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1. Let © be an L-measurable (bounded or unbounded) set in n-dimensional
Euclidean space R,,. Let Z(£2) be some additive family* of L-measurable
subsets of 2. Denote by A(2) the B-space of numerical functions of the
point y €  satisfying two conditions: a) the totality A of all finite lin-
ear combinations of characteristic functions of sets xg(y), E € Z(Q), is
everywhere dense in A(Q), i.e. A(Q) = A; b) the general form of linear
functionals over the space A(QQ) is

lu) = /QU(y)v(y) dy, weA(Q), wveB()=(AQ).

Examples of such spaces may be: 1) L,(€2), where Z(€2) is the totality ()
of all L-measurable subsets of finite measure from €; 2) L, 5(£2), Q2 a bounded

domain, Z(Q) the totality E(Q) of all L-measurable subsets lying strictly inside
Q; 3) Ex(Q) (1), p. 98), Q a closed set, Z(Q) coincides with ().

Definition 1. Let B(f2) be the space conjugate to A(2). Denote by B(X, )
the totality of all additive set functions ¢, defined on Z(Q) with values in the
B-space X, with finite norm

el - M
Ylsx.e) = Sub Il ae)

; (1)

where for any w(y) = " a;xg, (y) from A, by definition,

/ w)dp =3 a,0(E,).

Q

sovietrxiv.org/items/ru-196301.41212 Machine Translation


https://sovietrxiv.org/items/ru-196301.41212

When A(Q2) = L, (), 1 < p’ < oo, Definition 1 coincides with the definition of
the space ®,(X,Q) given by S. L. Sobolev (?).

Let w € A, p € B(X,); then, by virtue of (1),

/ () de < el lelporar @)
Q2 X

Inequality (2) and property a) make it possible, by means of a limiting passage,
to construct the integral jé ) de for an arbitrary function g(y) from A(Q).

* By an additive family is meant a collection of subsets of the given set that
contains the union and intersection of any two of its elements.

Theorem 1. The space B(X,Q) is isometric and isomorphic to the space
(A(Q) — X)*. The isometric isomorphism has the form

T(g) = / o) dp,  gEAQ), @e BX,Q) 3)

Proof. Let ¢ € B(X,Q). Then the integral in (3) exists and defines a linear
continuous operator 1. The linearity of the operator is obvious; the equality
I7|| = || follows from (1) and condition a).

Now let @ € (A(©Q) — X)*. Consider the additive set function ¢(E) =
Q(xg(y)), E € 2(Q). Since

ISoweE)l, __[E Q)

zXE H AQ) weA ||W||A(Q)

= =lal,

lell = sup
weA ”

it follows that ¢ € B(X, Q) and, by means of (3), defines some operator T', and
for any function w from A,

=T (Y aixm,®) =Y aio(E) = 0,Qxz,) = Qw).

Since A = A(f2), we have T = Q.

Theorem 2. The space (X — B(2)) is isometric and isomorphic to the space
B(X*,Q). The isometric isomorphism is determined by the equality

/ngcdy:ga(E):zc7 re€X, ¢eB(X*Q), EeZEQ). (4)
E

Proof. The equality
(Tg,z) = (T=,g),
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where T € Y, = (X — B(Q)), T €Y, = (A(Q) —- X*), z € X, g € A(Q),
defines an isometric isomorphism between the spaces Y; and Y,. Hence, and
from Theorem 1, it follows that between the spaces Y; and B(X*,Q) there
exists an isometric isomorphism determined by the equality

(/Q 9(y) de, x) = (Tz,9). (5)

Putting in (5) g(y) = xg(v), E € E(R), and using property b), we obtain (4).
We note that from (4) it is not difficult to obtain (5), if one uses properties a)
and b).

The theorem proved makes it possible to describe the space B(X,€2). Denote
by (X* — B(f2), weakly cont.) the totality of all operators from Y; that take
weakly convergent generalized sequences** of functionals from B(f2).

Theorem 3. Between the spaces B(X,Q) and (X* — B(Q), weakly cont.)
there exists an isometric isomorphism, determined by the equality

aj*go(E):/.‘Tm*dy, e X*, peB(X,Q), EecZ(0). (6)
E

Proof. Introduce into consideration the isometric operator » ((3), p. 78), defin-
ing it by the equality

(nx,z*) = (2%, 2), 2*e€X*, zeX.
The equality

establishes an isometric isomorphism between B(X,{2) and a certain subspace
B(X**,Q) of the space B(X**,Q). By Theorem 2, B(X™,Q) is isometric and
isomorphic to a certain subspace W of the space—

* Everywhere in this article, (Y — Z) means the space of all linear continuous operators acting from Y to Z.

** For the definition of generalized sequence, see (3), p. 38.

spaces (X* — B(Q)), and the corresponding elements ¢** € B(X**,Q), T € W,
are connected by the relation

O (E)z* = /fo* dy, E € Z(Q). (8)
E
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Let a2}, € X*, xf € X*, and for every z € X lim, 2% (z) = z}(x).* Then, for
every E € E(Q),

(727, xp) = lim ™ (E)y, = limago(E) = 250(E) = o™ (E)xg = (75, Xp)-

Hence, and from a), it follows that W = (X* — B(Q), weakly continuous).
Equality (6) follows from (7) and (8).

2. Let Q be a certain domain in R,. We shall say that the space A(Q)
satisfies condition c) if the set C3°(£2) of infinitely differentiable functions
finite in Q is everywhere dense in A(2).

It is clear that the spaces mentioned above, L, (€2), L, 5(Q2), Ey(f2), are among
such spaces.

Definition 2. Let A(Q) satisfy conditions a), b), ¢). A function p) € B(X,Q),
(V) = (Vs sYn)s 1Yl = 71 + -+ 7, is called the generalized derivative of
the function ¢ € B(X, Q) if, for every function g € C3°(€2), the equality

Ig(y) = (=1 ™)
| o e = 1P [ g 9

holds.

From Theorem 1 and properties ¢) and a) it follows that the generalized deriva-
tive is determined uniquely.

Definition 3. Denote by B'(X, () the set of all functions ¢ € B(X, () having
all possible generalized derivatives of order [ from B(2). Define the norm in
BY(X, Q) by the equality

H‘PHBZ(X,Q) = ||90||B(X,Q) + Z ||90<7) HB(X,Q)' (10)
[vI=l

Let us note that if A(Q) = L,/ (2), then BY(R,,Q) = W]f)(Q) and BY(X,Q) =
L(X,Q) (34). If A(Q) = L, _,(Q), then BY(R;,Q) = W} (Q), and it is
natural to denote B'(X,Q) by @, ,(X,€Q). Finally, if A(Q) = Ey(Q), then
BYRy,Q) = Fl,(Q); the corresponding space B'(X,) shall be denoted by
F}(X,Q) (for definitions of the spaces W) (Q), W] ,(€2), see, for example, the

survey article (°), and of the spaces F},(2), in (9)).
Using Theorem 2, one can prove the following theorem:

Theorem 4. The space (X — B!(Q)) is linearly isomorphic to the space
BY(X*,9). The isomorphism has the form
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go(E)x:/Txdy, v € BY(X*Q), Tc(X—B(Q), EcZ(Q), zcX,
E

and moreover

ITI < lell i (x,0) < [L+ M(n, DIT], (11)

where M (n,l) is the number of terms of the sum in (11).

* The limit is understood in the sense of Moore and Smith (see, for example,
(*), p- 38).
A consequence of Theorems 3 and 4 is

Theorem 5. The space B'(X,) is linearly isomorphic to the space (X* —
BY(Q), (*)) of operators T from (X* — B'(Q)) that take every weakly conver-
gent generalized sequence of functionals x}, from X* into weakly convergent
generalized sequences {T %}, {DYTx*}, v |= I, of functionals of the space
B(Q). The isomorphism is defined by the equality

x*p(E) = / Tx* dy, e X*, E € ¢(Q)), v € BY(X,0),
E

and, moreover, inequality (12) is satisfied.

Remark 1. If B/(Q) = F1,(Q), then (X* — FL,(Q), (x)) is the space of all linear
continuous operators that take every weakly convergent generalized sequence
of functionals from X* into an (0)-weakly convergent generalized sequence of
elements of F!;(Q) (the (0)-weak convergence of a generalized sequence is defined
by analogy with the (o)-weak convergence of ordinary sequences from F{,(€2),
introduced in (°)).

Remark 2. If in B'(Q2) one can introduce an equivalent norm so that it thereby
becomes a reflexive space (this can be done, for example, if B'(R) = W}(Q)
or B(Q) = Wzl,’a(ﬂ)), then (X* — BY(Q),()) is the collection of all linear
continuous operators that take every weakly convergent generalized sequence of
functionals from X* into a weakly convergent generalized sequence of elements
of BL(Q).

Theorem 6. 1) Let Fll\/lll(in) — F}@(an), ny > ng, and let V be the em-
bedding operator. Then Fy; (X,Q, ) = Fy3 (X,9,.). 2) Let W} 4, (9, ) —
W,l,;az(Q%), and let V' be a linear continuous operator effecting an embed-
ding (if n; > ny) or an extension (if n; < ny). Then @i,ll,al(X,in) —

l
(I)p22,a2 (X’ Qng)
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Proof. 1) Consider the operator VT, where T is the operator from (X* —
F]l\}ll (22,,,), (x)) corresponding to the function ¢ € F]l\}ll (X,9, ) by Theorem
5. From Remark 1 and from the fact that V takes every (o)-weakly convergent
generalized sequence from F ]l\}[l (€2,,,) into an analogous sequence from F' ]l\f[z (Q,,)

(this follows from the results of (%)), it follows that VT € (X* — F]l\f[ (2,,.), (%)).
2 2

The function ¢ € F]l\f[2 (X, an) corresponding to the operator VT is the trace

of the function ¢ € Fll\}fl (¢,9,, ). Moreover,

6ty (x.0,,) < (14 Ml LI IVTL S IVIL+ Ml L)l v,

2) The second assertion of the theorem is proved by an analogous scheme,
using Remark 2 and the fact that V' takes any weakly convergent gener-
alized sequence of elements from Wzlﬁ,al (€2,,,) into an analogous sequence

of elements from Wll,;az (2,,)-
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