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Abstract
Full Text

Cybernetics and Control Theory
B. S. Zilberman

On the Arrangement of Charges at the Vertices
of the Unit n-Dimensional Cube*

(Presented by Academician P. S. Novikov on 11 X 1962)

We consider the set E,, of all vertices of the unit n-dimensional cube, i.e., the set
of binary strings (o4, ..., 0,,) of length n. The set E,, becomes a metric space if,
for any pair of its elements A = (ay,...,«,,) and B = (8, ..., 3,,), the distance
is defined by

p(A, B) = |ag — By| + |ag — Ba| + -+ + |, — B, (1)

To each set of vertices M = {A,,..., A,,} (m > 2) there is assigned a number
H(M), called the energy of the given set:

n

1<i<j<m p(A;; Aj)

The problem is, among all sets of m vertices of the unit n-dimensional cube
(2 <m < 2"), to find a set with minimal energy.

If the number H (M) is taken as the value of the energy of a system of equally
charged particles located at the vertices A4,..., 4,,, then this problem can be
given a physical meaning: to place m equally charged particles at the vertices of
the unit n-dimensional cube so that the resulting system of charges is stable**.

The problem of arranging charges at the vertices of the unit n-dimensional cube
arose in connection with the problem of constructing optimal self-correcting
codes (1). For this it is necessary to consider the coding problem in a somewhat
different formulation. Namely: to find such a system of m code points in the
unit n-dimensional cube that the probability of detecting and correcting an error
(for a given noise source) is greatest. There is an opinion that every solution of
the charge problem will be a solution of the coding problem. In that case it will
be possible to construct optimal codes using physical principles.

A complete solution of the charge problem has proved difficult. The author
investigated the case when m = 2771, In the present note*** it is shown that
in this case there exist only two solutions, namely, the sets whose characteristic
functions are the linear functions of n variables

z,+-+x, (mod 2)and z;+--+x,+1 (mod 2). Consequently, for this special
case the supposition stated above has been fully confirmed.

sovietrxiv.org/items/ru-196301.50293 Machine Translation


https://sovietrxiv.org/items/ru-196301.50293

Let

gn)=CL/1+C2/2+ -+ C"/n, M=FE,\M.

It is easily proved

Theorem 1.
H(M)—H(M) = (2""' —=m) g(n). 1)
Theorem 1 makes it possible to restrict ourselves to consideration of the case

m < 2"~'. Number all points of the cube E, = {4, ..., Ay.} arbitrarily. Let
us partition the cube into two sets M and M = E,_, \ M. Denote by

* The work was reported at the seminar on discrete analysis at Moscow State
University named after M. V. Lomonosov in the spring of 1961.

** This problem was posed and suggested to the author by S. V. Yablonskii as
a thesis topic.

*** The present note is a development of the 1960 thesis.

ags) be the number of points lying at distance s from the point A, and belonging
to the same set (M or M) as A;. With the aid of these numbers one obtains a
simple expression for the energy

A =235 Lt g, )

(s)

Lemma 1. The numbers a;” satisfy the relations:

271 271,
1) (s 1 s s
Y atal + 3 (n—al")(C5 )
i=1 i=1
27% 27’1
—(n—s+1) > a V(s+1)D ol (3)
i=1 i=1

(s=1,...,n—1), aio) =1.

(s)

The numbers a; ', as is easy to see, also satisfy the conditions

n

SN 6 =m(m—1) + (2" —m—1)(2" —m),

i=1 s=1
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where m is the cardinality of M. In what follows we everywhere assume that
m =21

Consider the system of equations in the a§S> (i=1,..,2"% s=1,...,n)

on on

Yoala + Y (n—a)(Ch a0

i1 =1

on on

—(n—5+1)2a<5 1)—(s—|—1) iSH):O (s=1,...,n—1); (4
i=1 i=1
2n

Obviously, every partition of the cube E,, into two sets of equal cardinality gives
rise to a solution of system (4).

We shall call a solution of system (4) homogeneous if it has ail) =a' = a®
(i,j=1,...,2"™). A set M of vertices of the cube E, will be called homogeneous
if the corresponding partition of the cube gives rise to a homogeneous solution.
Let us consider an important class of homogeneous sets.

A parity counter of order k, E¥ (k= 0,1,...,n—1), is a set whose characteristic
function is f(2y,...,2,) =z; + - +z; +c (mod2),ce {0,1}.

It is easy to see that for the parity counter EF

where

Py = G+ G2, + GOl 4 (5)

In particular, agm = ay) = k; consequently, the set E* is homogeneous.

Denote by a'® the quantity 27" 212:1 aés).
Lemma 2. For a homogeneous solution one has a®) = pgcs) (s=1,...,n).

Proof. For a homogeneous solution, system (4) has the form

(s + Da**Y = 2aMa®) —na® — (n — s 4 1)als—
—CsaV +nCy  (s=1,..,n—1),
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a(1> + a(2) + . + a(n) — 2”—1 — 1. (6)

It is clear from this that a**1) is expressed as a polynomial in a") of degree
s+ 1. Substituting, in the last of equations (6), their expressions through aV in
place of a?, ..., al™ | we obtain a polynomial of degree n in a'). Consequently,
system (6) has n solutions. But the n distinct solutions of system (6) generate

the sets EF (k = 0,1,...,n — 1), and therefore a'*) = p,(j) (s =1,...,n). The
lemma is proved.

Corollary. The energy of a homogeneous solution, defined as
-

I~ ,®

is equal to the energy of one of the parity counters.
Lemma 3. Among all parity counters, the set E0 has the minimal energy.

Proof. By virtue of (5), the energy of the set EF is equal to

n 1 s
H(E}) =223 —p).
s=1

Let
1 n—k 1— n—k x P
P.(x) = (1+2) —;( 2) (1+2)fF—1 and Qu(z)= / ﬂdw.
b x
Obviously,
P _ s d _ E s
(@) =Dk Q) =3 P
Further,
Ll da) + (L) (=2)"" —2
H(Ey) =2"%Q;,(1) = 2%2/ Aror+d+or () dz.
A 2z
Hence it follows immediately that
H(E?) < H(E.) <--< H(E"). (7)
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The lemma is proved.

Lemma 4. For any solution of system (4): 1) a® > 0; 2) 0 < 'Y < n, if
a? < C2.

Proof. Equations (4) for s = 1 give

on

ogn
2 Z a§2) =2 Z agl)z —2n
i=1 i=1

We shall have

gn
a§1)+n2-2”—n-2”.

=1

a? >aV? —naM +C2  (for n > 2),

and also 0 < a¥ € n, if a? C,%. The lemma is proved.

Denote by F, (s =1,2,...,n — 1), F, the left-hand sides of equations (4), and
by G, the quantity

w1 on (s

We shall seek the minimum of the function H" = 4H = ) - Zal ag ) on
s=1 g i=

the manifold defined by the equations F, = 0,F; = 0,...,F,_; = 0 and the

boundary conditions G; > 0,G5 > 0,G, > 0,...,G,, > 0. In view of these

boundary conditions and Lemma, 4, the function H’ is bounded from below and

hence, being continuous and defined on a closed manifold, attains its minimum

value.

Lemma 5. For n > 3, the minimum of the function H’ is attained at a
homogeneous solution.

Proof. We apply the method of Lagrange multipliers. Consider the function

n—1 n
CI):H/—'_)\OFO—’_Z/\SFS—’_ Z /LrarGrv
s=1 r=1, r#2

where g, Ay, ooy A1, Hqy Mgy fgs - [y, aTe Lagrange multipliers, o, € {0,1}.
(0, is introduced so as not to consider separately the different cases of the
position of a stationary point: to each set (04, 03,04, ...,0,), where not all o,
are equal to 0, there corresponds a certain position on the boundary; the set
(0,0,0,...,0) corresponds to an interior point.) We exclude from consideration
the set (1,1,1,...,1), since in this case the energy is obviously not minimal for

n > 3. Indeed, then
2’71/

Sal? =on2nt -1

i=1
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and

1 @ 0
H :52% > 4H(E?) (n > 3).

3

Let us write the Lagrange equations for the function &:

8@/8(121) =1+ +op+ 2A1(2a§1> —n)+ )\2(2a§2) —C2—n+1)
F 3207 —C3) + o+ A, (2a"Y — Oty =,
00/0al? =1/2+ Xy — 2\ + Ay(2al") —n) — Ay(n—2) =0,

00/0a\® =1/3 4 Xy + oapis — 3Ay + Ag(2a\") —n) — Ay (n—3) =0,

T~ S~

N

00 /da =1/1+ g + oy — Ny + N(201) —n) — Aipa(n—1) =0,
8%/0a" " = 1/(n — 1) + Ao+ 0, 1t 1 — (0 — DAy_g + A, 1 (208" —n) =0,

8@/3(;2") = 1/”’ + )‘0 + Oy — n/\n—l =0
(i=1,..,2").

From equations (8) and the condition o, = 0 (I # 2) it follows that agl) = a§1>
(i, =1,...,2"). The lemma is proved.

Comparing Lemmas 2, 3, and 5, and noting that the proposition stated below
is obvious for n < 3, we obtain Theorem 2.

Theorem 2. The minimum energy of a set of cardinality 2" ' is attained on
the parity counter EY and is equal to

H(EQ) =2""2(C2/24+Ct/4+ ).

The uniqueness of the set with minimal energy follows from the uniqueness of
the set for which ail) =0@G=1,..,2").

In an analogous way, using inequalities (7) and the second assertion of Lemma 4,
one could show that the maximum of the energy is attained on the parity counter
E1 ie., on the set whose characteristic function is equal to T, (G=1,..,n).
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