
Soviet-era science, translated into English

G. KARATOPRAKLIEV
1963

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196301.43882

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196301.43882


Abstract
Full Text

G. KARATOPRAKLIEV
ON A GENERALIZATION OF PROBLEM T FOR THE
EQUATION

𝑢𝑥𝑥 + sign 𝑦 𝑢𝑦𝑦 = 0

(Presented by Academician M. A. Lavrent’ev, 27 IV 1963)

In the present article one boundary-value problem is considered for the Lavrent’
ev—Bitsadze equation

𝑢𝑥𝑥 + sign 𝑦 𝑢𝑦𝑦 = 0, (1)

which is a generalization of the Tricomi problem T, posed and investigated in
the work of M. A. Lavrent’ev and A. V. Bitsadze (1) and in the works of A. V.
Bitsadze (2, 3).
Let 𝐷 be a simply connected finite domain of the 𝑥𝑦-plane, bounded by a Jordan
line 𝜎 with endpoints at the points 𝐴(−1, 0), 𝐵(1, 0), lying in the upper half-
plane 𝑦 > 0, and by the characteristics 𝐴𝐶 ∶ 𝑦 = −𝑥 − 1 and 𝐵𝐶 ∶ 𝑦 = 𝑥 − 1,
issuing from the point 𝐶(0, −1). Denote by 𝐷1 and 𝐷2, respectively, the elliptic
and hyperbolic parts of the mixed domain 𝐷.

Problem 𝑇𝛼. It is required to determine a function 𝑢(𝑥, 𝑦) with the following
properties: 1) 𝑢(𝑥, 𝑦) is a solution of equation (1) in the domain 𝐷 for 𝑦 ≠ 0; 2)
𝑢(𝑥, 𝑦) is continuous in the closed domain 𝐷 for 𝑦 ≠ 0; 3) the partial derivatives
𝑢𝑥 and 𝑢𝑦 are continuous in the domain 𝐷 for 𝑦 ≠ 0, and near the points 𝐴 and
𝐵 they may become infinite of order less than one; 4) on the segment 𝐴𝐵 of the
real axis the functions 𝑢(𝑥, 𝑦) and 𝑢𝑦(𝑥, 𝑦) satisfy the gluing conditions

𝑢(𝑥, +0) = 𝛼(𝑥)𝑢(𝑥, −0), (2)

𝑢𝑦(𝑥, +0) = 𝛽(𝑥)𝑢𝑦(𝑥, −0), (3)

where 𝛼(𝑥) and 𝛽(𝑥) are given functions which do not vanish anywhere on the
segment 𝐴𝐵, 𝛽(𝑥) is once and 𝛼(𝑥) twice differentiable, and the functions 𝛽′(𝑥)
and 𝛼″(𝑥) belong to the class 𝐻̄ on the segment ∗𝐴𝐵, with

𝛼′(𝑥)𝛽(𝑥) ≤ 0, −1 < 𝑥 < 1; (4)

5) 𝑢(𝑥, 𝑦) assumes the prescribed values

𝑢 = 𝜑 on 𝜎, (5)

𝑢 = 𝜓(𝑥) on 𝐴𝐶, (6)
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where 𝜑 is continuous, and 𝜓(𝑥) is a twice differentiable function whose sec-
ond derivative belongs to the class 𝐻̄ on the segment [−1, 0], and 𝜑(−1) =
𝛼(−1)𝜓(−1).
For 𝛼(𝑥) = 𝛽(𝑥) = 1, problem 𝑇𝛼 coincides with problem T.

In the domain 𝐷2, by virtue of (2) and (3), the solution 𝑢(𝑥, 𝑦) of equation (1)
has the form

2𝑢(𝑥, 𝑦) = 𝜏(𝑥 + 𝑦)
𝛼(𝑥 + 𝑦) + 𝜏(𝑥 − 𝑦)

𝛼(𝑥 − 𝑦) + ∫
𝑥+𝑦

𝑥−𝑦

𝜈(𝑡)
𝛽(𝑡) 𝑑𝑡, (7)

where 𝜏(𝑥) = 𝑢(𝑥, +0), 𝜈(𝑥) = 𝑢𝑦(𝑥, +0), −1 ≤ 𝑥 ≤ 1.
By virtue of (6), from (7) we obtain

𝜏(𝑥)
𝛼(𝑥) + 𝜏(−1)

𝛼(−1) − ∫
𝑥

−1

𝜈(𝑡)
𝛽(𝑡) 𝑑𝑡 = 2𝜓(𝑥 − 1

2 ) , −1 ≤ 𝑥 ≤ 1,

* We use the terminology adopted in (6).
or, after differentiation,

[ 𝜏(𝑥)
𝛼(𝑥)]

′
− 𝜈(𝑥)

𝛽(𝑥) = 2 𝑑
𝑑𝑥𝜓 (𝑥 − 1

2 ) , −1 < 𝑥 < 1. (8)

Hence, taking (4) into account, just as in problem 𝑇 (3), we conclude that if
𝜓(𝑥) ≡ 0, the solution 𝑢(𝑥, 𝑦) of problem 𝑇𝛼 in the closed domain 𝐷1 attains a
nonzero extremum on the arc 𝜎 (the extremum principle). From this principle
the uniqueness of the solution of problem 𝑇𝛼 follows directly.

The existence of a solution of problem 𝑇𝛼 will be proved if the function 𝜈(𝑥) can
be determined. Let us note that, without loss of generality, one may assume
that 𝜑 = 0. We shall additionally assume that 𝜎 is a smooth arc satisfying the
Lyapunov condition, and that 𝑢𝑥 and 𝑢𝑦 are continuous in the closed domain 𝐷1
everywhere except, possibly, at the points 𝐴 and 𝐵. By a conformal mapping
one can arrange that 𝜎 coincide with the semicircle 𝜎0 with endpoints at the
points 𝐴 and 𝐵 (3). We shall assume that 𝜎 coincides with 𝜎0.

The relation between the functions 𝜏(𝑥) and 𝜈(𝑥) from the elliptic part 𝐷1 of
the mixed domain 𝐷 has the form (3)

𝜏(𝑥) − 1
𝜋 ∫

1

−1
[ln |𝑡 − 𝑥| − ln(1 − 𝑡𝑥)]𝜈(𝑡) 𝑑𝑡 = 0, −1 ≤ 𝑥 ≤ 1. (9)

We shall seek the function 𝜈(𝑥) in the class 𝐻∗ on the interval [−1, 1]. Elimi-
nating 𝜏(𝑥) from (8) and (9), to determine 𝜈(𝑥) we obtain the singular integral
equation
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𝛼(𝑥)𝜈(𝑥) + 𝛽(𝑥)
𝜋 ∫

1

−1
( 1

𝑡 − 𝑥 − 𝑡
1 − 𝑡𝑥) 𝜈(𝑡) 𝑑𝑡+

+𝛼′(𝑥)𝛽(𝑥) ∫
1

−1

𝜔(𝑥, 𝑡)
𝛽(𝑡) 𝜈(𝑡) 𝑑𝑡 = 𝑓(𝑥), (10)

where

𝑓(𝑥) = −2𝛽(𝑥) [𝛼(𝑥)𝜓 (𝑥 − 1
2 )]

′
,

and 𝜔(𝑥, 𝑡) = 1 for 𝑡 ∈ [−1, 𝑥], 𝜔(𝑥, 𝑡) = 0 for 𝑡 ∉ [−1, 𝑥].
Equation (10) can very simply be reduced to a Fredholm equation. For this
purpose we rewrite it in the form

𝛼(𝑥)𝜈(𝑥) + 𝛽(𝑥)
𝜋 ∫

1

−1
( 1

𝑡 − 𝑥 − 𝑡
1 − 𝑡𝑥) 𝜈(𝑡) 𝑑𝑡 = 𝑔(𝑥), (11)

where

𝑔(𝑥) = 𝑓(𝑥) − 𝛼′(𝑥)𝛽(𝑥) ∫
1

−1

𝜔(𝑥, 𝑡)
𝛽(𝑡) 𝜈(𝑡) 𝑑𝑡, (12)

and we shall regard 𝑔(𝑥) (belonging to the class 𝐻) as a known function.

Equation (11) is associated with the cyclic group 𝒲0(𝑧) = 𝑧, 𝒲1(𝑧) = 1/𝑧,
and therefore is solvable explicitly (3,4). We note only the following: since the
contour of integration is open and the transformation 𝒲1(𝑧) = 1/𝑧, taking the
interval [−1, 1] into the remaining part of the real axis, leaves the endpoints
fixed, then, as is easy to see, one cannot seek a solution of class ℎ0 of equation
(11). The index of this equation is equal to zero.

For the function 𝑣(𝑥) we obtain the expression

𝑣(𝑥) = 𝑎(𝑥)𝑔(𝑥) − 𝑏(𝑥)𝑍(𝑥)
𝜋 ∫

1

−1

𝑔(𝑡)
𝑍(𝑡) ( 1

𝑡 − 𝑥 − 𝑡
1 − 𝑡𝑥) 𝑑𝑡, (13)

where

𝑎(𝑥) = 𝛼(𝑥)
𝛼2(𝑥) + 𝛽2(𝑥) , 𝑏(𝑥) = 𝛽(𝑥)

𝛼2(𝑥) + 𝛽2(𝑥) , 𝑍(𝑥) = √𝛼2(𝑥) + 𝛽2(𝑥) 𝑒Γ(𝑥),
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Γ(𝑥) = ∫
1

−1
𝜃(𝑡) [ 1

𝑡 − 𝑥 − 1
𝑡(1 − 𝑡𝑥)] 𝑑𝑡, 𝜃(𝑥) = − 1

𝜋 arc tg(−𝜋/2, 𝜋/2)
𝛽(𝑥)
𝛼(𝑥) .

Taking into account (12), for 𝑣(𝑥) we obtain a Fredholm integral equation equiv-
alent to equation (10):

𝑣(𝑥) + ∫
1

−1
𝐾(𝑥, 𝑡)𝑣(𝑡) 𝑑𝑡 = ℎ(𝑥), (14)

where

𝐾(𝑥, 𝑡) = 𝑎(𝑥)𝛼′(𝑥)𝛽(𝑥)𝜔(𝑥, 𝑡)
𝛽(𝑡) −𝑏(𝑥)𝑍(𝑥)

𝜋𝛽(𝑡) ∫
1

−1

𝛼′(𝑡1)𝛽(𝑡1)𝜔(𝑡1, 𝑡)
𝑍(𝑡1) ( 1

𝑡1 − 𝑥 − 𝑡
1 − 𝑡1𝑥) 𝑑𝑡1,

ℎ(𝑥) = 𝑎(𝑥)𝑓(𝑥) − 𝑏(𝑥)𝑍(𝑥)
𝜋 ∫

1

−1

𝑓(𝑡)
𝑍(𝑡) ( 1

𝑡 − 𝑥 − 𝑡
1 − 𝑡𝑥) 𝑑𝑡.

All the basic Fredholm theorems are applicable to equation (14) (5,6). From the
uniqueness of the solution of problem 𝑇𝛼 it follows that equation (14) is solvable.
It is not hard to see that the function 𝑣(𝑥), which is the solution of equation
(14), belongs to the class 𝐻∗ on the interval [−1, 1] and is differentiable in the
interval (−1, 1).
It is interesting to note that if 𝛽(𝑥)/𝛼(𝑥) < 0, −1 ≤ 𝑥 ≤ 1, the solution 𝑣(𝑥)
tends to infinity of order less than one at 𝑥 = −1; if 𝛽(𝑥)/𝛼(𝑥) > 0, −1 ≤ 𝑥 ≤ 1,
then, as is to be expected, 𝑣(𝑥) tends to infinity of order less than one at 𝑥 = 1.
Corollary. If 𝛼(𝑥) = const, condition (4) is satisfied, 𝐾(𝑥, 𝑡) = 0, and the
solution 𝑣(𝑥) of equation (10) is found explicitly:

𝑣(𝑥) = 𝛼(𝑥)𝑓(𝑥)
𝛼2(𝑥) + 𝛽2(𝑥)− 𝛽(𝑥)𝑒Γ(𝑥)

𝜋√𝛼2(𝑥) + 𝛽2(𝑥)
∫

1

−1

𝑓(𝑡)𝑒−Γ(𝑡)

√𝛼2(𝑥) + 𝛽2(𝑥)
( 1

𝑡 − 𝑥 − 𝑡
1 − 𝑡𝑥) 𝑑𝑡.
(15)

Let us note that in this case, in order to prove the existence of a solution of
problem 𝑇𝛼, one can use the results of (7), if equation (1) is reduced to a system
of mixed type.

For 𝛼(𝑥) = 𝛽(𝑥) = 1, from formula (15) we obtain the function 𝑣(𝑥) for problem
𝑇 .
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