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Abstract
Full Text
PHYSICS

S. V. TYABLIKOV

ON LOW-TEMPERATURE EXPANSIONS IN
THE THEORY OF FERROMAGNETISM
(Presented by Academician N. N. Bogolyubov, 31 X 1962)

We shall consider here the problem of determining the spectrum of elementary
excitations and the magnetization of an isotropic ferromagnetic dielectric in the
low-temperature region. For simplicity we shall restrict ourselves to the case of
spin 𝑆 = 1 (in units of ℏ/2) and a simple cubic lattice; the interaction will be
taken into account in the nearest-neighbor approximation.

It is known that at sufficiently low temperatures the spectrum of elementary
excitations of such a ferromagnet can be represented as a set of so-called spin
waves, which may approximately be regarded as noninteracting with one another
(1). In this case, for the magnetization per atom one obtains an expression of
the form:

𝜎𝐵𝑙 = 1 − 2𝑍 (3/2, 𝑥) 𝜏3/2 − 3𝜋
2 𝑍 (5/2, 𝑥) 𝜏5/2 − 33𝜋2

16 𝑍 (7/2, 𝑥) 𝜏7/2 − … , (1)

where

𝜏 = 𝜗
8𝜋𝐼 ; 𝑍(𝑝, 𝑥) =

∞
∑
𝑛=1

𝑛−𝑝 exp(−𝑛𝑥); 𝑥 = 𝜇𝐵𝐻
3𝐼 , (2)

𝜗 is the temperature in units of 𝑘𝑇 ; 𝑍(𝑝, 0) = 𝜉(𝑝).
To construct subsequent approximations to this solution, it is necessary to take
into account both the dynamic interaction of spin waves caused by the corre-
sponding terms of the Hamiltonian, and the kinematic interaction arising from
restrictions on the occupation numbers of spin waves and connected with the
fact that the spin at a given lattice site can take only a finite number of values
(2). Attempts to take this interaction into account, undertaken in a number of
works (2−7), led to the appearance of additional terms in powers of temperature
in expansion (1), and different temperature-power corrections were obtained in
different papers. In the works (2), which are considered the most consistent,
it was found that the corrections from the dynamic and kinematic interactions
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compensate one another to a high degree of accuracy and give a contribution
to expansion (1) only beginning with terms of order 𝜏8/2:

𝜎𝐷 = 𝜎𝐵𝑙 − 6𝜋𝑍 (3/2, 𝑥) 𝑍 (5/2, 𝑥) 𝜏8/2 − … (3)

Later the results of works (2) were reproduced by other methods in papers (8,9 ).
Let us note that, in the calculations in works (2,8 ), the Hamiltonian of the
real spin system is replaced by a certain equivalent operator in Bose operators.
Application of the method of two-time temperature Green’s functions for calcu-
lating the magnetization with these Hamiltonians (10,11 ) also leads to expansion
(3). Since the transition from spin operators with the real Hamiltonian to Bose
operators leads to well-known difficulties in taking into account the restrictions
on the occupation numbers of spin waves, we shall here consider once more the
problem of calculating the magnetization at low temperatures. In doing so, we
shall use Pauli operators, which are fully equivalent to the initial spin operators.
We shall calculate the magnetization by means of two-time temperature Green’s
functions (12), using perturbation theory in the spirit of work (13) to determine
the latter.

Let the Hamiltonian of the system have the form:

ℋ = ℰ0 +(2𝜇𝐵𝐻 +2𝐽(0)) ∑ 𝑛𝑓 −∑ 2𝐼(𝑓1 −𝑓2)𝑏+
𝑓1

𝑏𝑓2
−𝜀 ∑ 2𝐼(𝑓1 −𝑓2)𝑛𝑓1

𝑛𝑓2
,

(4)

where

ℰ0 = −1
2𝑁𝐽(0) − 𝑁𝜇𝐵𝐻 ; ∑

(𝑓)
1 = 𝑁; 𝐼(0) = 0;

𝐼(𝑓) = 1
𝑁 ∑

(𝜈)
𝐽(𝜈)𝑒−𝑖(𝑓,𝜈); 𝐽(𝜈) = ∑

(𝑓)
𝐼(𝑓)𝑒𝑖(𝑓,𝜈); (5)

𝑓 is the number of a lattice site, 𝑁 is the number of sites in it, 𝑏𝑓 , 𝑏+
𝑓 are Pauli

operators:

𝑏+
𝑓𝑏𝑓′

− 𝑏+
𝑓′𝑏𝑓 = Δ(𝑓 − 𝑓 ′)(1 − 2𝜀𝑛𝑓); 𝑏𝑓𝑏𝑓′ − 𝑏𝑓′𝑏𝑓 = 0;

𝑏2
𝑓 = 0; 𝑛𝑓 = 𝑏+

𝑓 𝑏𝑓(= 0; 1); (6)

𝜀 is a formal small parameter.

The equations of motion for the operators 𝑏𝑓 have the form

sovietrxiv.org/items/ru-196301.42524 Machine Translation

https://sovietrxiv.org/items/ru-196301.42524


𝑖𝑑𝑏𝑓
𝑑𝑡 = (2𝜇𝐵𝐻 + 2𝐽(0))𝑏𝑓 − ∑ 2𝐼(𝑓 − 𝑓 ′)𝑏𝑓′ + 𝜀 ∑ 4𝐼(𝑓 − 𝑓 ′)𝑛𝑓𝑏𝑓′ −

−𝜀 ∑ 4𝐼(𝑓 − 𝑓 ′)𝑏𝑓𝑛𝑓′ ; (7)

here the third term corresponds to the kinematic interaction of spin waves, and
the fourth to the dynamic one. Following paper (12), we introduce the Green’s
functions

𝐺1 = ⟨⟨𝑏𝑓 ∣ 𝑏+
𝑔 ⟩⟩; 𝐺2 = ⟨⟨𝑏+

𝑓1
𝑏𝑓2

𝜀𝑓3
∣ 𝑏+

𝑔 ⟩⟩; 𝐺3 = ⟨⟨𝑏+
𝑓1

𝑏𝑓2
𝑏𝑓3

𝑏+
𝑔1

𝑛𝑔2
∣ 𝑏+

𝑔 𝑛𝑔1
⟩⟩; …
(8)

and, to determine them, construct a chain of coupled equations, differentiating
𝐺1 with respect to 𝑡, 𝐺2 with respect to 𝑡′, 𝐺3 with respect to 𝑡, … We shall
regard the dynamic and kinematic interaction as a small perturbation.

As is not difficult to see, with such an introduction of the small parameter 𝜀,
breaking off the chain of equations for the functions 𝐺 according to the smallness
of the perturbation corresponds to discarding functions with higher Green’s
functions. The “small parameter”𝜀 is introduced into formulas (4), (6), (7) so
as to take this circumstance into account.

Writing out the equations for the functions 𝐺1, 𝐺2, 𝐺3 accurate up to quantities
of order 𝜀 inclusive, we construct, according to the scheme of paper (13), the
mass operator for the function 𝐺1. For this purpose we pass to Fourier images
in time and coordinates:

⟨⟨𝑏𝑓 ∣ 𝑏+
𝑔 ⟩⟩ = 1

𝑁 ∑
(𝜇)

𝑒𝑖(𝑔−𝑓,𝜇)𝐺𝜇. (9)

The equation of the second approximation for the function 𝐺𝜇 has the form

(𝐸 − 𝐸𝜇 − 𝑀𝜇(𝐸))𝐺𝜇 = 𝑖𝜎
2𝜋 , (10)

where 𝜎 is the relative magnetization per site, 𝐸𝜇 is the Bloch energy of a spin
wave with wave vector 𝜇, and 𝑀𝜇(𝐸) is the mass operator:

𝜎 = 1 − 2𝜀⟨𝑛𝑓⟩ = 1 − 2𝜀𝑛̄; 𝐸𝜇 = 2𝜇𝐵𝐻 + 2𝐽(0) − 2𝐽(𝜇);

𝑀𝜇(𝐸) = 𝜀
𝜎𝑁 ∑ 4𝐼(𝑓1 − 𝑓2) (𝑒𝑖(𝑓1,𝜇) − 𝑒𝑖(𝑓2,𝜇)) 𝑒−𝑖(𝑝,𝜇)×
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× [⟨𝑛𝑓1
𝑏𝑓2

𝑏+
𝑝 ⟩ − ⟨𝑏+

𝑝 𝑛𝑓1
𝑏𝑓2

⟩] +

+ 𝜀2

𝜎𝑁3 ∑[4𝐽(𝜇 + 𝜈) − 4𝐽(𝜈)] 4𝐼(𝑔1 − 𝑔2) (𝑒−𝑖(𝑔1,𝜇) − 𝑒−𝑖(𝑔2,𝜇)) ×

× exp[−𝑖(𝑝1, 𝜇1) + 𝑖(𝑝2, 𝜇1 − 𝜈) + 𝑖(𝑝3, 𝜇 + 𝜈)]×

×
⟨𝑏+

𝑝1
𝑏𝑝2

𝑏+
𝑝3

𝑏𝑔2
𝑛𝑔1

⟩ − ⟨𝑏+
𝑔2

𝑛𝑔1
𝑏+

𝑝1
𝑏𝑝2

𝑏𝑝3
⟩

𝐸 + 𝐸𝜇1
− 𝐸𝜇1−𝜈 − 𝐸𝜇+𝜈

− { 𝜀
𝜎𝑁 ∑ 4𝐼(𝑓1 − 𝑓2) …}

2
(𝐸 − 𝐸𝜇)−1.

(11)

Next we determine the commutators entering this expression from the solution
of the previously indicated approximate system of equations for the functions
𝐺, and restrict ourselves to the lowest-order terms in temperature. As a result
we obtain:

𝑀𝜇(𝐸) ≃ 4𝜀
𝑁 ∑

(𝜈)
[𝐽(𝜇)+𝐽(𝜈)−𝐽(0)−𝐽(𝜇−𝜈)] 𝑁𝜈+8𝜀2

𝑁2 ∑
(𝜈1,𝜈2)

[2𝐽(𝜇+𝜈1)−2𝐽(𝜈1)]𝐽(𝜈1 − 𝜈2) + 𝐽(𝜇 + 𝜈1) − 𝐽(𝜇 + 𝜈1 − 𝜈2) − 𝐽(𝜈1)
𝐸 + 𝐸𝜈2

− 𝐸𝜈1−𝜈2
− 𝐸𝜇+𝜈1

𝑁𝜈2
,

(12)

where

𝑁𝜈 = [exp (ℰ𝜈
𝜗 ) − 1]

−1
, (13)

ℰ𝜈 is the energy of one-particle excitations (the pole of the function 𝐺𝜇).

Let us note that the numbers 𝑁𝜈 are related to the mean occupation numbers
of spin waves ⟨𝑏+

𝜈 𝑏𝜈⟩ and of spins ⟨𝑛𝑓⟩ by the formulas:

⟨𝑏+
𝜈 𝑏𝜈⟩ = 𝜎𝑁𝜈; 𝑛 = ⟨𝑛𝑓⟩ = 𝜎

𝑁 ∑
(𝜈)

𝑁𝜈; ⟨𝑏+
𝑔 𝑏𝑓⟩ = 𝜎

𝑁 ∑
(𝜈)

𝑒𝑖(𝑔−𝑓,𝜈)𝑁𝜈.

(14)

The real (𝑀 ′
𝜇) and imaginary (𝑀″

𝜇 ) parts of the mass operator at 𝐸 satisfying
the equation

𝐸 − 𝐸𝜇 − 𝑀 ′
𝜇(𝐸) = 0,

determine the corrections to the spin-wave energy 𝐸𝜇 and their lifetime. In the
nearest-neighbor approximation and for 𝐻 = 0:

sovietrxiv.org/items/ru-196301.42524 Machine Translation

https://sovietrxiv.org/items/ru-196301.42524


𝑀 ′
𝜇 ≃ −𝜀 (1 + 𝜀2𝑎

𝑧 ) 4𝐼𝑧(1 − 𝛾𝜇)𝜋𝜈

𝛿3 𝜁 (5
2) 𝜏5/2;

𝑀″
𝜇 ≃ 𝜀24𝐼𝑧(1 − 𝛾𝜇) 8𝜈2

36𝛿6 𝜁(3)𝜏6/2; (15)

where

𝜏 = 3𝜗
4𝜋𝐼𝑧 ; 𝑎 = 1

𝑁 ∑
(𝜈)

1 + 2𝛾𝜈
1 − 𝛾𝜈

; 𝛾𝜇 = 1
𝑧 ∑

(𝛿)
𝑒𝑖(𝜇,𝛿), (16)

𝑧 is the number of nearest neighbors, 𝛿 is the distance between them, 𝜁(𝑝) is
the Riemann zeta-function, and approximately 𝑎 ∼ 2.

The expressions obtained for 𝑀 ′
𝜇, 𝑀″

𝜇 correspond to the results of papers (2,8 ).
Indeed, if one uses the method set out for the spin-wave Hamiltonians of these
papers, then one obtains (10) for 𝑀𝜇, 𝑀″

𝜇 expressions coinciding with (15).

Thus, in calculating the spectrum of elementary excitations and their lifetime,
the result does not depend on which representation of the spin Hamiltonian is
used: through Pauli operators or through Bose operators (with one or another
account of the kinematic interaction). The situation changes when one passes to
the calculation of the magnetization. In calculating the magnetization in Bose
operators we obtain

𝜎 = 1 − 2𝜀⟨𝑛𝑓⟩ = 1 − 2𝜀
𝑁 ∑

(𝜈)
𝑁𝜈; (17)

when calculating in Pauli operators, according to formulas (14), we obtain

𝜎 = 1 − 2𝜀⟨𝑛𝑓⟩ = 1 − 2𝜀𝜎
𝑁 ∑

(𝜈)
𝑁𝜈. (18)

Expression (17) leads, as is easy to see, to the power expansion (3), in which
the nontrivial corrections begin with terms of order 𝜏8/2. Expression (18) leads
to the expansion:

𝜎 = 𝜎𝐵𝑙 + 4𝜁2(3/2)𝜏6/2 + 𝑂(𝜏9/2) (19)

with nontrivial corrections in terms of order 𝜏9/2. This discrepancy is apparently
connected with an insufficient allowance for the kinematic interaction when
representing the magnetization through averages of Bose operators.
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In conclusion, the author expresses his gratitude to Acad. N. N. Bogoliubov for
discussion of the work.

V. A. Steklov Mathematical InstituteAcademy of Sciences of the USSR

Received25 X 1962
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