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Abstract
Full Text

V. A. MATULIS

ON VARIANTS OF THE CLASSICAL PREDI-
CATE CALCULUS WITH A UNIQUE DERIVA-
TION TREE
(Presented by Academician P. S. Novikov on 4 IX 1962)

This communication uses the terminology, notation, and results of (1).
1. We shall call a sequent calculus a calculus with a unique derivation tree
if the derivation of any sequent derivable in this calculus, regarded as a tree,
is unique. Wang Hao in (2) constructed a variant of the classical propositional
calculus with a unique derivation tree. In this communication two variants
of the classical predicate calculus with a unique derivation tree are described,
denoted below by 𝐸1 and 𝐸′

1. Their construction is based on the calculi 𝐸0 and
𝐸′

0 described in (1).
Every word of the form 𝑥1𝑥2 … 𝑥𝑛, where 𝑥1, 𝑥2, … , 𝑥𝑛 are any pairwise distinct
individual variables, will be called a mark. Every word of the form 𝜎𝔄, where
𝜎 is a mark and 𝔄 is a formula, will be called a marked formula; moreover
𝔄 will be called the base of the marked formula, and the number of variables
that are members of the mark 𝜎 will be called the rank of the marked formula
𝜎𝔄. Generalized formula strings are defined as follows: a) the empty word
is called a generalized formula string; b) if Σ is a generalized formula string and
ℭ is a formula or a marked formula, then the word Σℭ is called a generalized
formula string. Every expression of the form Γ → Δ, where Γ and Δ are
generalized formula strings, will be called a generalized sequent.

2. In the description below of the calculi 𝐸1 and 𝐸′
1 there appears a number

of syntactic (metamathematical) signs and expressions, to which the follow-
ing meaning is assigned: 𝔄 and 𝔅 are arbitrary formulas; 𝑥, 𝑦, 𝑧, 𝑧1, 𝑧2, … are
arbitrary individual variables; Γ∗, Γ∗∗, Γ1, Δ∗, Δ∗∗, Δ1 are arbitrary generalized
formula strings; Γ2, Γ3 are such generalized formula strings whose members may
be: a) elementary formulas, b) formulas beginning with the quantifier ∀, and c)
such marked formulas whose base begins with the quantifier ∀; Δ2 and Δ3 are
generalized formula strings whose members may be: a) elementary formulas, b)
formulas beginning with the quantifier ∃, and c) such marked formulas whose
base begins with the quantifier ∃.
The calculus 𝐸1 is specified by the axiom scheme

Γ∗𝔄Γ∗∗ → Δ∗𝔄Δ∗∗
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and by the following rules of inference:

1. 𝔄Γ2 → Δ2𝔅Δ1
Γ2 → Δ2(𝔄 ⊃ 𝔅)Δ1

. 2. Γ2Γ1 → Δ1𝔄; Γ2𝔅Γ1 → Δ1
Γ2(𝔄 ⊃ 𝔅)Γ1 → Δ1

.

3. Γ2 → Δ2𝔄Δ1; Γ2 → Δ2𝔅Δ1
Γ2 → Δ2(𝔄&𝔅)Δ1

. 4. Γ2𝔄𝔅Γ1 → Δ1
Γ2(𝔄&𝔅)Γ1 → Δ1

.

5. Γ2 → Δ2𝔄𝔅Δ1
Γ2 → Δ2(𝔄 ∨ 𝔅)Δ1

. 6. Γ2𝔄Γ1 → Δ1; Γ2𝔅Γ1 → Δ1
Γ2(𝔄 ∨ 𝔅)Γ1 → Δ1

.

7. 𝔄Γ2 → Δ2Δ1
Γ2 → Δ2𝔄Δ1

. 8. Γ2Γ1 → Δ1𝔄
Γ2𝔄Γ1 → Δ1

.

9. Γ2 → Δ2𝔄Δ1,
𝑥 and 𝑦 satisfy condition I

Γ2 → Δ2∀𝑥[𝔄]𝑦𝑥Δ1
.

10. Γ2[𝔄]𝑥𝑧𝑛+1
𝑧1 … 𝑧𝑛𝑧𝑛+1∀𝑥𝔄Γ3 → Δ2,

𝑥, 𝑧1, … , 𝑧𝑛, 𝑧𝑛+1 and 𝑛 satisfy condition II
Γ2𝑧1 … 𝑧𝑛∀𝑥𝔄Γ3 → Δ2

.

11. Γ2 → Δ2[𝔄]𝑥𝑧𝑛+1
𝑧1 … 𝑧𝑛𝑧𝑛+1∃𝑥𝔄Δ3,

𝑥, 𝑧1, … , 𝑧𝑛, 𝑧𝑛+1 and 𝑛 satisfy condition III
Γ2 → Δ2𝑧1 … 𝑧𝑛∃𝑥𝔄Δ3

.

12. Γ2𝔄Γ1 → Δ1,
𝑥 and 𝑦 satisfy condition I

Γ2∃𝑥[𝔄]𝑦𝑥Γ1 → Δ1
.

Condition I. 𝑥 does not occur in 𝔄; 𝑦 satisfies the following requirements: a)
𝑦 is the first, in alphabetical order, object variable among all object variables
that occur neither freely nor bound in the sequent obtained from the premise
of the substitution rule by replacing the distinguished occurrence of 𝔄 by the
occurrence [𝔄]𝑦𝑥; b) 𝑦 occurs freely in 𝔄∗.

Below, in the formulations of conditions II and II′ (conditions III and III′), the
expression 𝐶II (respectively 𝐶III) will denote the alphabetically ordered list of
all object variables distinct from 𝑧1, … , 𝑧𝑛, free for the variable 𝑥 in 𝔄, and
occurring freely in at least one of the formulas of the generalized formula chain
Γ2∀𝑥𝔄Γ3Δ2 (respectively Γ2Δ2∃𝑥𝔄Δ3).
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Condition II (condition III). a) If 𝐶II (respectively 𝐶III) is a nonempty list,
then 𝑧𝑛+1 is the first variable of the list 𝐶II (respectively 𝐶III); if 𝐶II (respectively
𝐶III) is an empty list, then 𝑧𝑛+1 is the first, in alphabetical order, variable
not occurring in the formulas of the generalized formula chain Γ2∀𝑥𝔄Γ3Δ2
(respectively Γ2Δ2∃𝑥𝔄Δ3); b) the rank of every member of the generalized
formula chain Γ2 (respectively Γ2Δ2) is greater than 𝑛, and the rank of every
member of the generalized formula chain Γ3Δ2 (respectively Δ3) is greater than
or equal to 𝑛.
The calculus 𝐸′

1 is obtained from the calculus 𝐸1 as the result of replacing rules
10 and 11 respectively by the rules

10′. Γ2[𝔄]𝑥𝑧𝑛+1
… [𝔄]𝑥𝑧𝑛+𝑝

𝑧1 … 𝑧𝑛𝑧𝑛+1 … 𝑧𝑛+𝑝∀𝑥𝔄Γ3 → Δ2,
𝑥, 𝑧1, … , 𝑧𝑛, 𝑧𝑛+1, … , 𝑧𝑛+𝑝, 𝑛 and 𝑝 satisfy condition II’

Γ2𝑧1 … 𝑧𝑛∀𝑥𝔄Γ3 → Δ2
.

11′. Γ2 → Δ2[𝔄]𝑥𝑧𝑛+1
… [𝔄]𝑥𝑧𝑛+𝑝

𝑧1 … 𝑧𝑛𝑧𝑛+1 … 𝑧𝑛+𝑝∃𝑥𝔄Δ3,
𝑥, 𝑧1, … , 𝑧𝑛, 𝑧𝑛+1 … 𝑧𝑛+𝑝, 𝑛 and 𝑝 satisfy condition III’

Γ2 → Δ2𝑧1 … 𝑧𝑛∃𝑥𝔄Δ3
.

Condition II′ (condition III′). a) If 𝐶II (respectively 𝐶III) is a nonempty
list, then 𝑧𝑛+1, … , 𝑧𝑛+𝑝 coincides with the list 𝐶II (respectively 𝐶III); if 𝐶II (re-
spectively 𝐶III) is an empty list, then 𝑝 = 1 and 𝑧𝑛+1 is the first, in alphabetical
order, variable not occurring in the formulas of the generalized formula chain
Γ2∀𝑥𝔄Γ3Δ2 (respectively Γ2Δ2∃𝑥𝔄Δ3); b) the rank of every member of the
generalized formula chain Γ2 (respectively

* From condition I it follows that in the premise of the given inference rule the
formula 𝔄 occurs only once.

respectively Γ2Δ2) is greater than 𝑛, and the rank of any member of the gener-
alized chain Γ3Δ2 (respectively Δ3) is greater than or equal to 𝑛.
The definition of a derivation in the calculus E1 (of a derivation in E′

1) is anal-
ogous to the definition of a derivation for the commonly used sequent variants
of predicate calculus, with the additional requirements: a) that the last general-
ized sequent of the derivation contain no marked formulas among its members,
and b) that in each branch of the derivation tree an axiom of the calculus occur
exactly once.

Theorem 1. The calculi E1 and G1 are equipollent. Moreover, if 𝑆 is a pure
sequent, then it is derivable in E1 if and only if it is derivable in G1.

Theorem 2. The calculi E′
1 and G1 are equipollent. Moreover, if 𝑆 is a pure

sequent, then it is derivable in E′
1 if and only if it is derivable in G1.

Theorem 1 (Theorem 2) is proved by establishing the equipollence of the calculi
E1 and E0 (respectively E′

1 and E′
0). The transformation of a derivation in the
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calculus E1 into the corresponding derivation in the calculus E0 (respectively,
of a derivation in E′

1 into a derivation in E′
0) is carried out directly, by erasing

the marks. The transformation of a derivation in the calculus E0 into the
corresponding derivation in the calculus E1 (respectively, of a derivation in E′

0
into a derivation in E′

1) is carried out in several stages connected with the
introduction of auxiliary calculi.

3. The calculi E1 and E′
1 possess properties 1) and 2) of the calculi E0 and E′

0
(see (1), Section 3). In addition, E1 and E′

1 possess the following important
property: in each of the inference rules of these calculi, the sequents that
are the premises of the rule are uniquely constructed from the sequent that
is the conclusion of the rule. This last property makes it possible, in an
obvious way, to formulate a simple algorithm for searching for a derivation
in E1 (respectively in E′

1) of pure sequents. For any sequent derivable in
E1 (respectively in E′

1), the derivation-search algorithm terminates and
yields a derivation of the sequent under consideration in E1 (respectively
in E′

1). If, however, the algorithm is applied to an underivable sequent,
it may happen that the process of applying the algorithm terminates and
reveals the underivability of the given sequent, but it may also happen
that the process of applying the algorithm continues indefinitely. In view
of the absence of a decision algorithm for classical predicate calculus, the
latter possibility will necessarily be realized for some underivable sequents.

In the calculi E1 and E′
1, a special method of choosing variables in the quantifier

rules replaces the mechanism of Skolem functions that underlies some of the
methods described in the literature (2–8) for searching for an answer to the
question of the derivability of formulas in classical predicate calculus.

The author expresses deep gratitude to N. A. Shanin, under whose supervision
this work was carried out.
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