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Abstract
Full Text
MATHEMATICS

T. G. GENCHEV

ON ULTRAPARABOLIC EQUATIONS
(Presented by Academician I. G. Petrovskii, February 11, 1963)

In this paper we consider equations of the form

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗
𝜕2𝑢

𝜕𝑥𝑖𝜕𝑥𝑗
+

𝑛
∑
𝑖=1

𝑏𝑖
𝜕𝑢
𝜕𝑥𝑖

= 𝑎0
𝜕𝑢
𝜕𝑡 +

𝑚
∑
𝑘=1

𝑎𝑘
𝜕𝑢
𝜕𝑦𝑘

+ 𝑏𝑢 + 𝑓, (1)

where

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥, 𝑦, 𝑡)𝜉𝑖𝜉𝑗 ≥ 𝜇
𝑛

∑
𝑖=1

𝜉2
𝑖 , 𝜇 = const > 0, 𝑎0(𝑥, 𝑦, 𝑡) > 𝜆 > 0.

We shall call such equations ultraparabolic. Interest in equations of the form
(1) arose in connection with the works of A. N. Kolmogorov (1,2), where cer-
tain problems of probability theory lead to the consideration of such equations.
Equations of this type also occur in boundary-layer theory, in the theory of
Brownian motion, etc. (see (3,4)). In the case 𝑛 = 1, equation (1) was stud-
ied in (5,6). The solution of the boundary-value problem in these works was
obtained by the Rothe method.

In the present paper we shall obtain a generalized solution of the boundary-value
problem and of the Cauchy problem for equation (1), and prove uniqueness of
the solution of these problems.

1. Let 𝐸𝑛 be the space of points with coordinates (𝑥1, … , 𝑥𝑛), and 𝐸𝑚 the
space (𝑦1, … , 𝑦𝑚). By (𝑥, 𝑦, 𝑡) we shall denote points of the space 𝐸𝑛 ×
𝐸𝑚 × 𝐸1. Let Ω be a domain in 𝐸𝑛 with twice continuously differentiable
boundary 𝜎, and let 𝑅 be the parallelepiped {0 < 𝑦𝑘 < 𝛽𝑘, 0 < 𝑡 < 𝑇 },
𝑘 = 1, … , 𝑚; 𝐺 = Ω × 𝑅 is a domain in 𝐸𝑛 × 𝐸𝑚 × 𝐸1. By 𝑊 1

2,𝑥(𝐺) we
denote the Hilbert space of functions with norm

‖𝑢‖2
𝑊 1

2,𝑥
= ∫

𝐺
[𝑢2 +

𝑛
∑
𝑖=1

( 𝜕𝑢
𝜕𝑥𝑖

)
2
] 𝑑𝐺, ‖𝑢‖2

𝐿2(𝐺) = ∫
𝐺

𝑢2 𝑑𝐺.

We define the norm of the space 𝑊 1
2,𝑦,𝑡(𝐺) by the equality
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‖𝑢‖2
𝑊 1

2,𝑦,𝑡
= ∫

𝐺
[𝑢2 +

𝑚
∑
𝑖=1

( 𝜕𝑢
𝜕𝑦𝑖

)
2

+ (𝜕𝑢
𝜕𝑡 )

2
] 𝑑𝐺;

the norm of the space 𝐻(𝐺) by the equality

‖𝑢‖2
𝐻(𝐺) = ∫

𝐺
[𝑢2 +

𝑛
∑
𝑖=1

( 𝜕𝑢
𝜕𝑥𝑖

)
2

+
𝑚

∑
𝑖=1

( 𝜕𝑢
𝜕𝑦𝑖

)
2

+ (𝜕𝑢
𝜕𝑡 )

2
+

𝑛
∑
𝑖,𝑗=1

( 𝜕2𝑢
𝜕𝑥𝑖𝜕𝑥𝑗

)
2

+
𝑛,𝑚
∑

𝑖,𝑘=1
( 𝜕2𝑢

𝜕𝑦𝑘𝜕𝑥𝑖
)

2
+ ∑ ( 𝜕2𝑢

𝜕𝑥𝑖𝜕𝑡)
2
] 𝑑𝐺,

and the norm of the space 𝑊 1
2 (𝐺) by the equality

‖𝑢‖𝑊 1
2 (𝐺) = ‖𝑢‖𝑊 1

2,𝑥
+ ‖𝑢‖𝑊 1

2,𝑦,𝑡
.

2. We shall assume:

I. The 𝑎𝑖𝑗 are continuous in the closed domain 𝐺 and have bounded derivatives of
the form 𝜕𝑎𝑖𝑗/𝜕𝑥𝑖, 𝜕𝑎𝑖𝑗/𝜕𝑦𝑘, 𝜕𝑎𝑖𝑗/𝜕𝑡, 𝜕2𝑎𝑖𝑗/𝜕𝑥𝑖𝜕𝑥𝑗, 𝜕2𝑎𝑖𝑗/𝜕𝑥𝑖𝜕𝑦𝑘, 𝜕2𝑎𝑖𝑗/𝜕𝑥𝑖𝜕𝑡,
𝑖, 𝑗 = 1, … , 𝑛; 𝑘 = 1, … , 𝑚.

II. The 𝑏𝑖 are bounded in 𝐺, the coefficient 𝑏 is bounded below, 𝑏 ⊂ 𝐿2(𝐺),
𝑎𝑘 ⊂ 𝐿2(𝐺), and the derivatives 𝜕𝑎𝑠/𝜕𝑦𝑘, 𝜕𝑎𝑠/𝜕𝑡, 𝜕𝑏/𝜕𝑦𝑘, 𝜕𝑏/𝜕𝑡, 𝜕𝑏𝑖/𝜕𝑦𝑘, 𝜕𝑏𝑖/𝜕𝑡, 𝜕𝑎0/𝜕𝑦𝑘, 𝜕𝑎0/𝜕𝑡
(𝑖 = 1, … , 𝑛′; 𝑠, 𝑘 = 1, 2, … , 𝑚) are bounded in 𝐺.

III. The 𝑎𝑘 do not change sign for 𝑦𝑘 = 0 and 𝑦𝑘 = 𝛽𝑘, 𝑘 = 1, … , 𝑚.

Divide the boundary 𝑆 of the domain 𝐺 into two parts: 𝑆 = 𝑆1 + 𝑆2. If 𝑎𝑘 ⩾ 0
for 𝑦𝑘 = 0 (𝑘 = 1, … , 𝑚), then assign the boundary 𝑦𝑘 = 0 to 𝑆1, otherwise to
𝑆2; if 𝑎𝑘 ⩽ 0 for 𝑦𝑘 = 𝛽𝑘, then assign the boundary 𝑦𝑘 = 𝛽𝑘 to 𝑆1, otherwise to
𝑆2. Assign the boundary 𝜎 × 𝑅 and 𝑡 = 0 to 𝑆1, and the boundary 𝑡 = 𝑇 to 𝑆2.

Theorem 1. Suppose that the coefficients of equation (1) satisfy conditions I,
II, III. If the function 𝑓(𝑥, 𝑦, 𝑡) ⊂ 𝑊 1

2,𝑦,𝑡(𝐺) and 𝑓|𝑆1−𝜎×𝑅 = 0, then there exists
a unique function of the class 𝐻(𝐺) which almost everywhere in 𝐺 satisfies
equation (1) and assumes zero values on 𝑆1.

We indicate the main ideas of the proof of this theorem. Consider the domain
𝐺1 = Ω × 𝑅1, where 𝑅1 in 𝐸𝑚 × 𝐸1 is given by the inequalities {0 ⩽ 𝑡 ⩽
𝑇 + 𝛿, 𝛿 > 0, 𝛼𝑘 ⩽ 𝑦𝑘 ⩽ 𝛾𝑘, 𝑘 = 1, … , 𝑚} and 𝛼𝑘 ⩽ 0, 𝛾𝑘 ⩾ 𝛽𝑘. If the
boundary 𝑦𝑘 = 0 belongs to 𝑆1, then 𝛼𝑘 = 0, otherwise 𝛼𝑘 = −𝛿. Similarly, if
the boundary 𝑦𝑘 = 𝛽𝑘 ⊂ 𝑆1, then 𝛾𝑘 = 𝛽𝑘, otherwise 𝛾𝑘 = 𝛽𝑘 + 𝛿.
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Consider in 𝐺1 the auxiliary equation of elliptic type:
𝑛

∑
𝑖,𝑗=1

𝑎𝜀
𝑖𝑗

𝜕2𝑢
𝜕𝑥𝑖𝜕𝑥𝑗

+
𝑚

∑
𝑘=1

𝜀𝜕2𝑢
𝜕𝑦2

𝑘
+𝜀𝜕2𝑢

𝜕𝑡2 +
𝑛

∑
𝑖=1

𝑏𝜀
𝑖

𝜕𝑢
𝜕𝑥𝑖

= 𝑎𝜀
0

𝜕𝑢
𝜕𝑡 +

𝑚
∑
𝑘=1

𝑎𝜀
𝑘

𝜕𝑢
𝜕𝑦𝑘

+𝑎𝜀
0

𝜕𝑢
𝜕𝑡 +𝑏𝜀𝑢+𝑓𝜀,

(2)
where 𝑎𝜀

𝑖𝑗, 𝑏𝜀
𝑖 , 𝑎𝜀

𝑘, 𝑎𝜀
0, 𝑓𝜀, 𝑏𝜀 are infinitely differentiable functions converging in the

mean as 𝜀 → 0 in 𝐺 to the corresponding coefficients of equation (1), 𝜀 > 0.
At the same time, all derivatives of the coefficients of equation (2) indicated in
conditions I and II are uniformly bounded with respect to 𝜀. It is easy to see that
the coefficients of equation (2) can be chosen so that the following conditions
are satisfied:

1)
𝑛

∑
𝑖,𝑗=1

𝑎𝜀
𝑖𝑗𝜉𝑖𝜉𝑗 ⩾ 𝜇

2
𝑛

∑
𝑖=1

𝜉2
𝑖 for all (𝑥, 𝑦, 𝑡) ⊂ 𝐺1.

2) 𝑎𝜀
0(𝑥, 𝑦, 𝑇 +𝛿) = 0, 𝑎𝜀

0 > 0 in 𝐺, 𝑎𝜀
𝑘|𝑦𝑘=𝛼𝑘

= 0, if 𝛼𝑘 < 0, and 𝑎𝜀
𝑘|𝑦𝑘=𝛾𝑘

= 0,
if 𝛾𝑘 > 𝛽𝑘. On the boundary of 𝐺1 determined by the equalities 𝑦𝑘 =
𝛼𝑘 = 0 or 𝑦𝑘 = 𝛾𝑘 = 𝛽𝑘, the functions 𝑎𝜀

𝑘 and 𝑎𝑘 have the same sign.

3) The function 𝑓𝜀 is finite in 𝐺1 and the norms

‖𝑓𝜀‖𝑊 1
2,𝑦,𝑡(𝐺1)

are uniformly bounded with respect to 𝜀.

4) 𝑏𝜀 > 𝑏0 > 0, if 𝑏 > 𝑏0.

For equation (2) consider in the domain 𝐺1 the following boundary-value prob-
lem:

𝑢𝜀 = 0 on the boundary of 𝐺1. (3)

It can be shown that the solution 𝑢𝜀 of problem (2), (3) has all second-order
derivatives continuous in 𝐺1. For the solution 𝑢𝜀 there are a priori estimates

∫
𝐺1

[
𝑛

∑
𝑖=1

(𝜕𝑢𝜀
𝜕𝑥𝑖

)
2

+ 𝜀
𝑚

∑
𝑘=1

(𝜕𝑢𝜀
𝜕𝑦𝑘

)
2

+ 𝜀 (𝜕𝑢𝜀
𝜕𝑡 )

2
+ 𝑢2

𝜀] 𝑑𝐺1 ⩽ 𝑀‖𝑓𝜀‖2
𝐿2(𝐺1);

(4)

∫
𝐺1

[
𝑛

∑
𝑖,𝑗=1

( 𝜕2𝑢𝜀
𝜕𝑥𝑖𝜕𝑥𝑗

)
2
] 𝑑𝐺1+∫

𝐺1

⎡⎢⎢
⎣

∑
𝑖=1,…,𝑛
𝑘=1,…,𝑚

( 𝜕2𝑢𝜀
𝜕𝑥𝑖𝜕𝑦𝑘

)
2

+
𝑛

∑
𝑖=1

( 𝜕2𝑢𝜀
𝜕𝑥𝑖𝜕𝑡)

2
+ 𝜀

𝑚
∑

𝑘,𝜈=1
( 𝜕2𝑢𝜀

𝜕𝑦𝜈𝜕𝑦𝑘
)

2
+

+
𝑚

∑
𝑘=1

𝜀 ( 𝜕2𝑢𝜀
𝜕𝑦𝑘𝜕𝑡)

2
+ 𝜀 (𝜕2𝑢𝜀

𝜕𝑡2 )
2

+
𝑚

∑
𝑘=1

(𝜕𝑢𝜀
𝜕𝑦𝑘

)
2

+ (𝜕𝑢𝜀
𝜕𝑡 )

2
] 𝑑𝐺1 ≤ 𝑀‖𝑓𝜀‖2

𝑊 1
2,𝑦,𝑡(𝐺1),

(5)
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where 𝑀 does not depend on 𝜀. Estimate (4) can be obtained by multiplying
(2) by 𝑢𝜀, integrating this equality over 𝐺1, and transforming it by integration
by parts. The second integral on the left-hand side of (5) can be estimated if
equation (2) is multiplied by 𝜕2𝑢𝜀/𝜕𝑦2

𝑘 (𝑘 = 1, … , 𝑚) and 𝜕2𝑢𝜀/𝜕𝑡2, the resulting
𝑚+1 equalities are integrated over 𝐺1, added, and some of the resulting integrals
are transformed by integration by parts. The first integral on the left-hand side
of (5) is then estimated in the same way as the second derivatives of an elliptic-
type equation are estimated in the 𝐿2 norm (see, for example, (7), § 2). With
the aid of estimates (4) and (5) it is easy to show that there exists a limit of 𝑢𝜀
as 𝜀 → 0 along a certain subsequence 𝜀𝑘, and the limiting function 𝑢 ⊂ 𝐻(𝐺)
almost everywhere satisfies equation (1) in 𝐺 and the condition 𝑢|𝑆1

= 0. The
uniqueness of such a solution is proved with the aid of an energy inequality.

3. A function 𝑢(𝑥, 𝑦, 𝑡) ⊂ 𝑊 1
2,𝑥(𝐺) is called a weak generalized solution

of equation (1) in the domain 𝐺 with the condition 𝑢|𝑆1
= 0 if, for every

function Φ ⊂ 𝑊 1
2 (𝐺) satisfying the conditions Φ|𝜎×𝑅 = 0, Φ|𝑆2

= 0, the
integral identity holds:

∫
𝐺

{− [
𝑛

∑
𝑖,𝑗=1

𝑎𝑖𝑗
𝜕𝑢
𝜕𝑥𝑖

𝜕Φ
𝜕𝑥𝑗

+ 𝜕𝑎𝑖𝑗
𝜕𝑥𝑗

𝜕𝑢
𝜕𝑥𝑖

Φ] +
𝑛

∑
𝑖=1

𝑏𝑖
𝜕𝑢
𝜕𝑥𝑖

Φ+

+
𝑚

∑
𝑘=1

(𝑎𝑘
𝜕Φ
𝜕𝑦𝑘

𝑢 + 𝜕𝑎𝑘
𝜕𝑦𝑘

Φ𝑢) + 𝑎0
𝜕Φ
𝜕𝑡 𝑢 + 𝜕𝑎0

𝜕𝑡 𝑢Φ − (𝑏𝑢 + 𝑓)Φ} 𝑑𝐺 = 0.

Theorem 2. Suppose the coefficients of equation (1) satisfy conditions I, II, III.
If 𝑓 ⊂ 𝐿2(𝐺), then there exists a unique weak generalized solution of equation
(1) with the condition 𝑢|𝑆1

= 0.

The existence of such a solution is proved using the solutions 𝑢𝜀 of problem (2),
(3) and the a priori estimate (4). The uniqueness of such a solution is easily
obtained by using the existence of a solution of the equation adjoint to (1),
which can be constructed according to Theorem 1.

4. Consider the Cauchy problem for equation (1) in the layer 𝑄{0 < 𝑡 ≤
𝑇 , (𝑥, 𝑦) ⊂ 𝐸𝑛 × 𝐸𝑚} with the initial condition

𝑢(𝑥, 𝑦, 0) = 0, (𝑥, 𝑦) ⊂ 𝐸𝑛 × 𝐸𝑚. (6)

A function 𝑢(𝑥, 𝑦, 𝑡) ⊂ 𝑊 1
2 (𝑄) will be called a generalized solution of problem

(1), (6) if 𝑢|𝑡=0 = 0 and, for every function Φ from 𝑊 1
2 (𝑄) that is finite in 𝑥 and

𝑦, the integral identity holds

∫
𝑄

{− [
𝑛

∑
𝑖,𝑗=1

𝑎𝑖𝑗
𝜕𝑢
𝜕𝑥𝑖

𝜕Φ
𝜕𝑥𝑗

+ 𝜕𝑎𝑖𝑗
𝜕𝑥𝑗

𝜕𝑢
𝜕𝑥𝑖

Φ] +
𝑛

∑
𝑖=1

𝑏𝑖
𝜕𝑢
𝜕𝑥𝑖

Φ−

− [
𝑚

∑
𝑘=1

𝑎𝑘
𝜕𝑢
𝜕𝑦𝑘

+ 𝑎0
𝜕𝑢
𝜕𝑡 + 𝑏𝑢 + 𝑓] Φ} 𝑑𝑄 = 0.
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Theorem 3. If the coefficients 𝑏𝑖, 𝑏, and all derivatives entering conditions I,
II are bounded in 𝑄, and 𝑓 ⊂ 𝑊 1

2,𝑦,𝑡(𝑄), 𝑓|𝑡=0 = 0, then there exists a unique
generalized solution of the Cauchy problem (1), (6).

To prove this theorem one considers the solution 𝑢𝜀 of equation (2) in the domain
𝐺𝜀 = Ω𝜀 × 𝑅𝜀, equal to zero on the boundary 𝐺𝜀, where

Ω𝜀 = {
𝑛

∑
𝑖=1

𝑥2
𝑖 ≤ 𝐴𝜀} , 𝑅𝜀 = {|𝑦𝑘| ≤ 𝛽𝜀, 0 ≤ 𝑡 ≤ 𝑇 + 𝛿}.

The coefficients (2) approximate the coefficients of equation (1) as 𝜀 → 0. De-
note the second integral in the left-hand side of (5) by 𝐼1. For solutions 𝑢𝜀 in
the domain 𝐺𝜀, estimate (4) is valid, as is the estimate

𝐼1 ≤ 𝑀‖𝑓𝜀‖2
𝑊 1

2,𝑦,𝑡(𝐺𝜀),

where 𝑀 does not depend on 𝜀. Letting 𝜀 tend to zero, and 𝐴𝜀 and 𝛽𝜀 to infinity,
and choosing a sequence 𝑢𝜀 that converges weakly in 𝑊 1

2 in any finite domain,
we obtain in the limit a solution of problem (1), (6). The uniqueness of such a
solution follows from the energy inequality.

From the theorem proved there follows, in particular, solvability under the in-
dicated conditions of the Cauchy problem for the equation of Brownian motion
in phase space:

𝜕𝑢
𝜕𝑡 =

𝑚
∑
𝑖=1

𝑥𝑖
𝜕𝑢
𝜕𝑦𝑖

+ 𝑎
𝑚

∑
𝑖=1

𝜕2𝑢
𝜕𝑥2

𝑖
+

𝑚
∑
𝑖=1

𝑏𝑖
𝜕𝑢
𝜕𝑥𝑖

+ 𝑓(𝑥, 𝑦, 𝑡), 𝑎 > 0.

One may consider the Cauchy problem for equation (1) in the class of functions
increasing in 𝑥 and 𝑦 at infinity, analogously to how this is done in § 10 of paper
(7).

5. Another formulation of the Cauchy problem is also possible, when the
variables (𝑡, 𝑦1, … , 𝑦𝜈), 𝜈 ≤ 𝑚, play the same role as the time 𝑡, while
(𝑥1, … , 𝑥𝑛, 𝑦𝜈+1, … , 𝑦𝑚) are regarded as spatial variables. In this case the
solution is sought in the domain {0 ≤ 𝑡 ≤ 𝑇 , 0 ≤ 𝑦𝑠 ≤ 𝛽𝑠, 𝑠 = 1, … , 𝜈},
and the initial conditions must be prescribed at 𝑡 = 0 and on those parts
of the boundary 𝑦𝑠 = 0 and 𝑦𝑠 = 𝛽𝑠 that belong to 𝑆1. For such a problem
a theorem analogous to Theorem 3 is valid.
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