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Abstract

Full Text
MATHEMATICS
M. A. NAIMARK

ON THE STRUCTURE OF FACTOR-REPRESENTATIONS
OF A LOCALLY COMPACT GROUP

(Presented by Academician L. S. Pontryagin on 8 VIII 1962)

1. As is known (1,2), a continuous sum of equivalent or quasi-equivalent

factor-representations of a locally compact group G is also a factor-
representation; in particular, a continuous sum of mutually equivalent
irreducible representations is a factor-representation of type I. On
the other hand, a continuous sum of pairwise non-quasi-equivalent
factor-representations may turn out to be a factor-representation.

Every factor-representation of type I is a discrete sum of mutually equiv-
alent irreducible representations; the question of the structure of factor-
representations of types IT and III still remains open. In the decomposition of a
factor-representation of type II or III there must occur mutually non-equivalent
irreducible representations; therefore the question of the structure of these
factor-representations is closely connected with the necessity of generalizing
the very concept of equivalence of representations. The question of sufficient
conditions (more precise than those indicated above) under which a continuous
sum of factor-representations is also a factor-representation likewise leads to
the need for such a generalization. The sufficient condition set forth below is
apparently already close to being necessary and to some extent sheds light on
the structure of factor-representations of types II and III.

In order not to complicate the exposition, certain simplifying assumptions are
made here. Let us note that the results presented are immediately carried over
to symmetric representations of rings with involution.

2. Let G be a locally compact group satisfying the second axiom of count-
ability; v a right-invariant Haar measure on G; S a space with finite Borel
measure /i, and let to each s € S there be assigned a factor-representation
g—U g(s) of the group G in one and the same separable Hilbert space H.
Denote by

6= /S ®H du(s)

the continuous sum of the spaces H(s) = H with respect to the measure p,
and by g — U, = {U,(s)} the corresponding continuous sum of the represen-
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tations g — Uy(s) in $. The representations g — U, (s) will be called weakly
equivalent to one another (relative to (S, u)) if there exist:

1) a linear set D, dense in H, invariant under all operators U,(s), g € G,
s €S,

2) a linear set D, dense in $, of functions £ = {£(s)} € H with values in D,
invariant under all operators Uy, g € G.

3) a bilinear form (&, 1) defined for all £,n € D and all s;,s, € S;

81,827
4) aset F of functions f(s;,sy) € L'(S x S), dense in L!(S x S), possessing
the following properties:

a) © contains all functions £(s) = const = £ € D;

b) (£(s1),m(82))s, s, 18 a measurable function on S; x S5, essentially bounded
on S; x Sy, for any £(s),n(s) € D;

c) there exist §y, 1y € D such that (§y,70),, 5, # 0 for almost all pairs s, s, €
S xS,

d) (Uy(s1)€m)s,,5, = (§,Ug1(82)0)s, 5, for almost all s;,s, € S x S, for
arbitrary &,n € D;

e) if £ ={&(s)}, n={n(s)} € © and f(sy,s,) € F is any function, then the
formula

&n) = /f(slv Sg) (5(81),77(82))31,32 du(sq)dp(ss)

defines on © a bounded bilinear form (&,7)".

If the form (§,7n), ,, is bounded, then there exists a bounded operator
A(sq, s9) # 0 such that

(57 77)51,52 = (A(sh 82)£a 77)7

where (£,7n) is the scalar product in H; condition d) in this case means that
A(517S2)Ug(51) = Uq(82)A(31782)a

i.e. that the representations g — U,(s;) and g — U,(sy) are quasiequivalent
(and, in the case of their irreducibility, equivalent). However, in the definition
given above it is not required that the form (§7U)51,32 be bounded, and the
operators A(sy, $5) (as operators in the Hilbert space) need not exist at all, just
as the value of a generalized function at a fixed point does not exist; according
to this definition it makes no sense to speak of the equivalence of an individual
pair of representations g — U, (sy), g — Uy(s,), but only of the equivalence,
among themselves (relative to (S, 11)), of all representations g — U,(s), s € S.
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Theorem. A continuous sum of factor representations that are weakly equiva-
lent to one another is also a factor representation.

Proof. We retain the preceding notation and denote also by M (s) and M the
weakly closed rings generated by the operators Ug(s) and U, respectively. By
assumption, M (s) is a factor, and we must prove that M is also a factor. Let Z
be the center of the ring M, and let M be the set of all operators A = {A(s)} in
£, where A(s) is a p-measurable operator-valued function, essentially bounded
in norm, with values A(s) € M(s). Choose in L'(G) an everywhere-countable
dense set {z,(g)}; then the operators

U, = / 7, (9)U, dv(g)

a:’ﬂ.

generate M, and

n

U, (s) = / 209U, () di(g)

are measurable operator functions of s with values in M (s), generating M (s) for
each fixed s € S. This means that the factors M(s) form a measurable family,
and therefore M is weakly closed (see, for example, (3), p. 180). But, obviously,
the operators U, = {U,(s)} € M ; hence the weakly closed ring M generated by
them is contained in M, and a fortiori Z C M. Let A € Z; then A € ]\7, and
consequently has the form A = {A(s)}, where A(s) is a y-measurable essentially
norm-bounded operator-valued function with values A(s) € M(s). But since
A € Z, we have AU% = UInA for all n = 1,2, ...; consequently, for fixed n,

(s)A(s) (1)
fors € §— S

sy where u(S,,) = 0. Put S’ = Uzoil S,,; then (1) holds for all
n =1,2,... when s € S —S’, where u(S’") = 0. Since the operators U, (s),
n = 1,2, ..., generate the factor M(s), it follows from (1) that, for s € S — 5,
A(s) belongs to the center of the factor M(s) and therefore is a multiple of the
identity operator: A(s) = A(s)1. Consequently, all operators in Z have the form
A = {A(s)1}, where A(s) € L*°(S, 1), and it remains

show that in fact these functions A(s) = const. For this we shall use the condi-
tion of weak equivalence of the representations g — U, g(s). Let B be a bounded
linear operator in §), defined by a form (£,n)” in ®, such that (§,7n)" = (B¢, n),
where (, ) is the scalar product in $. The operator B commutes with all oper-
ators U,; indeed, by condition d), for £ = {{(s)}, n = {n(s)} € D,

(BUgf,n) = (Ug&n)’ = /f(sla32)(Ug(31)§(31)a77(32))51,32 du(sy)du(sy) =

= /f(51a32)(§(51)a Ug71(32)77(52))s1,s2 du(sy)dpu(sy) =
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= (57 Ug 177)/ = (Bga Ug 177) = (Ung?n)a

and since D is dense in 9, it follows that BU, = U, 5. But then B commutes with
all operators from M and, in particular, with all operators A = {\(s)1} € Z.
Hence (BA¢,n) = (ABE,n) = (B, A*n), ie. (A&, n) = (£, A*n)’. This means
that

/ F(51,52)A5)E(s1)s1(52)),. o, dia(sy)dpa(sy) =

- / F(51, 5)(€(51), N5a)n(55))s, o, dia(s1)d(5,);

therefore, by conditions (4) and b),

()‘<81)€<81)’77(52))51,52 = (f(sl)a)\<32)n(52>)sl,s2§

i.e.

A(s1)(E(51),m(82))s, 5, = A(52)(E(51),1(52))s, 5, (2)

for almost all pairs sy, s,. Using now conditions a) and ¢), put in (2) &(s) =
const = &, and 7(s) = const = 7),; we obtain that

>\(31)<§0»n0)51,s2 = )\<32)(507770)sl,52

for almost all pairs s;,s, € S x S, where (§y,7)s, 5, # 0. Hence A(s;) = A(s,)
for almost all pairs s;, so; consequently, A(s) = const almost everywhere on S.
Thus Z consists only of multiples of the identity operator, i.e. M is a factor.

The theorem proved is, obviously, applicable to the case of weakly equivalent
irreducible representations, since irreducible representations are also factor rep-
resentations. If among these irreducible representations there are some inequiv-
alent in the ordinary sense, then their continuous sum must be a factor repre-
sentation of type II or III.

3. Let us consider, as an example, the discrete group G of all transformations
y = ax+3, where a # 0 and 3 are rational numbers. Let g — U, be the left
regular representation of the group G in the space L?(G); it is known that
this representation is a factor representation.* We shall establish this fact
by applying the theorem proved in § 2. To this end we first decompose
the representation g — U, into irreducible representations. Let B be
the additive group of rational numbers 3; A, the multiplicative group of
rational numbers « £ 0; S, its character group s = s(«) (compact, since
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A is discrete); and p, Haar measure on S. For any function f = f(«, 8) €

L?(G) put &,(B) = >, fla,B)s(a). Since

112 =3 [f( B)P = / SIE (B di(s),
o, 5 B

* Moreover of type II (see, for example, (4), pp. 434-437).

then the correspondence f — &, is an isometric mapping of the space L?(G)
onto

(&)
= /S L2(B) dp(s);

as is easily verified, upon applying the operator U, to f (a, B) the function &,(5)
passes into

Uy, (5)6,(B) = s(ag) & (ag (B — By)),

so that the representation g — U, is a continuous sum of the representations
g — Uy(s). It is also easy to see that the representations g — U, (s) are ir-
reducible and pairwise inequivalent in the ordinary sense. We shall show that
these representations are weakly equivalent to one another. Let D be the set
of all finite (i.e., nonzero only for a finite number of values of 3) elements &(3)
of H = L?(B); F the set of all functions on S which are Fourier transforms of
finite functions f(«) on A; © the set of all functions £,(8) which, for each 3,
take values from F', and for which the set of values of 5 independent of s and
different from zero is finite; F' the set of all finite linear combinations of the
functions f(sy)fy(sy), where fi, fo € §. Put, for §,&, € D,

(£1:&)s 5, = D ' (B—B)5,(B— ) & (B) &(B);
B#B’

it is not hard to verify that, with this, all the conditions in the definition of weak
equivalence will be satisfied for the representations g — Ug(s); consequently,
these representations are weakly equivalent to one another, and g — Uy is a
factor-representation on the basis of the theorem of item 2.
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