7o (diff S771) /p, o (diff D).

The following lemma is very important for our purposes.

Lemma 6. Let a € J;, aofB ¢ J;,;. Then there exists a smooth map h :
S* — SO; such that the diffeomorphism Fg(h)(z,y) = (z, [qﬁhmqgl}(y)) does
not extend to a diffeomorphism S* x DI — S* x DJ, where

Fy(h): 8" x 8771 — 8% x §971,

Proof. Consider the direct product S x 5% and specify on it two different
framings: the trivial one and the framing corresponding to the element «o 8 ¢

Ji, ;. Perform two Morse surgeries and pass to the manifolds M™(S*, ;) and

M"™(S%, hy), where h; : S* = SO; and n =i 4 j. Choose the map h; so that it
would be possible to drag -

on M™(S% hy) atrivial framing, and h, so that on M™(S%, h,) one could drag the
framing defining the element « o 3. Both manifolds M™(S% h;) and M™(S%, h,)
are homotopy spheres, but M"™(S% hy) € 0"(dn), while M™(S% hy) ¢ 0"(O7).
Therefore the map h = hyhy' is such that the diffeomorphism
F(h): Six DI — Stx DI,
where F(h)(x,y) = (z,h,(y)), does not extend to a diffeomorphism
iy QU i G

St x S — 5" x Sy

This is equivalent to saying that the diffeomorphism

Fy(h): S x 81— §ix 871,
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where Fg(h)(z,y) =

lemma is proved.

(z,[g5h,q5"1(y)), does not extend to S* x D7. Thus the

From Lemmas 5 and 1 we obtain the following

J, B € éj, aof ¢ Ji.;. Then there exists a dif-

feomorphism gg : St gi—l, a5 & diff’ 5771 and there exists an element
h € m;(S0O;) such that the element

Corollary 1. Let a €

qhast € 7, (diff® §9-1)
does not belong to
p.,(diff” DY)
(one may assume that gz € 7°(diff S7-1)).

For the application of the last results it is necessary to know the structure of
the groups G;, the products G, o G, the image Im J, and the subgroups 6,. We
give a table of these groups for i < 14 and a multiplication table for G, o G ;.

1 1 2 3 4 5) 6 7 8 9 10 11 12 13 14

G, Zy Zy Zy 0 0 Zy Zyy Zot Zyt Zg Zsou 0 Zs  Z
Zy  Zyt
Zy

0, Zy 0  Zy O 0 0 Zoy Zot Zo+ Zg Zsgu 0 Zs 0
Ty Tyt
Zy

Ji Zy 0 Zy 0 0 0 ZyoZy Zy O  Zigy O 0 0

One can choose generators

xgp)’ ygp)) Zz(p) el

(2
(p is a prime number)

2) @ @2 B 2 @) B3 .05 (2) (2) (2) (2) (2) (2 3 (2 (3 _(7)

Ty 'y Ty, g’y T3 'y, Tg'y Ty 'y Ty 'y Ty 'y Tg'y Yg 'y g 'y Yg 'y Z9 5 T1gy L1gs T11y L1715 Tqq,
such that:
1. 227 =0, 225 =0, 82§ =0, 325 =0, 227 =0, 1627 =0, 32} =
0,

5l =0, 20 =0, 20 =0, 27 =0, 2% =0, 2" =0, 220 =0,

32 =0, 822 =0, 92 =0 70=0 32%=0 227=0
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2) (2 2 2 2 2) (2 2 2
()y<) (2) (()) (2 _ =0, (()) ():0’ 22,2 _ (2 (())

(2) (2)
Ys T 1 % =219, I =4z

Z9 11>

2) (2 3) (3 3
AReld =0, Pl = el

3. x(12), xg), x?), (2), x<73), :c<75), x(SQ), :vg), :L'(121>, x(ﬁ), x(171 € ImJ; the

remaining generating elements do not belong to Im J.

4. All generators, except

belong to the subgroups él
Further, concerning the p-components of the groups Ggp ), it is known that:

1) G@> 3=2,= Jéf) 3 (generator x(;;) 3);

(p) _ _ (p)
2) GZI;)(p—l) 92;; (p-1)-2 = Z, (generator x;;(p_l)_Q), and for p > 2 the
group ”
Lpip-1)-2 = 0;

3) the elements
() () b
Tas 0 (T 1) 2) #1mJ
for k <p—2, and

(») (p) Pt (p
Top3 ° <x22<p—1>—2) 70, (%pp 1)- ) 7 0.
(For results concerning multiplication in the homotopy groups of spheres,
see (9).)*

* We note that earlier it was believed that
Gy =N 14(SN) = Zy + Z,.

However, this result is incorrect. The author showed that G,, = Z,, using the
fact that
Jgo iy CJiy =0

and that
G14 = J7OJ7 UJ3 OJll'

Now it remains for us, using the preceding results and the information on the
groups G,,,0,,, J,, and the multiplication G;oG}, to indicate cases of nontriviality

n? n7

of the groups AL ;= my(dift” §771) /p,m;(dift’ D7),
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Theorem 3. The groups
_ . _1 . Y
A= 71'1-(d1ff0 SJ )/p*ﬂ'i<dlffo D7)
have the following form:
1) Ay gD Zy;
2) Ay gD Zy;
3) Agp 3 okp(p-1)-26®Z, D Z,+++2Z, (p—1 summands), p > 3 for k < p—2;
A310® 23 D Z3+ Z3 forp=3.
The proof of Theorem 3 follows at once from the lemmas and from the structure
of the ring G = Y G,. Since m,(S0,,) = Z, (n > 2), it follows that h €

Zy (see Lemma 6), and the element § has order 2, 8 € Gg(Gg). Therefore
qﬂhqgl € Wl(diffo S7) also has order 2 and qé € diff’ S7. Hence the group

771(diffO S™) D Zy + Z, with generators h and qﬁhqgl ¢ Imp,. Thus A; 3 D Z,.
Similarly for A; 4. Assertions 1) and 2) are proved. Let us prove assertion 3).
Note that m,, 5(S0O,) = Z for j > 2p — 2. Let h be a generator of the group

Top-3(50;), and 8 = X(p>2kp(p—l)—2’ k < p—2. Then h,qghqz’, ...7q§71hqé7p

are distinct elements of the group 7r2]973(d1ﬁO Si71), j = 2kp(p—1) — 2k, and all
these elements are of infinite order. However, relations of the form

Aiph = Aoplgshas') = - = X, o p(qh "hay ?)
are possible, whence the desired result follows. The theorem is proved.
As usual, by B we shall denote the classifying space of the group G.

Corollary 2. The classifying space Bgaiggn-1 18 not homotopically simple for
n=28,9,2kp(p —1) — 2k, k < p—2; namely: the group 7, acts nontrivially on
the groups respectively

7o (Baigrs7)s  To(Baisess )  Top_o(Baigrszero-1-261), k<p—2.

From the fibration, in the sense of Serre,

diff® Dn 2y qif® sm1,
where o
K = K" ndiff’ D,
we obtain

Corollary 3. a) There exists a diffeomorphism F : D™ — D" such that
F e diff’ D™ F/0D™ =1, and F is not isotopic to the identity in the group K"
forn=28,9; b) the groups

Topa (KPHP=IP=28) 240
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(p>2) fork<p—2 (p a prime number).

Corollary 4. There exist sphere bundles over spheres with structural group
diff’ S not equivalent to orthogonal bundles in the group diff’ S but
equivalent to orthogonal bundles in the group diff S™ 1.

Steklov Mathematical Institute
Academy of Sciences of the USSR
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