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MATHEMATICS

Corresponding Member of the Academy of Sciences of the USSR Yu. V. LINNIK,
N. M. MITROFANOVA

ON THE ASYMPTOTICS OF THE DISTRI-
BUTION OF THE MAXIMUM-LIKELITHOOD
STATISTIC

Consider a random variable X with distribution density f(z,6). Let
Z1,%q,..., T, be n independent observations of X. Then, as is known, the
maximum-likelihood estimate of the parameter 6, i.e. a consistent solution of
the equation

$hOmS0)
i=1 90

under fairly general conditions on f(z,0), possesses a number of asymptotic

properties: asymptotic normality, asymptotic efficiency.

We shall consider functions f(x,6) of the form ce @9 where 6 is a scalar
shift parameter. Assuming that the corresponding conditions, to be specified
below, are satisfied, we write the likelihood equation in the form

iF’(:ci—a) =0. (1)
i=1

Let the density f(z,0) satisfy the conditions ((*), p. 544):

A. For every 6 from some nondegenerate interval O, for almost all = there exist
the derivatives d1n f/00, 0% In f/96%, and 93 In f/06°.

B. For every 6 from O,

0f/00] < Fy(x), |82/86%] < Fy(z), |0%Inf/06%| < H(x),

where F), F, are integrable on (—o0, +00) and

/+OOH(ac)f(at:,G)dﬂc<M7

where M does not depend on 6.
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C. For every 6 from O, the integral
+oo 2
dln f
L/a) ( BT, ) fdz

Then equation (1) has a solution that converges in probability to the true value
of the parameter 6. This solution will be an asymptotically normal and asymp-
totically efficient estimator for 6. Denote this solution by 8,,.

is finite and positive.

Theorem 1. Let the true value of the parameter 6 be equal to 0, and let the
function F'(z) satisfy the following conditions:

1. F(z) has k + 2 derivatives (k > 0).

2. |F9(z)| < exp(In(|z| 4+ 1))™ for some values m;,
i=1,2,.. k+2.

3. EeblF @I < oo for some values b, >0,t1=1,2,....,k+ 1.

4. Conditions B and C are satisfied.

d.
xIn(x)

o) —0 asx — 4o00.

Then for |z| < A (A a positive constant) the asymptotic expansion holds

Poni<a) =0 (Z)+ 3w (£) o (2m)
j=1

K j(x) are certain effectively constructible continuous functions, and x? is the

Rao-Cramér lower bound for the variance of an estimate of the parameter 6.
We note that the K;(z) are not Hermite polynomials.
The following theorem is directly adjacent to this theorem.

Theorem 2. Suppose that the function F(z) satisfies the conditions of Theorem
1 and, for somei (3 <i < k+2), F9(x) > ¢, > 0; then the mazimum likelihood
estimate 6, has its own variance, and moreover

- 1
— 2 i
D(Gn\/ﬁ) =X —I—O(\/ﬁ).
Theorem 2, in the present particular case, establishes the validity of G. Chernov’
s hypothesis (?) that the maximum likelihood estimate has its own variance
converging to the variance of the limiting distribution, and establishes the rate
of convergence.
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We indicate the main steps of the proof. Assumption 1 of Theorem 1 makes it
possible to write equation (1) in the form

1 (ko (G A
7n § — &0+ + T£k+19 —a29+~~—|—Tak+19 + ppn(0) =0,
(2)
where

(=D* P2, — o)
k+1)! n ’

Pren(0) = ( 6] < 1.

Introduce the conditions: 2, consisting in the fact that |£.| < n®, r=1,...,k+
1, where ¢ is an arbitrarily small positive number; B, consisting in the fact that
|z;| <lnn, i =1,...,n. Consider the equation

(~DH!

Gt =0 (3)

\k=1
% (51 — et (1k)!£k+19k> _ a29 4ot

With the aid of the Newton polygon of (3) we construct an expansion for a root
of equation (3) in powers of ﬁ:

b= ayt o= +
:ao Oéli e
n

The root 6, for which oy = 0, has the form

L&
91*\/ﬁ%+ (4)

Under the condition 2_, expansion (4) converges in some neighborhood of zero.

In addition, 6,, and 6; under the conditions 2, and *B are related by the in-
equality

~ C
|9n791‘ < n%_w;

where C does not depend on n and ¢ is a certain number that can be made
arbitrarily small by the choice of €. Since the probability that the conditions

1
B and A, fail is of order O(T) for any K, one may consider the conditional
n
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probability P(6y/n < z | 2.,B). Next we truncate the series for 6, at the
kE—1
=

}—th term, and, since

. [%5*] (%3]
P@,v/n<z)=P (a1+~~~+a[k21]1 (\/15> <x) +0(\}ﬁ) :

then, using the specific nature of the functions oy, ..., Q1] _y, We can apply

the multidimensional limit theorem () to find this probability.

Concerning the proof of Theorem 2, we note that, as a root of equation (2), 0
satisfies the inequality

n

1 1 la,]|
max 7
R 7=1,..,k+1 72@‘ P |+Z i — 1)!
10| < 1 t1< vn (i 1)1. (i—1)! ’
1 & ~
CEa LA Y RACESY]
1

whence it follows that

/5721(951, vy @) f(@y, o, 2,,) do < 00.

Further, in the region determined by the conditions 2A_, 5, for én we have the
expansion (4), and since

[m (g, my) fl@y, 3y do =0 (niK)

B

for any positive K, Theorem 2 follows immediately from this.
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Note: Figure translations are in progress. See original paper for figures.
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