
Soviet-era science, translated into English

ON A
GENERALIZATION OF
THE CONCEPT OF
PERIODIC EXTENSION
1963

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196301.46908

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196301.46908


Abstract
Full Text
MATHEMATICS
V. D. GOLOVIN

ON A GENERALIZATION OF THE CONCEPT
OF PERIODIC EXTENSION
(Presented by Academician S. N. Bernstein on 10 X 1962)

1. Let the complex numbers 𝜆𝑘 (𝑘 = 1, 2, …) be pairwise distinct. Associating
with the sequence Λ, in which each 𝜆𝑘 occurs a (finite) number 𝛼𝑘 of times, the
sequence 𝐸Λ of functions

𝑒𝑘𝑗(𝑡) = (𝑖𝑡)𝑗−1𝑒𝑖𝜆𝑘𝑡 (𝑗 = 1, … , 𝛼𝑘; 𝑘 = 1, 2, …),

we denote by 𝐿2
Λ(−𝜎, 𝜎) the closed vector subspace generated by the sequence

𝐸Λ in 𝐿2(−𝜎, 𝜎).
Definition 1. An extension of a function 𝑓(𝑡) ∈ 𝐿2

Λ(−𝜎, 𝜎) with respect to
the sequence 𝐸Λ will mean a function 𝐹(𝑡), defined on the whole real axis and
coinciding with 𝑓(𝑡) almost everywhere on (−𝜎, 𝜎), whose restriction to each
finite interval (−𝜏, 𝜏) belongs to the subspace 𝐿2

Λ(−𝜏, 𝜏).
The periodic extension of a function 𝑓(𝑡) ∈ 𝐿2(−𝜋, 𝜋) is, according to this
definition, the extension of the function 𝑓(𝑡) with respect to the sequence 𝑒𝑖𝑘𝑡

(𝑘 = 0, ±1, ±2, …).
We shall study the following problem:

What conditions must the sequence Λ and the number 𝜎 > 0 satisfy in order
that every function 𝑓(𝑡) ∈ 𝐿2

Λ(−𝜎, 𝜎) have a unique extension with respect to
the sequence 𝐸Λ?

The answer to this question is given by Theorems 1 and 2 of the present note.
For what follows it is important that, by virtue of Banach’s theorem on open
mappings, the posed problem may be given the following form:

What conditions must the sequence Λ and the number 𝜎 > 0 satisfy in order
that for every 𝜏 > 𝜎 there exist a constant 𝑀 , depending on 𝜏 , such that

∫
𝜏

−𝜏
∣∑

𝑘,𝑗
𝑐𝑘𝑗𝑒𝑘𝑗(𝑡)∣

2

𝑑𝑡 ≤ 𝑀 ∫
𝜎

−𝜎
∣∑

𝑘,𝑗
𝑐𝑘𝑗𝑒𝑘𝑗(𝑡)∣

2

𝑑𝑡 (1)

for every finite sequence of complex numbers 𝑐𝑘𝑗.
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Questions close in their formulation were studied earlier by A. F. Leont’ev (1)
and Zh. P. Kagan (2).
2. Along with the functions 𝑒𝑘𝑗(𝑡) we shall have to consider functions of a
somewhat more general form; their construction is as follows.

Divide the sequence Λ into nonempty pairwise disjoint finite sets Λ𝑘
(𝑘 = 1, 2, …), denoting by 𝜈𝑘 the number of elements of the set Λ𝑘, and by
𝜆𝑘,0, 𝜆𝑘,1, … , 𝜆𝑘,𝜈𝑘−1 the elements themselves. The resulting partition will be
denoted by Λ̂.

Put

̂𝑒𝑘𝑗(𝑡) = 1
2𝜋𝑖 ∫

𝐶𝑘

𝑒𝑖𝑧𝑡

𝜔𝑘𝑗(𝑧) 𝑑𝑧 (𝑗 = 1, … , 𝜈𝑘; 𝑘 = 1, 2, …), (2)

where

𝜔𝑘𝑗(𝜁) = 1
(𝑗 − 1)! (𝜁 − 𝜆𝑘,0) … (𝜁 − 𝜆𝑘,𝑗−1), (3)

and 𝐶𝑘 is a contour enclosing all points of the set Λ𝑘.

It is verified directly that every linear combination of the functions 𝑒𝑘𝑗(𝑡) is
at the same time a linear combination of the ̂𝑒𝑘𝑗(𝑡), and conversely; thus, the
sequence ̂𝐸Λ of functions ̂𝑒𝑘𝑗(𝑡) (𝑗 = 1, … , 𝜈𝑘; 𝑘 = 1, 2, …) and the sequence 𝐸Λ
generate one and the same vector subspace. For 𝜆𝑘,0 = 𝜆𝑘, 𝜈𝑘 = 𝛼𝑘 (𝑘 = 1, 2, …),
the sequence ̂𝐸Λ coincides with 𝐸Λ.

3. A family of points 𝑥𝑖 (𝑖 ∈ 𝐼) of a topological vector space 𝐸 over the field
of real or complex numbers will be called completely free if there exists
in 𝐸 a neighborhood of zero 𝑈 such that for every 𝑘 ∈ 𝐼 the neighborhood
𝑥𝑘 + 𝑈 does not intersect the closed vector subspace generated by those
𝑥𝑖 for which 𝑖 ≠ 𝑘. In order that a family of points 𝑥𝑖 (𝑖 ∈ 𝐼) of a locally
convex space 𝐸 be completely free, it is necessary and sufficient that there
exist on 𝐸 an equicontinuous family of linear forms 𝑓𝑖 (𝑖 ∈ 𝐼) forming with
(𝑥𝑖)𝑖∈𝐼 a biorthogonal system.

By 𝜏( ̂𝐸Λ) we shall denote the exact lower bound of those 𝜎 > 0 for which
the sequence ̂𝐸Λ is completely free in 𝐿2(−𝜎, 𝜎). If the sequence ̂𝐸Λ is not
completely free in 𝐿2(−𝜎, 𝜎) for any 𝜎, we shall say that 𝜏( ̂𝐸Λ) = ∞.

We shall call a partition Λ̂ regular if: 1) all numbers 𝜆𝑘 lie in some strip
| Im 𝜆| ≤ ℎ; 2) the numbers 𝜈𝑘 are bounded in the aggregate; 3) for 𝜆 ∈ Λ𝑘, 𝜇 ∈
Λ𝑗 (𝑘 ≠ 𝑗) the inequality inf |𝜆 − 𝜇| > 0 holds, where the lower bound is taken
over all 0 < 𝑘, 𝑗 < ∞; 4) there exists a constant 𝑀 such that |𝜆𝑘,0 − 𝜆𝑘,𝑗| ≤ 𝑀
(𝑗 = 0, … , 𝜈𝑘 − 1; 𝑘 = 1, 2, …).
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Proposition 1. If the partition Λ̂ is regular, then 𝜏( ̂𝐸Λ) < ∞.

Proposition 2. For a given sequence Λ, the number 𝜏( ̂𝐸Λ) has one and the
same value ̂𝜏Λ for any regular partition Λ̂.

We omit the proofs of these propositions.

4. Definition 2. The sequence Λ is called regular if: 1) all numbers 𝜆𝑘
(𝑘 = 1, 2, …) lie in some strip | Im 𝜆| ≤ ℎ; 2) there exists a constant 𝑁 > 0
such that no rectangle of the form

𝑅𝑡 = {𝜆 ∶ 𝑡 ≤ Re 𝜆 ≤ 𝑡 + 1; | Im 𝜆| ≤ ℎ} (−∞ < 𝑡 < ∞) (4)

contains more than 𝑁 numbers 𝜆𝑘, counted with their multiplicities 𝛼𝑘.

It is easy to show (see (3)) that the sequence Λ is regular if and only if it
possesses at least one regular partition.

Theorem 1. If the sequence Λ is regular, then for 𝜎 > ̂𝜏Λ every function
𝑓(𝑡) ∈ 𝐿2

Λ(−𝜎, 𝜎) has a unique continuation with respect to the sequence 𝐸Λ.

The proof is based on the following propositions (cf. (4)).

Proposition 3. If the partition Λ̂ is regular, then for 𝜎 > 0 there exists a
constant 𝐵 such that

∫
𝜎

−𝜎
∣∑

𝑘,𝑗
𝑐𝑘𝑗 ̂𝑒𝑘𝑗(𝑡)∣

2

𝑑𝑡 ≤ 𝐵 ∑
𝑘,𝑗

|𝑐𝑘𝑗|2 (5)

for any finite sequence of complex numbers 𝑐𝑘𝑗.

Proposition 4. If the partition Λ̂ is regular, then for 𝜎 > ̂𝜏Λ there exists a
constant 𝐴 such that

𝐴 ∑
𝑘,𝑗

|𝑐𝑘𝑗|2 ≤ ∫
𝜎

−𝜎
∣∑

𝑘,𝑗
𝑐𝑘𝑗 ̂𝑒𝑘𝑗(𝑡)∣

2

𝑑𝑡, (6)

for any finite sequence of complex numbers 𝑐𝑘𝑗.

5. Theorem 2. If, for some 𝜎 > 0, every function 𝑓(𝑡) ∈ 𝐿2
Λ(−𝜎, 𝜎) has

a unique extension with respect to the sequence 𝐸Λ, then the sequence Λ is
regular and 𝜎 ≥ ̂𝜏Λ.

We shall briefly indicate the proof. First of all, for any 𝜏 > 𝜎 and some
𝑀 = 𝑀(𝜏), inequality (1) must hold, whatever the finite sequence of complex
numbers 𝑐𝑘𝑗. In particular, taking 𝑐𝑛𝑗 = 𝛿𝑘𝑛𝛿𝑗0, we obtain:
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| sh(2𝜏 Im 𝜆𝑘)| ≤ 𝑀| sh(2𝛿 Im 𝜆𝑘)|

for all 𝑘 = 1, 2, …. Consequently, all the numbers 𝜆𝑘 lie in some strip | Im 𝜆| ≤ ℎ.

Suppose that condition 2 of Definition 2 is not satisfied. Then there will be
sequences (𝑡𝑘) and (𝜀𝑘) of positive numbers such that in each rectangle 𝑅𝑡𝑘

there are at least 𝑘 numbers 𝜆(𝑘)
1 , 𝜆(𝑘)

2 , … , 𝜆(𝑘)
𝑘 of the sequence Λ, for which

|𝜆(𝑘)
1 − 𝜆(𝑘)

𝑖 | ≤ 𝜀𝑘 (𝑖 = 1, 2, … , 𝑘), and moreover 𝑘!𝜀𝑘 → 0 as 𝑘 → ∞. Put

𝜑𝑘(𝑡) = (𝑘 − 1)!
2𝜋𝑖 ∫

𝐿𝑘

𝑒𝑖𝜁𝑡 𝑑𝜁
(𝜁 − 𝜆(𝑘)

1 ) ⋯ (𝜁 − 𝜆(𝑘)
𝑘 )

,

where 𝐿𝑘 is a contour enclosing the rectangle 𝑅𝑡𝑘
and separated from its sides

by a distance greater than one. Then

𝜑𝑘(𝑡) = (𝑖𝑡)𝑘−1𝑒𝑖𝜆(𝑘)
1 𝑡 + 𝑜(1)

as 𝑘 → ∞, which contradicts the inequality

∫
𝜏

−𝜏
|𝜑𝑘(𝑡)|2𝑑𝑡 ≤ 𝑀 ∫

𝜎

−𝜎
|𝜑𝑘(𝑡)|2𝑑𝑡,

valid by virtue of (1). Thus it has been proved that the sequence Λ is regular.

Let Λ̂ be one of its regular partitions and let ̂𝐸Λ be the sequence of functions
̂𝑒𝑘𝑗(𝑡) corresponding to this partition. Then for 𝜏 > ̂𝜏Λ it follows from inequality

(1) that ̂𝐸Λ is a completely free sequence in 𝐿2
Λ(−𝜎, 𝜎), i.e. 𝜎 ≥ ̂𝜏Λ.

Remark. Denote by 𝑇Λ the exact lower bound of those 𝜎 > 0 for which every
function 𝑓(𝑡) ∈ 𝐿2

Λ(−𝜎, 𝜎) has a unique extension with respect to the sequence
𝐸Λ. The assertions of Theorems 1 and 2 may be combined by saying that
𝑇Λ = ̂𝜏Λ < ∞ if the sequence Λ is regular, and 𝑇Λ = ∞ if the sequence Λ is not
regular.

Kharkov State University
named after A. M. Gorky

Received
9 X 1962
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