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Abstract

Full Text
MATHEMATICS
S. A. EREMIN, A. F. SHADROV

ON COMPLETE SYSTEMS AND BASES IN
SPACES OF FUNCTIONS ANALYTIC IN
HARTOGS DOMAINS

(Presented by Academician V. I. Smirnov, 2 VIII 1962)

In the present work we develop the multiplicative method for constructing com-
plete systems and bases, the idea of which was given in [1]. The method is
applied here chiefly to the construction of complete systems and bases in spaces
of functions analytic in Hartogs domains.

Let Dy,...,D, be finite domains, respectively, of the spaces of the complex
variables zq, ...y Z, ooy Zims - 5 2, TeGularly (semicontinuously) extendable to the

s “m
domains T3, ..., T;; Dy €Ty,...,D, €T;; D = D, x - x D, is the topological
product of the domains D, ..., D ; E(G) is the space of all functions analytic in
the domain G; convergence in F(G) is defined as uniform convergence on every
closed set of points of the domain G.

Theorem 1. For every domain D; there exists a system of functions complete
in B(D;).

Proof. By virtue of the regular extendability of D, to T}, all functions ana-
lytic in D; are uniformly approximated inside D; by functions analytic in T}
[2]. On the other hand, for D; there exists a closed orthonormal system {z/JVj}

of functions analytic in D; [3, 4], and therefore every function F' € E(T}) is
representable inside D; by uniformly convergent series of the form Zc&i)w”j.
Consequently, the system {7/’1/]} is complete in E(D;).

Theorem 2. In order that the system

{Qoul(zla"'7Zk)"'<puq(zmv"'7zn)} (1)

be complete in E(D), it is necessary and sufficient that each system

{0} G=1a) 2)

be complete in the corresponding space E(D;).
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Proof. From the completeness of the system (1), the completeness of the sys-
tems (2) follows directly. By simple calculations one is convinced that, to prove
the converse assertion, it is sufficient to prove it for the case of complete or-
thonormal systems {zlzyj}. Any function F' € E(D), as a function of z, ..., 2, is
expanded inside D, into uniformly convergent series (with respect to zy, ..., z;)
in {4, } with coefficients that are analytic functions of the variables z;_4, ..., 2,,.
These coefficients, in turn, are expanded into uniformly convergent series in
{¢,,}, and so on.

Consequently, F' is expanded inside D into uniformly convergent series in the
functions of the system {¢, - ’L/}Vq}, and the theorem is proved.

Theorem 3. In order that system (1) be a basis of the space E(D), it is
necessary and sufficient that each system (2) be a basis of the corresponding
space E(D).

By virtue of Theorem 2, the proof of Theorem 3 is carried out by arguments
analogous to those given in the proof of the corresponding theorem [1].

Let G{|z1| < Rg(2gy .y 2)s (295 ...,2,) € Hg} be a complete Hartogs domain
with plane of symmetry z; = 0, where H is an arbitrary domain.

Theorem 4. If the system

{sz,,..,kn (2255 20)} (3)

is complete in F(H ), then the system

{2 Fayoe, (2 eee s 20)} (4)

is complete in F(QG).

Proof. Let system (3) be complete in F(Hg). Since for any f(zq,...,2,) €
E(G) in each domain G, € G the Hartogs representation is valid,

my
. k
flz1y ey 2) = mhgn(XJ Z 210 [, (22505 20,
! k=0

then uniformly in G, € G

my Mo,y My
. k . k
flzyy.y2,) = lim P ( lim Z Cgle,.)“,k"sz,--.,kn(22’ ey zn))

my—00 Mg y.eey My, —00
k=0 25eeeky, =0

My e, My,

; (k1) k
lim Z Chigoo ko, 21 kg, (22505 20)-

My ey My, —00
ky,...,k,, =0
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Consequently, system (4) is complete in E(G).

Theorem 5. If system (3) is a basis of the space E(H), then system (4) is a
basis of the space E(G).

Proof. Substituting, in the Hartogs expansion of f(z,...,2,) € E(G), the

expansions of the functions f;, (25, ..., 2,,) with respect to the basis (3), we obtain
the series

&) kl o0 kl
f(zlv“'azn)zzzl ( Z 622,4)4.,knfk2 ..... kn(z27"'72n)>

le1=0 Kok,

o
kq) k
= > e ek (a2,

Eyyonik, =0

which converges uniformly in each domain G, € G. Consequently, system (4) is
a basis of E(G).

Theorems 4 and 5 make it possible, for every known criterion for completeness
or for being a basis of a system in the case of k complex variables, to establish
the validity of the corresponding criterion in the case of (k + 1) variables.

For example, a number of criteria for completeness and for being a basis of a
system in the case when G is a complete Hartogs domain in the space of three
variables are established from known theorems (°), p. 70, Theorems 1, 2, 3; p. 74,
Theorems 4, 5; p. 75, Theorem 8; p. 78; (®), Theorems 2-4; (7), Theorems 1-5;
(8), Theorems 2-5). Here the theorems corresponding to Theorem 8 on p. 78
in (°), to Theorems 2-4 in (%), to Theorems 1-5 in (7), and to Theorems 2-5
in (8), are established for the case when H is a bounded complete bicircular
domain, since it is known that the space

functions analytic in a bounded complete bicircular domain is isomorphic to the
space of functions analytic in a bicylinder ([9]).

Let

G{|Zn+1‘ < RG(ZI7 ceey Zn), (Zl7 ceey Zn) S HG}7
where H = Dy x - X D,.
Theorem 6. If each system
{@ul(zla-~'7Zk)}7"~7{90uq(zmv"'vzn)} (5)
is complete respectively in E(D,),..., E(D,), then the system

kn+1

{Zn+1 @yl(zlv'”vzk)"'ﬁpy (Zm,...,Zn)} (6)

aq
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is complete in E(G).

Theorem 7. If the systems (5) are bases respectively of the spaces
E(Dy),...,E(D,), then the system (6) is a basis of F(G).

The validity of Theorems 6 and 7 follows respectively from Theorems 2 and 4
and Theorems 3 and 5.

Let us have a sequence of complete Hartogs domains

Go{lze| < Rg,(21), 21 € G1},
Gsllzs| < Rg, (215 22), (21,2) € Go},

Gn{|2n| < RGn (Zl7 "'7Zn71)7 (217 ""anl) € anl}

respectively with symmetry planes z, =0, ..., 2, = 0, where G is an arbitrary
domain of the space of the complex variable z;.

Theorem 8. If the system {f} (z;)} is complete in E(G,), then the system
{zhn. ..., z§2fk1 (21)} is complete in E(G,)).

Theorem 9. If the system {f, (2;)} is a basis of the space E(G,), then the
system {zp" - z];?fkl (21)} is a basis of E(G,,).

The validity of Theorems 8 and 9 is established by (n — 1)-fold application

respectively of Theorems 4 and 5.

With the aid of Theorems 8 and 9, for every known theorem on the completeness
or basicity of a system in E(G;) one can establish the corresponding theorem for
the space of functions analytic in a Hartogs domain of any number of variables.

Analogously to Theorems 8 and 9, with the aid of Theorems 4 and 5, for a
sequence of Hartogs domains

Gm+1{|zm+1‘ <RG (217"‘7Zm)7 (21,...,Zm) GGm}7

m+1

Gn{‘znl < RG,L(ZI’ aznfl)’ (Z1; 7Zn71> € anl}’
where G,,, is any domain of the space of complex variables zy, ..., z,,, the follow-
ing theorems are established:

Theorem 10. If the system {f}, _, (21,...,2,)} is complete in E(G,,), then

the system {zf{’ zf;l"'j:f Teyo, (2155 2,) } 18 complete in E(G,,).
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Theorem 11. If the system {f; ;. (2,...,2,,)} is a basis of the space E(G,,),

then the system {zﬁ” ~-zﬁ;’_ﬁf fiyre, (21505 2p,) } 18 @ basis of E(G,,).

,,,,,

Theorems 10 and 11 allow, for every known criterion of completeness or basicity
of a system in the space E(G,,) of m complex

variables, establish the corresponding criterion for the space of functions analytic
in a complete Hartogs domain of any number of variables greater than m.

For example, a number of criteria for the completeness and basis property of a
system in E(G,,) are established by the theorems indicated above (57%).
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Note: Figure translations are in progress. See original paper for figures.
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