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PHYSICS

I. B. ALEKSANDROV, Yu. A. KUKHARENKO, A. V.
NIUKKANEN

KINETIC EQUATION OF A NONIDEAL
FERMI SYSTEM

(Presented by Academician N. N. Bogolyubov, 11 September 1962)

1. With the aid of Bogolyubov’ s method of the generating functional (1),
generalized to the case of quantum statistics (), for the s-particle density
operators Fy =Sp ., p(1,...,N) (p is the density matrix) a chain of

,,,,,

coupled equations is obtained:

N
T Nne Y G,
i=1

1<j<r<N

1
+3 SP(s41) l Z (k,s+1); Fyopy

(1)
The matrix of the potential ® of the pair interaction of particles is not assumed
to be diagonal. In order to satisfy the law of conservation of momentum, we re-

quire that the matrix elements ®(r,7,,r175) be invariant with respect to spatial
translations. In this case

(I)(Tlvr2; rllaré) =

- / B (1, p2; p05) expli(prr + pars — pirs — pyrh)} dpydpadp)dp),

D (py, po; P71, 15) = ®(py, pa; p1.15) O(py + Py — DT — D). (2)

By virtue of the Hermiticity of the Hamiltonian and the symmetry properties
of the system,

@(py, 2301, P5) = (1, P2 P15 P2), D(py, pa; p1,15) = (Do, P15 Py, DY)
(3)

We shall consider the system of equations (1) under the assumption that the
potential energy of interaction of a pair of particles is small in comparison with
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their mean kinetic energy. In this case a small parameter of perturbation theory
) is introduced: ® — e®, ¢ <« 1. According to ?), we introduce the operator

9

Fy(t;py,pos p1,05) = ¥oF1 (D1, 01 6) Fy (Do, po3 ) + €9(py, Pos P, Do 1),
F3(t, 1, oy P33 P15 D5, 03) — ¥ F1 (P1, 01, 1) Fy (Do, P5, 1) Fy (3, P5, t)+

+e7139(P1, Poi D1, o ) Fy (p3, 15), (4)

where v, = Z( P)(—I)P denotes the antisymmetrized sum over all s! permuta-
tions of primed indices. This method makes it possible to obtain an equation
for F with no divergent terms in the second order. To obtain a closed equation
for F} on the basis of approximation (4), it is necessary to find the functional
dependence of the correlation operator g on F;. Substituting (4) into equations
(1) for F} and F,, written in the momentum representation, one can show that
g satisfies the equation

. 09(py, Da; D1, Py, 1)
ih 15 P25 D1, P2, f(TleerQ—Tpg—Tpé)g(plpz,p’lp’z,t)Jr

ot
+A(py, P2 p1,Pa; Fi(1)), (5)
_
Pi  om’

A(py,po; 01,09 Fi(t) = /dpi’ dpé’{Ll(pupz;pi’,pé’;pipé)Jr

1
+ /dp3 dps Lg(pl7p27p3;pi’,pé’,p§;pi,pé,p3)},

~

V4

Ly = ®(py,pa; 1, 05)vs Fy (p1, p1) Fy (3, 05)—

— ®(py, p3; Py, Po) Vo1 (p1, p1) F (P2, P5)s
(6)

Ly = {®(py. 31 p{,95)0(ps — P5) + B(py. 231 P, P5)0(py — pY) } X
x v3 Fy(py, p1) Fy (3, o) Fy (P5, p3)—
—{D(p{, 45 P4 p3)0(Ph — P3) + B(Ps ., P5: Ps P3)3 (L — PY) Y4
x Fy(p1,p1) F1(pe, 05) F (p3, P5)-
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Let us impose on the solution of equation (5) the boundary condition of weak-
ening of correlations:

g(t) =0 as t— —oo, (7)

used in work (%). This condition proves to be productive in the present work.
The solution of equation (5), taking into account the boundary condition (7),
has the form:

9(p1,Po; 1, Do t) = (8)

1

= [ dr A(py, pa; Py, Phs; T) exp{h(T(pl) +T(py) —T(py) — T(p3))(t — T)} :

Taking into account the approximation (4) and substituting the solution found
for g into the equation for F, we obtain the kinetic equation for a system of
fermions with nonlocal interaction in the general spatially inhomogeneous case:

6F1<tvplvp/1)

ih e

= (Tpl - Tp’l)Fl(t7p1ap/1>+
&
+ ;/dpz dpy dpy Ly (py, a3 DY, P55 P1s Doy 1 (1)) + (©)
2
E ~
= [y dof dpi (@1, i )9 08 053 91,92
— ®(py, p3;P1,P2)9(P1,P2; DT 13 )}

where g is given by formula (8).

2. Consider small deviations from the equilibrium spatially homogeneous dis-
tribution of the system of Fermi particles:

Fl(t7p1ap/1> :F0<p17p/1)+5F1(t’p17p,1>’ (10)

where Fy(py,p;) = vn(p;)d(p; — p}) is a certain equilibrium function of the
spatially homogeneous distribution, and n(p;) are the occupation numbers of
states with given momenta and spins.

Substituting (10) into (9) and neglecting terms containing, as a factor, a quantity
of second order of smallness (0F;)?, we obtain a variational linearized equation
for the small deviation 0F;. Represent §F) in the form
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OF (tpipy) = fy(p1,1)d(py — pi — ). (11)

It can be shown that f, (p;,t) satisfies the integral equation:

0] t
20D g 1 nen+

+5/dpz{R(phPQ)[B(p1P27P1p2) + B(pl —q,P2;,P1 — q,p2>]+

+B(p1p27p1 —q,py + Q)[R(anPO + R(anp1 - Q)]}JF
t
w2 [y [ dr [ do, anf v @o,,00005) (12)
—00

? ’ " N /
X exp (E(szl/ + Ty =T, —1,,) (t— T)) OA(pYph, DY Dayy T)—

~ 1

~B1p5.pip) exp (5 (T, + Ty, = Ty = Tyt = 7)) - 64113, {05 7)

where the following notation has been introduced:

R(py,po) = fq((I1>”(P2)a Q(p1,pap3) = fq(P1)n(P2)n(P3)7

B(p1ps, p1p3) = ®(p1p2, P105) — (p1Do, PoPY)-

The varied term 0A(p,p,, p1p5) represents the following sum:

SA(p1pg, P1P2) = A1 (P1P2, P1D5)(P1 + Do — D1 — Py — @)+
+G1(p1,p2) [0(p2 — P5)d(py — P — @) — 0(pg — P1)d(p1 — Py — @)+
+Go(p1,p2) [6(p1 — 1) (P — Py — @) — (py — P3)0(pa — P —q)];  (13)

Ay (p1p2, P1P2) = B(p1pa; p1 + q, 05y (1p2, P1P2) fo(P1 + @)+
+B(p1Pa; D1, Do + Q) (P1P2, P1P5) (D5 + @) —
—B(py—q, po, P195) 81 (P10, P105) 4 (p1) = B(p1, Da—q, p105) Bo (P102, P103) fo (P2),

a1 (p1Pa, P1P) = a(Papy, PoP1) = —B1(P1ps, P1P2) = —Bo(Pap1, Papy) =

=My + Ny Ny — Ny Ny — My, N (14)

Py’ P2 P2’ Py Py Py
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Gl(pppz) = G2(P2>p1) =

1
v /(Q(p17p2p3){3(p1p37p1p3) + B(p1 — ¢, p3:P1 — 4, P3) + 2B(pap3, pap3) }+

+B(p1p3, p1 — q7p3>{Q(P3>P2aP1 - Q> + Q(Ps + Qap2ap1>}) dps. (15)

In what follows we shall consider the case where the momentum is sufficiently
small in the sense that the terms of the kinetic equation proportional to £2¢q
are of higher order of smallness than the terms proportional to 2. Since the
kinetic equation is derived in the approximation quadratic in €, in A one may
put ¢ = 0, which corresponds to taking into account the leading term of the
expansion of A in powers of q.

In the approximation under consideration, A, takes the form

A1 (p1, P23 1> P2) = B(p1, 123 P1,05) S(P1,Pas P15 P [o)s (16)

where

S(p1, 231,153 fo) = a1 (P, P2; P1, P2) fo(P1)+
g (1, Po; D1, 05) F4(P3) + B1 (D1, Pa; D1, 05) f4(p1) + Ba (D1, a; D1, P5) 4 (D2)-

If one takes into account that the coefficient satisfies the symmetry property

S(p1,p2; 01, p5) = S(p1,p2; 3, p1) = S(pas P13 01, Ps) = —S(P1, Py P15 P2),

then the quadratic term of equation (12) can be symmetrized by means of the
mutual interchange of variables p] <> p4, and in the special case of slow change

change of Fj(t) in time in comparison with F,(¢) takes the form of the varied
collision term

2
E21,(f,) = 2mhe? / dps dp! dpl | B(py, p; 0l 24 2 S D b1 Da) X

X 0(py +po —p1 —p3)0(Ty, + T, =Ty = Tpp), (17)

where |B(py, pa; 01, DY )\2 is the transition probability between states with differ-
ent momenta, and

S<p,1/7pgap17p2) = 5{np/1/np/2'(1 - npl)(l - np2) - nplnp2(1 - npll/)<1 - np’z/)}
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The functions n(p; —q), B(py — g, ps, P2, 01 — ), which enter the self-consistent-
field term, may, for sufficiently small ¢, be approximately replaced by the first
two terms of their expansions in power series in a neighborhood of ¢ = 0. Ne-
glecting terms proportional to £¢?, the equation is considerably simplified. In
the particular case of a diagonal potential

~

D(py, pa; p1,15) = P(py — 5)d(py + P2 — Py — P3)

we obtain, without taking into account the term e2Ij, the equation with the
self-consistent field (5:6):

L Of,(p1,t) P1q on 2 on 1
in e {08 oy [ ap, Tt = )|, 52 [ (it

X (®(py — po) — ®(q)) + *I(f,)- (18)

If, in deriving the kinetic equation, one restricts oneself to terms linear in £, then
after the replacement p, — p; + ¢/2 the equation of work (¥ can be obtained
from (12) without the assumption that ¢ is small.

To find the zeroth approximation it is necessary to take into account the term
caused by pair correlation (7, which is responsible for establishing the equi-
librium distribution. We note that a nonequilibrium spatially homogeneous
distribution

Fy(t,p1,p1) = vn(py, t)0(py — p7)

may be chosen as the zeroth approximation; as is seen from (12), it satisfies the
equation derived in (4.

From equation (18) one finds () the dispersion equation for the zero-sound
spectrum, containing, besides the “self-consistent” damping, the damping v,,
caused by collisions of particles. For small ¢, the “self-consistent” damping may
be neglected ().

Taking the frequency of the spectrum to be much greater than the collision
frequency 1/7 (7 is the mean free time of the particles) and taking into account
that Iz ~ &2, we obtain:

2
Yop = €2 / dpy dp} dpl |B(p1, py; 90512 00 (0 s 91, D2) X

x 8(T,, +T,, — Ty — T,y )d(py + py — p{ — p3)-
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The vanishing of this expression at absolute zero temperature does not mean the
absence of damping, since, as noted above, the expansion in powers of ¢ of func-
tions that undergo a discontinuity at the Fermi surface is not mathematically
justified at T"= 0.

The authors express their sincere gratitude to Academician N. N. Bogolyubov
for his constant attention to the work and for useful advice.
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