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Z. I. Rekhlickii

SPECTRAL CRITERIA FOR THE STABILITY OF SO-
LUTIONS OF LINEAR DIFFERENTIAL EQUATIONS
WITH PERIODIC COEFFICIENTS

(Presented by Academician I. G. Petrovskii on 3 X 1962)
In our notes (*-*), criteria were obtained for the stability of solutions of differ-

ential equations of the form

a —/0 y(t—s)dr(t,s) = (1) (0<1 <o),

n—1

y™ = o0yt —ap) = f(t)  (0<t<o0)
k=0

in the case when p;(t) — 0 and Or(t,s)/0t — 0 as t — oo. Therefore these
results cannot be applied to differential equations with periodic coefficients.

In the present note we give necessary and sufficient criteria for boundedness of
solutions on the half-axis 0 < t < oo of differential equations of the form

n—1
% Ay =10, Y™ = Oy = £(),
k=0

where A(t + a) = A(t); pi(t + a) = p,(t) (a > 0).

Theorem 1. Consider the boundary-value problem:

WA =10)  0<t<oo) M

y(0) = yo.

Let A(t) be a continuous operator-function acting in a complex Banach space
&, satisfying the condition A(t + a) = A(t) (a > 0); let f(t), y(t) be continuous
functions with values belonging to &.

In order that the boundary-value problem (1) have a bounded solution y(t) for

all bounded f(t), it is necessary and sufficient that all points of the spectrum
A(0) of the family of operators
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{exp anA(sw)ds”

for 0 < 6 < a lie inside the unit circle,

Ao <1 (0<0<a), )\(G)ESpexp[/aA(s+9)ds}, @)
0

where

eprO A(s+0)d }

is the multiplicative integral.

Proof. Consider the auxiliary function

o0
= y(t+ 0+ ka)z
k=0

which, being a solution of the equation

0d
ot

can be represented in the form

@(t,z)—/otexp /TtA(er@)ds

For t = a we shall have

k=0

B(a, 2) = /O " exp [ / " A(s+0) ds} S F(r+0-+ha)2* drtexp { /O " As+0) ds} (0, 2).

k=0

But

— —A(t +9)<I>:§:f(t+9+ka)zk
k=0

Z f(T+0+ka)z* dr+exp

iy 0+ ka)z* = y(0 )—&-ziy(@—i—(kz—i—l)a)zk =y(0) + 2®(a, 2).
k=0

k=0
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Therefore, for the auxiliary function
oo
=> y(0+ (k+1)a)*

k=0

the formula holds

-1

S (0 + (k + Da)2* (1—zexp{/oaA(s+9)dsD Fo,2),  (3)

k=0

where

F(9,z):/ exp[/ (s+6) ds]ZfT—i—H—i—ka Y2k dr+
0 T k=0

+exp {/OQA($+0)ds} (/Oeexp /TOA(erH)ds] F(r) dr + exp l/oeA(erG)ds] y0>.

It is easy to see that the function

F(0,2)+ > f(0)2F
n=0

is holomorphic for |z| < 1 and has uniformly bounded coefficients | f;,(0)| < C,
if the function f(t) is bounded:

IFel<c,  (0<t<o0).

Consider the operator-function

B0, 2) = (I — zexp |:/OGA(S +0) dle = g:oBk(H)zk

Suppose condition (2) is satisfied; then the operator-function B(6,z) will be
holomorphic for |z| < p < 1. On the basis of Cauchy’ s inequality we shall have

M
1B (O)] < e Mg,

where M = max ||B(6,2)],0< qg= % <1l,|z|=p,0<0<a.
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Applying formula (3), one can estimate y(6 + (k+ 1)a) in terms of | f,(0)| and
| B (0)]:

Iy(0+ (b + Do)l < (Z |Bk<0>||) O < 17 =€y <,
k=0

i.e. y(t) is bounded for 0 < ¢ < oo. In this case Theorem 1 is proved.

Suppose that for some 6 = 6,

O 1 NG €spen | [ Aoy
0
We shall assume that

max [A(9)] = |A(6,)] = 1.

0<6<a

Then the operator-function B(6,, z) has a singularity at z = z, = 1/A(6;), and
is holomorphic for all z with |z| < |z].

Counsider z, — 2 (|2, < |7]) as n — oo. It can be shown that |B(6y, z,,)|| — o0
as n — o0o; therefore

Using formula (3), construct a sequence |f,,(t)| < C for which the solutions
¥, (t) of equation (1) will be unbounded:

lim ||y, (t)] = o0 as n,t — oc.

Consider two cases:

1) Suppose |z5| <1 (JA(6;)] > 1); then, for z = z,, § = 6;, and

fo(T+6)) =exp {/GT A(s+ Hl)ds} e,(7),

where o(7) =0 for 7 < 0, 7 > a, formula (3) takes the form

S 06y + (k4 Da)2k = B(6, 2,6, [ emin, [ etmar=o. @
0 0

k=0

2) Suppose |z5] =1 (JA(0;)| = 1); then, for z = z,,, = 0, and
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fulr+ 6, k) =exp | [ Al +0)ds|zg¥etn). elr) =0 (r <o)

formula (3) takes the form

. [ et
0 k+ 1)a)zk = B(6 A —
;)yn( 1 + ( + )(I)Zn ( 1 Zn)en 1— zalz

/ p(r)dr >0. (5)
0

n

From (4) and (5) it follows that

mn,t~>c>o Hyn (t) “ = 0.

Now one can show that the boundary-value problem (1), for some bounded
function f(t), has an unbounded solution y(t). Indeed, if the boundary-value
problem, for all bounded f(t), had a bounded solution y(t), then the operator
determining the solution x(¢) would be bounded in norm, and from | f,,(t)| < C
it would follow that ||y,,(t)| < Cy, but this is impossible, since we have shown
that

lim_ly,, (t)] = oo.

n, t—oo

Theorem 1 is proved.

Corollary. If in Theorem 1 A(t;)A(t,) = A(t,)A(t,), then condition (2) may

be replaced by the simpler one: all points A € sp / A(s) ds must satisfy the
0
condition Re A < 0.

Theorem 2. Consider the boundary-value problem

n—1
Y =3 Oy = f(1) (0=t < o0), (6)
k=0

y®(0) =1y (k=0,1,...,n—1),

where pi(t + a) = p(t) are continuous complexr functions (a > 0); f(t) is a
continuous scalar function.

In order that the boundary-value problem (6) have a bounded solution for all
bounded f(t), it is necessary and sufficient that the coefficients p,(t) satisfy the
condition
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IA(0) <1 for0<6<a, A(G)Gspexp[/ A(s—i—@)ds],
0

where A(t) = ||p;(W)||T is the coefficient matriz, which has the form

P11(t) = pp_i(t), Piici(t)=1 (i>1), p(t)=0 (i>1, k#i-1).

Proof. Consider the column vectors

U= (y(”’m,y(”’z), ey Y), o(t) = (f(t),0,...,0,0).

Then the boundary-value problem (6) can be written in the form

CC%L — A(t)u = o(t) (0 <t < 00), (1)

u(0) = uy,

where A(t) = |p;x(t)|7 is the coefficient matrix.

In view of the fact that boundedness of the solution y(t) of the boundary-value
problem (6) implies boundedness of all derivatives y*)(t) (see (5)), the boundary-
value problem (6), with respect to stability of solutions, is equivalent to problem
(1”), to which Theorem 1 is applicable.
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