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Abstract
Full Text
CHEMISTRY

V. V. RACHINSKII, A. A. LUR’E

PRECIPITATION ISOTHERM
(Presented by Academician V. I. Spitsyn, May 28, 1963)

In connection with the development of the theory of precipitation chromatog-
raphy (1,2), the need arose to derive, in generalized form, the precipitation
isotherm. From the general theory of sorption dynamics and chromatography
(1) it is known that the sorption isotherm is one of the decisive factors pre-
determining the nature of the process of dynamic sorption and the success of
chromatographic separation of mixtures of substances.

In analytical chemistry, the solubility-product rule is widely used for calcula-
tions of precipitation reactions, for determining the solubility of sparingly sol-
uble compounds, etc. (3,4). However, for carrying out such calculations there
was no need to derive any generalized equation. The practical problems of
analytical chemistry were fully satisfied on the basis of simple arithmetical cal-
culations using the solubility-product rule. But in order to clarify the features
of the processes of precipitate formation under dynamic conditions in columns
of porous media (precipitation chromatography), and to derive the equations
of the dynamics of precipitation sorption, it is necessary to have an equation
of the precipitation isotherm. This equation must give the functional depen-
dence between the concentration of the ion being precipitated in solution and
its concentration in the precipitate (at constant temperature). In the present
article, the equation of the precipitation isotherm is derived and this equation
is analyzed.

Let us consider the chemical reaction of formation of a sparingly soluble com-
pound:

𝑧0
𝑠 𝐴𝑧+ + 𝑧

𝑠𝐵𝑧0− ⇄ 𝐴𝑧0/𝑠𝐵𝑧/𝑠 ↓, (1)

where 𝑧 and 𝑧0 are respectively the valences of ions A and B, and 𝑠 is the
common divisor for the values |𝑧| and |𝑧0|.
Let the following problem be posed. There are solutions of the ions 𝐴𝑧+ and
𝐵𝑧0−, the initial concentrations of which we shall denote respectively by 𝐶0

𝐴 and
𝐶0

𝐵. After these two solutions are poured together into one vessel, as a result of
the precipitation reaction (1) part of ions A and B will pass into the precipitate
and part will remain in solution. The process will end with the establishment
of equilibrium in the distribution of ions A and B between the solution and the
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Fig. 1. Precipitation isotherm at 𝜆 = 2

Figure 1: Fig. 1. Precipitation isotherm at 𝜆 = 2

precipitate. We shall denote the equilibrium concentrations of ions A and B in
solution by 𝐶𝐴 and 𝐶𝐵, and in the precipitate (calculated per unit volume of
solution) by 𝑆𝐴 and 𝑆𝐵. To determine the precipitation isotherm of ion A, it is
necessary to establish the dependence 𝑆𝐴 = 𝑓(𝐶𝐴).
The distribution of ion A between solution and precipitate must obey the law
of conservation of matter, the stoichiometric ratio of reaction (1), and the
solubility-product rule.

The balance equations of this system are:

𝐶0
𝐴 = 𝐶𝐴 + 𝑆𝐴, (2)

𝐶0
𝐵 = 𝐶𝐵 + 𝑆𝐵. (3)

The stoichiometric ratio of the concentrations of ions in the precipitate may be
expressed in the form

𝑆𝐴
𝑆𝐵

= 𝑧0
𝑧 = 1

𝜆, (4)

where 𝜆 denotes the ratio of the valences 𝑧/𝑧0.

Finally, according to the rule of constancy of the product of activities in an
equilibrium solution of a sparingly soluble compound, we have

𝑎𝑧0/𝑠𝑏𝑧/𝑠 = 𝐿, (5)

or

𝑎𝑧0𝑏𝑧 = 𝐿𝑠, (6)

where 𝑎 and 𝑏 are the activities of ions A and B in the equilibrium solution, and
𝐿 is a constant that has been called the activity product, or solubility product.

Fig. 1. Precipitation isotherm at 𝜆 = 2
Passing from thermodynamic activities to analytical concentrations, equation
(6) can be rewritten in the form

𝐶𝑧0
𝐴 𝐶𝑧

𝐵 = 𝐿𝑠

𝛼𝑧0𝛽𝑧 , (7)
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where 𝛼 and 𝛽 are the activity coefficients of the corresponding ions (𝑎 =
𝛼𝐶𝐴; 𝑏 = 𝛽𝐶𝐵).
The system of equations (2), (3), (4), and (7) makes it possible to calculate the
equilibrium concentrations 𝐶𝐴, 𝐶𝐵, 𝑆𝐴, and 𝑆𝐵 for known initial concentra-
tions 𝐶0

𝐴 and 𝐶0
𝐵. This same system makes it possible to establish the desired

precipitation isotherm of ion A.

From equations (4), (3), and (7) we have:

𝑆𝐴 = [ 1
𝜆𝑆𝐵 = 1

𝜆(𝐶0
𝐵 − 𝐶𝐵) = 1

𝜆 (𝐶0
𝐵 − 𝐿𝑠/𝑧

𝛽𝛼1/𝜆𝐶1/𝜆
𝐴

)] = 𝐶0
𝐵

𝜆 − 𝐿𝑠/𝑧

𝜆𝛽𝛼1/𝜆𝐶1/𝜆
𝐴

.

(8)

After introducing the additional notation

𝐺 = 𝐶0
𝐵

𝜆 , 𝐻 = 𝐿𝑠/𝑧

𝜆𝛽𝛼1/𝜆 , (9)

the equation of the precipitation isotherm (8) takes the form

𝑆𝐴 = 𝐺 − 𝐻
𝐶1/𝜆

𝐴
. (10)

Let us analyze the precipitation-isotherm equation obtained.

1) The graph of such an equation is a hyperbola (see Fig. 1), beginning at
the point 𝐶𝐴,min (at 𝑆𝐴 = 0):

𝐶𝐴,min = (𝐻
𝐺 )

𝜆
= 𝐿𝑠/𝑧0

𝛼𝛽𝜆(𝐶0
𝐵)𝜆 . (11)

The curve approaches asymptotically the value 𝑆𝐴 = 𝑆𝐴,max, at which
𝐻/𝐶1/𝜆

𝐴 → 0 and, consequently:

𝑆𝐴,max = 𝐺 = 𝐶0
𝐵

𝜆 . (12)

Thus, the graph of the precipitation isotherm belongs to the type of convex
isotherms. Correspondingly, the dynamics of precipitation sorption will occur—

⋯in the regime of sorption dynamics with a convex isotherm (1). In the case,
for example, of frontal sorption dynamics, the formation of a stationary front is
predicted.
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Fig. 2. Precipitation isotherms: 1 —𝐶0
𝐵 = 1 ⋅ 10−2; 2 —𝐶0

𝐵 = 1 ⋅ 10−3;
(𝐿 = 1 ⋅ 10−10; 𝑧 = 𝑧0 = 1; 𝛼 ≈ 𝛽 ≈ 1).

Figure 2: Fig. 2. Precipitation isotherms: 1 —𝐶0
𝐵 = 1 ⋅ 10−2; 2 —𝐶0

𝐵 = 1 ⋅ 10−3;
(𝐿 = 1 ⋅ 10−10; 𝑧 = 𝑧0 = 1; 𝛼 ≈ 𝛽 ≈ 1).

2) The degree of convexity of the precipitation-isotherm plot can be charac-
terized by the slope of the tangent at the initial point of the isotherm, i.e.,
at 𝐶𝐴 = 𝐶𝐴,min. To this end, let us take the derivative of the isotherm
(8)

𝑑𝑆𝐴
𝑑𝐶𝐴

= 1
𝜆2𝛽𝛼1/𝜆 ( 𝐿𝑠

𝐶𝑧+𝑧0
𝐴

)
1/2

. (13)

The tangent of the angle of inclination of the tangent to the isotherm at the
point 𝐶𝐴,min will be:

( 𝑑𝑆𝐴
𝑑𝐶𝐴

)
𝐶𝐴=𝐶𝐴,min

= 𝛼𝛽𝜆(𝐶0
𝐵)𝜆+1

𝜆2𝐿𝑠/𝑧0
. (14)

For sparingly soluble compounds having a very small solubility product 𝐿, the
derivative at the initial point acquires a very large value and, consequently, the
initial angle of inclination of the precipitation-isotherm plot is close to 90∘.

Thus, precipitation isotherms in the case of formation of sparingly soluble pre-
cipitates have a sharply convex form. For the dynamics of precipitation sorption
and precipitation chromatography this conclusion is of great importance. The
degree of blurring of the boundaries of sorption zones in a chromatographic
column depends, among other factors, also on the degree of convexity of the
sorption isotherm (1). In the literature on precipitation chromatography it is
noted (2, 5) that precipitate zones on chromatograms have, as a rule, excep-
tionally sharp and even boundaries. This experimental fact is partly explained
by the nearly limiting convex form of the precipitation isotherms for sparingly
soluble precipitates.

Fig. 2. Precipitation isotherms:
1 —𝐶0

𝐵 = 1 ⋅ 10−2; 2 —𝐶0
𝐵 = 1 ⋅ 10−3;

(𝐿 = 1 ⋅ 10−10; 𝑧 = 𝑧0 = 1; 𝛼 ≈ 𝛽 ≈ 1).
Replacing in equation (13) the equilibrium concentration of the precipitated ion
𝐶𝐴 by the equilibrium concentration of the precipitating ion 𝐶𝐵 (according to
equation (7)), we obtain:

𝑑𝑆𝐴
𝑑𝐶𝐴

= 𝛼𝛽𝜆𝐶𝜆+1
𝐵

𝜆2𝐿𝑠/𝑧0
. (15)
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It is evident from this equation that, in general, the steepness of the
precipitation-isotherm plot of ion A depends on the solubility product 𝐿, the
valence ratio 𝜆, the activity coefficients (the ionic strength of the solution),
and the equilibrium concentration of the counterion B; moreover, the latter, in
turn, depends on its initial concentration 𝐶0

𝐵 (see equation (3)).

3) In the isotherm equation (10) there are two constants: 𝐺 and 𝐻. One of
them, the constant 𝐺, according to (9), depends on the initial concentra-
tion of the precipitating ion 𝐶0

𝐵 and on the ratio of the ion valences 𝜆, and
gives the equation of the asymptote (12). The other constant, 𝐻, accord-
ing to (9), does not depend on the concentration of ion B, but depends
only on the constant of the solubility product of the given precipitate, the
activity coefficients* and the ratio of the ion valences.

* The activity coefficients of the ions are conventionally taken as constants on the
assumption that the ionic strength of the solution changes during the reaction
within limited bounds, since if initially there are solutions of substances AM
and NB, then after mixing the solutions, even in the case of practically complete
transfer of ions A and B into the precipitate according to reaction (1), ions M
and N still remain in the solution at the initial concentrations (provided that
these ions are not OH− and H+).

Thus, for the given precipitation reaction (1), the only “controllable”constant
in the isotherm equation (10) is the constant 𝐺. The influence of the initial
concentration of the precipitating ion 𝐶0

𝐵 through the constant 𝐺 on the course
of the precipitation isotherm is manifested in the fact that, as the concentration
𝐶0

𝐵 increases, the quantity 𝐶𝐴,min (11) decreases—the isotherm shifts to the left
—while the quantity 𝑆𝐴,max (12) increases, i.e., the capacity of precipitation,
so to speak, increases. Figure 2 gives precipitation isotherms for ion A in two
analogous systems differing by a factor of 10 in the initial concentration of the
precipitating ion 𝐶0

𝐵. As can be seen, the isotherm with the larger 𝐶0
𝐵 lies above

the isotherm with the smaller 𝐶0
𝐵.

Thus, with an increase in the concentration of the precipitating ion 𝐵, the pre-
cipitatability of ion A improves, which can be characterized by two indicators:
first, by lower values of the initial concentration of ion A at which the precipi-
tation process begins:

𝐶0
𝐴,min = 𝐶𝐴,min = 𝐿𝑠/𝑧0

𝛼𝛽𝜆(𝐶0
𝐵)𝜆 , (16)

as follows from equations (2) and (11), and, second, by a larger “capacity of
precipitate absorption”𝑆𝐴,max (12).

4) The precipitation isotherm (10) takes on a fairly simple form if it is ex-
pressed in dimensionless concentrations. Thus, if the concentration of ion
A in the precipitate is measured in fractions of 𝑆𝐴,max, and in solution—
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in fractions of 𝐶𝐴,min, then we obtain the precipitation isotherm equation
in the following form:

𝜃 = 1 − 𝜂−1/𝜆, (17)

where 𝜃 = 𝑆𝐴/𝑆𝐴,max, 𝜂 = 𝐶𝐴/𝐶𝐴,min.

Equation (17) may be called the reduced form of the precipitation isotherm.
Its distinctive feature is that it contains only one independent parameter—the
valence ratio 𝜆.
Moscow Agricultural Academy
named after K. A. Timiryazev

Received
23 V 1963

CITED LITERATURE
1. V. V. Rachinskii, Izv. Timiryazevsk. s.-kh. akad., 4 (29), 187 (1959); 6

(31), 201 (1959); 2 (33), 157 (1960).

2. K. M. Olshanova, V. D. Kopilova, N. M. Morozova, Sedimentation
Chromatography, Publishing House of the USSR Academy of Sciences,
1963.

3. N. P. Komar’, Fundamentals of Qualitative Chemical Analysis. Kharkov,
1955.

4. B. P. Nadeinskii, Theoretical Foundations and Calculations in Analytical
Chemistry, 3rd ed., Moscow, 1959.

5. E. N. Gapon, I. M. Belen’kaya, Koll. zhurn., 14, 5, 323 (1952).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196301.46310 Machine Translation

https://sovietrxiv.org/items/ru-196301.46310

	Abstract
	Full Text
	PRECIPITATION ISOTHERM
	CITED LITERATURE


