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VATURE
(Presented by Academician I. G. Petrovskii on March 14, 1963)

1. Let 𝐺 be a connected semisimple Lie group with finite center, 𝑈 its maxi-
mal compact subgroup, and ℰ the homogeneous space 𝐺/𝑈 . In the space
ℰ there exists an invariant Riemannian metric with respect to which ℰ is
a symmetric space of nonpositive curvature. Denote by 𝐵 the Beltrami–
Laplace operator constructed from this metric, and consider the equation

𝐵𝑓 − 𝑐𝑓 = 0, (1)

where 𝑓 is a twice continuously differentiable function on ℰ, and 𝑐 is a constant.

Our aim is to study the cone 𝐶𝑐 of nonnegative solutions of equation (1). For
simplicity of exposition we restrict ourselves here to the case where 𝐺 is the
group of real unimodular matrices of order 𝑛. However, the results obtained are
of a general nature and are valid for any semisimple group. In the case where
𝐺 is a complex group, results close to ours were obtained in (1).

2. If 𝐺 is the group of real unimodular matrices of order 𝑛, then the group
of orthogonal matrices may serve as the subgroup 𝑈 . The Lie algebra of
the group 𝐺 coincides with the algebra 𝔊 of real matrices of order 𝑛 with
trace zero. One may assume that the Riemannian metric in ℰ is induced
by the invariant scalar product (𝔤1, 𝔤2) (𝔤1, 𝔤2 ∈ 𝔊), given by the formula
(𝔤1, 𝔤2) = sp 𝔤1𝔤2. In the 𝑛-dimensional vector space consider the hyper-
plane 𝔥 defined by the equation ∑𝑛

1 𝜉𝑖 = 0. This hyperplane is naturally
identified with the Lie algebra of the group 𝐻 ⊂ 𝐺 of diagonal matri-
ces with positive diagonal elements. For the scalar product introduced,
(𝜉1, 𝜉2) (𝜉1, 𝜉2 ∈ 𝔥), we have
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(𝜉1, 𝜉2) =
𝑛

∑
1

𝜉𝑖
1𝜉𝑖

2.

An element 𝜉 ∈ 𝔥 will be called an element of general position if, for 𝑖 ≠ 𝑗, 𝜉𝑖 ≠ 𝜉𝑗.
Denote by Λ the domain in 𝔥 defined by the inequalities 𝜉1 ≥ 𝜉2 ≥ ⋯ ≥ 𝜉𝑛, and
let 𝜌 be the vector in 𝔥 determined by the relation

(𝜌, 𝜉) = 1
2 ∑

𝑖<𝑗
(𝜉𝑖 − 𝜉𝑗).

Theorem 1. For 𝑐 < −(𝜌, 𝜌), equation (1) has no nonnegative solutions.

Along with equation (1), consider the equation

𝜕𝑝
𝜕𝑡 = 𝐵𝑝, (2)

and let 𝑝𝑦(𝑡, 𝑥) = 𝑝(𝑡, 𝑥, 𝑦) be the fundamental solution of this equation, i.e. the
function satisfying, as a function of 𝑥, equation (2) for 𝑡 > 0 and the initial
condition 𝑝(0, 𝑥, 𝑦) = 𝛿𝑦(𝑥), where 𝛿𝑦(𝑥) is the 𝛿-function in ℰ with respect to
the invariant volume, concentrated at the point 𝑦.
Theorem 2. If 𝑐 ≥ −(𝜌, 𝜌) and 𝑥 ≠ 𝑦, then

∫
∞

0
𝑒−𝑐𝑡𝑝(𝑡, 𝑥, 𝑦) 𝑑𝑡

converges.

Theorem 2 ensures the existence (for 𝑐 ≥ −(𝜌, 𝜌)) of the Green’s function of
equation (1).

3. Let 𝑍 denote the group of upper triangular matrices whose diagonal el-
ements are equal to 1. As is known, every matrix 𝑔 ∈ 𝐺 is represented,
and in a unique way, in the form 𝑔 = 𝑧ℎ𝑢, where 𝑧 ∈ 𝑍, ℎ ∈ 𝐻, 𝑢 ∈ 𝑈 .
Therefore every point 𝑥 ∈ ℰ is represented in the form 𝑥 = 𝑧ℎ𝑥0; here
𝑥0 is the point of the space ℰ whose stationary subgroup coincides with
the subgroup 𝑈 . (By 𝑔𝑥 (𝑔 ∈ 𝐺, 𝑥 ∈ ℰ) we denote the point obtained
from the point 𝑥 by the motion 𝑔.) For any vector 𝜆 ∈ 𝔥 define on the
group 𝐻 the function ℎ𝜆 by the formula ℎ𝜆 = exp(𝜆, 𝔥), where 𝔥 = lnℎ is
the vector whose coordinates are equal to the logarithms of the diagonal
elements of the matrix ℎ. Introduce on the space ℰ the function 𝜑(𝑥, 𝜆)
(𝑥 ∈ ℰ, 𝜆 ∈ 𝔥), setting 𝜑(𝑥, 𝜆) = ℎ𝜆+𝜌 for 𝑥 = 𝑧ℎ𝑥0.
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A nonnegative solution 𝑓(𝑥) of equation (1) is called minimal if every nonneg-
ative solution of this equation not exceeding 𝑓(𝑥) can differ from 𝑓(𝑥) only by
a constant factor.

Theorem 3. Every minimal solution 𝑓(𝑥) of equation (1) (for 𝑐 ≥ −(𝜌, 𝜌)) is
proportional to one of the functions 𝜑(𝑢𝑥, 𝜆), where 𝑢 ∈ 𝑈 , 𝜆 ∈ Λ, (𝜆, 𝜆) =
𝑐 + (𝜌, 𝜌).
From Theorem 3 it follows that

Theorem 4. Every nonnegative solution 𝑓(𝑥) of equation (1) can be repre-
sented in the form

𝑓(𝑥) = ∫
𝑈×Λ𝑐

𝜑(𝑢𝑥, 𝜆) 𝜇(𝑑𝑢 𝑑𝜆),

where Λ𝑐 is the intersection of the domain Λ with the sphere (𝜆, 𝜆) = 𝑐 + (𝜌, 𝜌),
and 𝜇(𝑑𝑢 𝑑𝜆) is a finite Borel measure on 𝑈 × Λ𝑐.

4. A twice continuously differentiable function 𝑓(𝑥) on ℰ will be called har-
monic if it satisfies the equation 𝐵𝑓(𝑥) = 0.

Let 𝐾 ⊂ 𝐺 denote the group of all upper triangular matrices and let Ξ denote
the homogeneous space 𝐺/𝐾. Since every matrix 𝑔 ∈ 𝐺 is represented in the
form 𝑔 = 𝑢𝑘 (𝑢 ∈ 𝑈, 𝑘 ∈ 𝐾), the group 𝑈 acts transitively on Ξ. Therefore
the stationary subgroup 𝑈𝑥 of any point 𝑥 ∈ ℰ acts transitively on Ξ. By
compactness of 𝑈𝑥, on Ξ there exists, and is unique, a measure invariant with
respect to 𝑈𝑥 and normalized so that the measure of the whole space Ξ is equal
to 1. This measure depends on the point 𝑥 ∈ ℰ, and we denote it by 𝜇(𝑥, 𝑑𝜉).
Theorem 5. Every bounded harmonic function 𝑓(𝑥) on ℰ can be represented
in the form

𝑓(𝑥) = ∫
Ξ

𝑝(𝜉) 𝜇(𝑥, 𝑑𝜉), (3)

where 𝑝(𝜉) is an arbitrary function on Ξ integrable with respect to the measures
𝜇(𝑥, 𝑑𝜉). The function 𝑝(𝜉) is determined by the function 𝑓(𝑥) uniquely almost
everywhere on Ξ*.
From Theorem 5 it follows easily that

Theorem 6. Every bounded harmonic function is annihilated by all Laplace
operators on the space ℰ by which the function 𝑓(𝑥) ≡ 1 is annihilated.

* Cf. Theorem 10 of (2).

Theorem 6 was obtained by other methods in (3).
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Let 𝔥 be an arbitrary element in general position belonging to Λ. Denote by
ℎ(𝑡) the corresponding one-parameter subgroup in the group 𝐻.

Theorem 7. If the function 𝑓(𝑥) is given by formula (3) with a continuous
function 𝑝(𝜉), then

lim
𝑡→+∞

𝑓(ℎ(𝑡)𝑥0) = 𝑝(𝜉0),

where 𝜉0 is the point Ξ whose stationary subgroup coincides with the group 𝐾.

Theorem 7 makes it possible to solve the question of the behavior of the function
𝑓(𝑥) as 𝑥 → ∞ along a geodesic 𝛾 in general position in the space ℰ. It turns
out that the values of the function 𝑓(𝑥) then tend to a certain value 𝑝(𝜉). (The
point 𝜉 depends on the geodesic 𝛾.) It is therefore natural to call the values
𝑝(𝜉) of the function 𝑝 the boundary values of the function 𝑓(𝑥).
Let now 𝛾 be an arbitrary directed geodesic of the space ℰ, and let 𝐹 be a finite
pencil of geodesics containing 𝛾 (see (2)). According to (2), the aggregate of null
pencils Γ ⊂ 𝐹 forms a certain Riemannian symmetric space ℱ of nonpositive
curvature. Like every such space, ℱ decomposes into the direct product 𝐸 × ℰ′

of a Euclidean space 𝐸 and a Riemannian symmetric space ℰ′ of nonpositive
curvature with a semisimple group of motions. Denote by

𝜌 ∶ ℱ → ℰ′

the projection of the space ℱ onto the space ℰ′. To each geodesic 𝛾 ∈ 𝐹 there
corresponds a point 𝑥′ = 𝜋(𝛾) ∈ ℰ′ by the rule 𝜋(𝛾) = 𝜌(Γ), where Γ is the null
pencil containing the geodesic 𝛾. We shall write 𝑥 → +∞, 𝑥 ∈ 𝛾, if 𝑥 tends to
infinity along the directed geodesic 𝛾 in the positive direction.

Theorem 8. If 𝑓(𝑥) is a bounded harmonic function with continuous boundary
values and if, for two geodesics 𝛾1 and 𝛾2 from a finite pencil 𝐹 , 𝜋(𝛾1) = 𝜋(𝛾2),
then

lim
𝑥→+∞, 𝑥∈𝛾1

𝑓(𝑥) = lim
𝑥→+∞, 𝑥∈𝛾2

𝑓(𝑥).

Theorem 8 shows that the limiting values of the function 𝑓(𝑥) induce a certain
function 𝑓 ′(𝑥′) on the space ℰ′.

Theorem 9. If 𝑓(𝑥) is a bounded harmonic function with continuous boundary
values, then its limiting values 𝑓 ′(𝑥′) on the space ℰ′ form a function harmonic
on ℰ′.

Theorems 7–9 are immediate consequences of Theorems 11, 9, and 12 from (2).
We note that the basis for obtaining the results set forth is Martin’s method (4)
(see also (5)) and the method of horispherical radial parts of Laplace operators
on symmetric spaces (6).
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