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Abstract

Full Text
MATHEMATICS
Yu. I. SMIRNOV

COMPUTATION OF THE MATHEMATICAL
EXPECTATION OF A QUASI-ADDITIVE
FUNCTION OF A PATH ON A GRAPH

(Presented by Academician A. A. Dorodnitsyn, 3 VII 1963)

We shall consider a multigraph G satisfying conditions (1) and (2) of paper (1).
Let all inputs of each vertex a of the graph G be numbered by the numbers
from 1 to i,, and all outputs by the numbers from 1 to k,. By ‘a, we shall
denote the pair: the i-th input and the k-th output of the vertex a.. A sequence

i

i1 ig o d2 i, adn
Sk = Oék 2ak2..

n 1 . "O{kn

such that, for i =1,2,...,n—1, (ai}l “i1gdi) is an edge of the graph G, will be
called a path of the graph G. If

il i J J J 1.2 141 15,9 ly 4
’sk—lakl l?a,j .nak", s b 2Oy .. 2007

and (o In la41) is an edge of the graph G, then we shall say that the path

i

— i1 iy i I 141 1y 0 ly 4
Sy = ’akll 120%22 oty 20, . 20,
is composed of the paths ‘si and 's2,, and we shall write s, = s}!s2,. A

function f(s) of a path of the graph will be called quasi-additive if there
exists a path function ¢(s) such that, for any s and s? such that s = s's?, the
conditions

o(s) = p(s") - (5%); (1)

are satisfied.

Fig. 1
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Fig. 1
Figure 1: Fig. 1
Let, for each pair ‘a;, a number p(‘a;) > 0 be given—the probability of exiting

through the k-th output of the vertex a under the condition that one entered
through the i-th input of the vertex a. Obviously,

kOt

Zp(iak> =1

k=1

Define the probability p(‘1s,,,) of the path
gy, = ilaifl i?aﬁ ..."nai’;,

by putting

n
p("sg,) = Hp(“a?f )-
=1

t

Let the graph G have an input and an output (see (})). We set ourselves the
task of computing

Mf(5) =Y p(3)f(5).
5
Here 5, as in paper (?), denotes a path going from the input to the output. Let
‘ay,, be aloop at the vertex a. Consider the paths

—15k = Q;, 05k = O, 'O, 15k = Qg Oy Qg 28k = O Oy TQg T, e

ey nSk = Oékl 1Oék1 1Oék1... 1Oék1 1Oék.

n

Compute (¢ s;). From (1) we have

plse) = e(ay, ) o™ (hay, ) p(1ay)  for n > 0. (3)

Compute f(%s,). Introduce the notation
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WEE = oy, hay hag n > 0.
N —— —

Obviously,

From (2) and (3),

f(%§k1>:f< )+ ak [th Zlak 1f(i1akl) for n > 1.

Since % s, = ;skl tay,, from the quasiadditivity of f(s) we obtain

n

flsi) = fCay ) +e(ay,) {Z @tl(ilakl)l frag ) +e(ay )™ (o, ) f(ray).
=1
(4)

If the element E — (%1 ay,, ) has an inverse, then

E— <Pn(ilak1)

FGosi) = fCag,) + ‘P(iakl) E—olhay) frag) +o(ay )" oy ) f(ray).

Lemma.

oo
Z P(l . lskps )f(l #%%”83) :p(ZS%ﬁgk”SE)f(lswgk”tﬁ),

n=—1

where

p(5) = plioy) + 3 pliag, )" (g, Jp(Prary),

Z P(se)(si) Z p(si) f(si)
: sy =

p('5y)

Proof. By virtue of the definition of p(s) and the quasiadditivity of f(s), we
have
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:p(IS}nigkp33>f(l51 igkps3>7

which was required to prove.

Remark.

2 lia p( ey, )p(ay)
p( Sk)_p< k:>+ 1_p(i1ak1) :

If the element E — p(“1a;, )¢("1 oy, ) has an inverse, then

pliag)elay) +pliag p(a)e(ay,) (B —pliag e(hay,)  elia)
P(i5,) |

If the element E — (™ ay,, ) also has an inverse, then
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f05,) = |p(ap) f(oy) +P(iak1)p(iak){%
i E io 2p(i10‘k1> ioy i, ) —
+o(ay,) E— pliag ol ) f(Coy) + 1—p(ha, ) o(tay ) f(Cey,)

- Sﬂ(iakl)(E - @(ilakl))il(E - p(ilakl)@(ilakln1f<ilak1)}1 /p(*5,).

Transformation 1 of the graph G. Construct, starting from the graph G, a
graph G’ as follows: in the graph G remove the loop ay, . We shall mark all
elements of the graph G’ and the functions specified on them by a prime. Put

Y- 7NN p(iﬂk>7 if,@:/éoz7 (1N w(iﬁk)v ifﬂ#av
pw’“)_{p(igk), if = a “5’“)_{@(’5,@)7 if = o

7(iRr\ f(zﬁk)a 1fﬁ7éaa
f(ﬂk){f(igk), if 8= a.

A path &1 s:,t of the graph G’ can be represented uniquely in the form

Qg — Qigl Mmig/ 4242 Mg/ Qp1 gt=1 my_5 o/ q¢ gt
Sy, sy, Moy P2sy Mo L Ters) o, sy,
so that the paths % sij (j=1,2,...,t) do not contain the vertex « (in this case

some of the paths % s/, may be empty). To the path s;, of the graph G’ let
us put in correspondence all paths of the graph G having the form

1 my 2 My t
h 81/1 n Skl q281/2 Mg Pky g qtsut7

j=1,2,..,t—1  n;=-1,01,2,...

We denote this set of paths by s(?1s;, ). We shall compute

t—1

oo
g1 o1 ™1 qs o2 me_q q; ot g1 o1 T qs o2 my_q qs ot
(N8, nysp, sy ont sy, Yesh ) (TS 0 sy, 928y on sy TSy, )
—1

- vy 2

J n;=—

Il
_
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Theorem.

Y p(s)f(s) = p(ns, ) f("s),).

s(1sy,,)
Proof. By the lemma,

Z p(Bs) nyt sy, s ) F(Tsy n)tsy, sy ) =

n;=—1

(Tl MiT ge 2 M2 q; ot 1ol MiT gy 2 q; ot
_p( lsul lskl 281/2 Ny skz"' tsllt)f( 181/1 1Sk1 281/2"’ tsut)‘

Suppose
t—1 oo
— fh 1 myg Gag2 mog
> p(s)f(s) > p(Tisy, ™E, s M5
s(1s],) J=r n;=—1
‘117”17”1” G g Mr Qry1 gT+1 Qi gt G gl mig  qa¢2 mog
risy 8y, sy ny sy, syt sy, ) f(Ts, ™5, Ts] 25 L

L4 13T1m 1§ drg

m,. Qi1 oT+1 qy ot
Vg k.1 n,. Sk, " Serl s”f,)'

IS
l/’!‘

Since, by the lemma,

— qigl mig  q242 Qr gt My 3 Qryg g+l Meil gz gt
p( Sy, "8y, 928y, sy TSy Trasprl o nilsy L Ts),

qy ot g1l MyT g2 qr o M.T  q r+1mr+1 q; ot
" fsutf( vsy, M8 B2y, sy sy Arsp o sy TSy, )

we have

oo
Z p(s)f(s) = Z D (qlszl/l M8y, TSy q,,HsIerll Tn:fsk )

s(1st) j=r+ln;=—

qs ot g1 ol myg m,.3  q r+1 Mri1 gy ot
. fs,,ﬁf( sy, Sy, Sy drsy T o T sy sy, )

r+1 Tl
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Fig. 2

Figure 2: Fig. 2

Hence, by induction, we obtain

> ple)f(s)=p(nst,) f(st,),

s(0sE,)

which was required to be proved.

It follows from the theorem that transformation 1 of the graph does not change
Mf(s).

Transformation 2 of the graph G. Let a' and a? be adjacent vertices of
the graph G; 13,14, ... Z}Ll are the inputs of vertex a'; 13,13, ..., l%g are the inputs
of vertex a?; ki, ki, ..., k}nl are the outputs of vertex a'; k%, k3, ..., k%nZ are the
outputs of vertex a?; ki, ki, ..., kill are those outputs of ¢! which lead to the
inputs of vertex a”; k7,k3,..., k7, are those outputs of a*® which lead to the
inputs of a'.

Fig. 2

It is easy to see that, in computing M f(5), the pair of vertices a' and a? may

be replaced by a vertex a’ with inputs 13,13, ..., 1}, 13,13, ..., 1% and outputs
kL kL, ..o kL k3 K3, ... K2, | putting

» My 7 Vmg )

kt t . + v

, p(mat”), itk=k,, |l=01andt=v,

p(*a)) = 1t . q
0, otherwise;

ko) = o (), k=K, =1 and t=v,
0, otherwise.

kfrn ty i e t =Y =
f(kaZ)—{f( alg)v itk=kp,, l=1[jand t=v,

0, otherwise.

Transformation 2, without changing M f(5), reduces the number of vertices of
the graph; transformation 1, without changing M f(§), removes loops at vertices
of the graph. Thus, by these transformations the graph can be reduced to a
single vertex a with one input k; and one output [,. Then M f(5) = f(* a,)-
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