Soviet-era science, translated into English

D. L. BERMAN

1963

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196301.41515

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196301.41515

Abstract

Full Text

D. L. BERMAN

ON THE THEORY OF SEMIGROUPS OF LINEAR OP-
ERATORS

(Presented by Academician S. N. Bernstein on 16 V 1963)

1°. Denote by C the space of all continuous 27-periodic functions f(z) with
norm

[ = max [f(x)

0<z<2m

Let U,, be a linear operator from C into 6‘: taking every f € C into a trigono-
metric polynomial of order < n. Introduce the operator

~ 1

Tulh) =5z | Wal)-cit

where f,(x) = f(z +t). In the paper (!) it was proved that for any f € C the
equality

" 27
U,(f,2) = / fx + 1), (1) dt, 1)

holds, where ®,(t) = U, (D,,—t) and D,, is the Dirichlet kernel of order n.
Hence it follows that

21
U, > / T,(D,,1)] dt. (2)
0

We shall now abandon the requirement that, for every f € c, U,(f) be a
polynomial of order n, and consider an arbitrary semigroup

Q={U;, £>0}
of linear bounded operators, measurable with respect to &, and mapping the
space C into itself.

It turns out that for the operators € there are analogues of equality (1) and
inequality (2).

2°. Define the operator
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Theorem 1. Let Q be an arbitrary semigroup of linear bounded operators from
C into C, measurable with respect to £&. Then the operators

Q= {ﬁﬁv §> 0},

where the operator fjg is defined by formula (3), also form a semigroup of linear
bounded operators measurable with respect to &£; moreover, the operators €2
have the following properties:

1) The operators £2; map C into C.

2) The operators €2, being constructed for arbitrary operators 2, commute
with the group of real translations, i.e.

ﬁ&(ft) = (ﬁf(f))tv Jec, —00 <t < oo.
3) If the operators Q commute with the group of real translations, then 2, =
Q.
4) U]l < U]
Proof. Property 1) is obvious.

Let us prove property 2). To this end we compute (’C\fg( fi))_4- According to
equality (3) we have

2m
Telh)or =5z [ WelFuva)ann it (@

Since (Ug(f;))_¢ is a 2m-periodic function of ¢, it follows from equality (4) that

Teh)= 5 [ Welf)od=

Consequently, (’ﬁg(ft))f,5 = rUvé(f), or ’ﬁg(ft) = (’[jg(f))t Thus property 2) is
proved.

Property 3) is obvious.

Let us prove property 4). For any —oo <t < oo, (Ug(f;))_; € C. Therefore the
integral on the right-hand side of equality (3) may be regarded as a Bochner
integral (?). It is known (?) that for the Bochner integral the inequality

|/ ra < [usa

holds. Hence it follows from equality (3) that
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TN < 5 [ 0N 9

Since Uy is a linear operator and | f,| = | f||, it follows from inequality (5) that
[T (O < NUENA-

Theorem 2. Let U, € Q. Then there exist a set N of integers and a set
A = {\;}en of complex numbers such that the function*

K6 =Y O Lo (©)

e 27

is of bounded variation on [—7, x| for every £ > 0, and for every f € C the
equality

Uelfin) = [ o= 0dlt.9) )

holds.

This theorem follows directly from Theorem 1 and the theorem of Hille (2),

according to which, for a semigroup of operators from C into C commuting
with the group of real translations, representation (7) holds.

Theorem 3. Let U, € (2. Then the inequality

Ul > L K (t,€), (®)

holds, where K(t,&) is determined from Theorem 2.

Proof. According to Theorem 1,

[Tel < 1Tl (9)

*If j =0 € N, the corresponding term on the right-hand side of (6) is taken to
be equal to t.

On the other hand, it is known that the norm of the operator

0= [ fe—tduite)

which maps C into 5’: is equal to Var, K. Therefore, according to Theorem 2,
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H,U:f” = VartE[fﬂ'ﬂT] K(ta g) (10)

From (9) and (10), (8) follows.

Corollary. Let the operators Q be such that Mgﬁm Var K(z,¢) = co. Then
the relation

Ue(f,2) = f(x),  £—00

cannot hold uniformly for all f € C.

Theorems 1-3 also remain valid for operators 2 that map T into Z, where L is
the space of all summable 27-periodic functions with norm

27
171 = / ()] dt.

In this case the proofs do not differ essentially from the proofs for the case of
the space C.

3°. Denote by L the space of all functions f(z) summable on the entire real axis
with norm

Il = / (@) de.

Let U be a bounded linear operator from L into L. Put

~ ) 1 2
0 = i o | @i (1)

It is obvious that U is also a bounded linear operator from L into L.
Theorem 4. The operator U has the properties:

1) For any f € L and any ¢, U(f,) = (U(f)),.

2) [UI< U]

Theorem 5. Let U be an arbitrary bounded linear operator from L into L.
Then there exists a function ®(¢) of bounded variation on (—oo, c0) such that,
for any f € L, the equality

T(f.o) = / f— 1) ()
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holds, where the operator U is defined according to formula (11).

Theorem 6. Let U be an arbitrary bounded linear operator from L into L.
Then

B / d®(8)),

where ®(t) is defined from Theorem 5.
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16 V 1963
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