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A. A. BOROVKOV

SOME RESULTS OF THE ANALYSIS OF
LARGE DEVIATIONS IN BOUNDARY PROB-
LEMS

(Presented by Academician A. N. Kolmogorov, January 29, 1963)

Let sp = 0, 84 = &, s = & + &,, ... be a sequence of sums of independent
identically distributed random variables &;,&,, ..., for which M¢, = 0. Let x =
x(n) be an increasing function of n, and let g, (¢) > 0 > g,(¢) be two functions
defined on the interval [0,1]. In the well-known work of A. N. Kolmogorov
(1), and in a number of later works, the problem was considered of finding the
asymptotic behavior, as n — 0o, of the probability

P(g1 (%) %>g2 (S), /4;21,2,...,71). (1)

The limiting value of (1) and estimates of the rate of convergence were found
in the case when x = /n, and under very broad assumptions concerning the
distribution of &, (for bibliography see, for example, (?)).

The present note is devoted to probabilities of large deviations in problem (1)
and related problems, when z//n — co. In this case the case of two boundaries
g, and g, is easily reduced to the case of one boundary g > 0, while certain
additional restrictions must be imposed on the random variables £,,. We shall
consider the most meaningful “extreme” case, when

x=n(l+x), »n=o0(1),

and assume that P(§, < t) converges to its limits as ¢ — +oo according to
exponential laws and contains a nonzero absolutely continuous component (the
latter condition may be replaced by the lattice property of £,). Introduce the
necessary notation. Let 7, be the time of the first passage by the polygonal tra-
jectory with vertices at the points (k/n, s./x), k= 0,1,...,n, of the boundary g¢:
Ny =k/n, if s;/x < g(j/n), j <k, s,/x = g(k/n); let x, = s,, —xg(n,) be the
unnormalized amount of the first overshoot over g. Further, let ¢(\) = Me ?ék,
A_=1inf{A: p(X) < oo}, AL =sup{A: p()\) < oo},
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let A(a) be the point of the interval [A_, A, | at which this minimum is attained
(it is unique), and

_ g EN
i Ve

The functions m(a), A(a) are regular for a € (a_,a, ), and A(a) = A, fora = a,.

We shall call problems of types I and II, respectively, the problems of finding
the asymptotic behavior of the probabilities

k
P(ng:E,x9<y>, 1<k<n; P(n,<1, x,<y),

k
P(ngzﬁ, Xg <Ys sn<px), 1<k<n P(nggl, Xg <Y sn<px).

The basic concept in the study of large deviations in boundary problems of types
I and II is the notion of a level line.

The level line a(t) > 0 of type I (for problems of type I) is defined as a line
along which the function tlnm %), 0 < t < 1, retains a constant value equal

to Inm(7) (7 is a parameter). However, if a_ < 00, A\_ = —o0 (&, are bounded
above by the value «_) and m(a_) = P(§, = a_) > 0, then m(a) has a
discontinuity at the point a_ (in this case m(a) = 0 for @ > «_), and the
function a,(t) is not defined for all ¢. For such ¢, by definition, we put a,(t) =
a_t. The line a_(t), 0 <t <1, 0 <7 < o0, is thus uniquely defined, increasing,
convex, and is obtained by pasting together, generally speaking, two pieces of
regular functions. The pasting occurs at the intersection of the curve a_(¢) with
the straight line a/a_ = t. For values of ¢ smaller than the abscissa of the
pasting point, a.(t) is the continuation of the tangent to a.(t) at the pasting
point.

The functions a, (t), where they differ from linear functions, can also be defined
as the solution a,(t) = a(7,t) of the Cauchy problem for the absolute equation

a
” / ” o o_
Are (; - at) +agaz =0

under the conditions a(7,1) =7, a;(7,1) = —Inp(A(7))/A(T).

Next, we shall say that a function R(t), defined in a neighborhood § of the point
t = 0, admits a power majorant if there exist positive numbers r,¢;,c, and a
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function r(¢) | 0 as |¢| | 0 such that |R(t)| < ¢;r(t) for t € § and r(td) > cod"r(t)
forall0<d<1landte€sd.

Theorem 1. Suppose the following conditions are fulfilled:
1) k/n — v asn — oo, v does not depend on n and belongs to the semi-interval
(0,1].

2) The function g(t) in a neighborhood of the point v has p > 1 derivatives. In
the representation

. g'P) (u)

o + (t—uw)PRL(t —u)

9(t) = g(u) + -+ (t —u)

the remainder factor RL(t—u), for all u, lu—v| < &;, admits one and the same

power majorant.

3) g'(v) <glv)/v<a_.

: g(v)

4) For any €5 > 0 there exists €5 > 0 such that g(t) > =——
v

t<wv—eg,.

t + €3 for all

Then, for any fized y > 0,

k
P(ng=g, xg<y>=

_ () g (g(v), g'(v), y) enT(Bo) {1 +0 (%’A’ T2 (%) ’RE(A)> }

N v
(2)
Here 7, is the solution of the equation a_.(v) = og(v), 0 = »/n = 1+ %,
A=k/n—v.

T5(s) is a majorant of the function

Ri(s) = JUF D Z9W =9 W) ey g0~ g),
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The function ¥ (g(v)/v, g’ (v),y) depends only on its arguments and on the dis-
tribution of the &, and can be written in the notation of theorem 5 from [3]. The
estimate in (2) is uniform in k for |k/n —v| < &;.

Let the following quantity be defined and finite:

7, = Sup {T : inf (g(t) —a.(t)) > 0}

0<t<1

and let V_ be the set of points of the interval [0, 1] for which
9(t) <a, (1) +<,
and let V9 be the interval
[0,Inm(7,)/Inm(a_)].

Suppose that for sufficiently small € the intersection V, N V9 is empty. Finally,
let 2 be the union of all intervals belonging to V;, and let A denote the closure
of the set A. For x = n the following holds.

Theorem 2. If, in addition to the assumptions made, the Lebesgue measure

mes(V, —Q) -0 ase—0,
then

t
P(n, <1, x, <y) ~ nm”(rg)/t*/zlll (gi) g'(t), y> dt.
Q

Now let mesV; = 0, and let V_, for all € smaller than some number, be a finite
number of half-intervals or intervals on which ¢ is piecewise differentiable. In
this case the asymptotic behavior of the probability

P(n, <1, x, <v)

is clarified by the following theorem.

Theorem 3. Let the set V_, for all € > 0 smaller than some number, consist
of one half-interval or interval, and let the set

0 —
Visk
k=1
consist of a single point v, which is a boundary point of V. Suppose, further, that
in the half-neighborhood V_ of the point v condition 2 of Theorem 1 is satisfied.
Then, if the number q of common first derivatives of the functions g and a, at
the point v is positive and p > q + 1, then

P(n, <1, x,<y) =
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Ag()/v) (0t (0) — gl (v)
(¢g+ 1)

—1/(q+1)
] »

:nq—1/2q+2mn(7_) 1 F( 1 )
q+1 \g+1

v

x U (‘Q(U), g (v), y) (1+ 0O (n Y@t pp(n~VlatD))))

Here, by derivatives of the functions g at the point v, one means respectively
right- or left-hand derivatives; r(t — v) is the power majorant of the function

g(t)/t v) /v at+1) (y) — (g+1) v
1 {t [ Nada— - o XG0 o <>>}.

(E=0)r e (g +1)!

It is also possible to analyze less regular cases, when p = q or ¢ = 0, etc. As is
clear from Theorems 2 and 3, the asymptotics of probability (1) in the case of
large deviations is determined only by the properties of the function g on the
sets V_ and by the properties of the sets V_ themselves.

Level lines in problems of type II are defined differently. Denote

m(7,p,t) =tlnm (%) +(1—t)lnm (q:;) ,

wm(7,p) = sup m(r,p,t),
o<t<1

and suppose that 7 and p, 7 > p, are such that
M(r, p) > —o0.

We first define the level lines b ,(¢) of the so-called local problem as the solution
of the equation
M (b, p,t) = m(7,p), 0<t<l

In those cases where m(a) has a discontinuity at the points o, or a_, the
solution may fail to exist for some ¢. In these regions we complete the level lines
(as also the level lines of type I) by line segments

b=a_t

or
b=p—a,(1—1).

This definition of the functions b, ,(t) will be unique. The level lines b, ,(¢)
themselves turn out to be convex, continuously differentiable, and glued together
from pieces of, generally speaking, three regular func-

tions. Let D;—D, be the four sectors into which the domain b > pt, 0 <t <1,
is divided by the straight lines b = a_t and b = p —a, (1 —t). Then b_ ,(t)
is regular in each of these sectors, on the boundaries of which the gluing also
takes place. If ¢, is the point at which sup,_,_, M(7,p,t) is attained, then
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b, ,(ty) =7, b, ,(t) <7 foranyte (0,1). Inthe domain of regularity b, ,(t)
increases with increasing 7.

The required level lines of type II are obtained from the level lines of the local
problem by replacing the part of the curve bnp(t) lying in the domain 0 < b < p
(empty when p < 0) by the part of the curve ¢, ,(t) determined by the solution
of the equation

tlnm (%) =m(7,p),

i.e., by a part of a level line of type I. We denote the newly obtained curves by
0, ,(t).

Now we can formulate some assertions concerning problems of type II. Put again
x =n,

ry=suwp{r: inf (90 —0,,(0)>0)}
and denote by V_ the set of points of the interval [0, 1] for which g(¢) < 0, H(t)+e,
and by V9 the closure of the set of those ¢ for which the point (%, DTg’p(t)) does
not belong to the lower of the sectors D;—D,. We shall again assume that, for
sufficiently small ¢, the intersection V, N VY is empty.

Theorem 4. Let 2 be the union of all intervals of the set V. If mes(V.—Q) — 0
as € — 0, then

P(n, <1, x, <y, s, <pn)~ "™ or) / D(t,y) dt,

Q
where
(I)(Ly) — Wm‘é e*yk(’Y(t)) dy\Ij (g(tt)’ g’(t), y> ’
_ p—g(t) _ 1 —
L e N RS R A

If ¢ is tangent to [ at a finite number of points, then the desired value can
be computed by using the following analogue of Theorem 3.

Theorem 5. If, in the notation introduced anew, the conditions of Theorem 3
are satisfied, then

P, <1, x, <y, 8, <pn)~
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o @D T 0) (3, ) T (L) U1,
g+1 g+1

where

u_ 5 W) — g @I g)/v) — Allp — 9(v)) /(1 = v)]
(4+1) |

q+1)
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