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Abstract
Full Text

MATHEMATICS
V. A. YANKOV

ON REALIZABLE FORMULAS OF PROPOSI-
TIONAL LOGIC
(Presented by Academician P. S. Novikov, 20 III 1963)

1. Formulas of propositional logic are constructed on the basis of an infinite
sequence of propositional variables with the help of the logical connectives
&, ∨, ⊃, ¬ and parentheses (1). In the exposition we shall use conjunction
and disjunction as multi-place connectives, each time understanding the
formula 𝐴1& … &𝐴𝑘 as (𝐴1&(𝐴2& … &(𝐴𝑘) …)) (similarly for disjunction).
We shall also sometimes write 𝐴1& … &𝐴𝑘 and 𝐴1 ∨ … ∨ 𝐴𝑘, respectively,

in the form
𝑘
&

𝑖=1
𝐴𝑖,

𝑘
⋁
𝑖=1

𝐴𝑖.

The definition of realizability of formulas of logico-arithmetical calculus is given
in Kleene’s paper (2), and also in his monograph (1).

We shall call a formula 𝑃 of propositional logic realizable if there exists an
algorithm which, for every substitution in 𝑃 of closed logico-arithmetical formu-
las in place of propositional variables, makes it possible to obtain a realization
of the result of the substitution. This definition is a constructive analogue of
the definition of J. R. Rose (3).

It is known that all formulas of propositional logic derivable in Heyting’s intu-
itionistic calculus are realizable (4) (on Heyting’s calculus see (5) or (1)). The
formula ¬¬𝑎 ⊃ 𝑎 (𝑎 is a propositional variable) is not realizable. Rose showed
that the formula

((¬¬𝑀 ⊃ 𝑀) ⊃ ¬¬𝑀 ∨ ¬𝑀) ⊃ ¬¬𝑀 ∨ ¬𝑀,

where 𝑀 is ¬𝑎 ∨ ¬𝑏 (𝑎 and 𝑏 are distinct propositional variables), is realizable,
but not derivable in the intuitionistic propositional calculus. In what follows we
shall denote this formula by the letter 𝐽 .

Theorem 1 indicates also some further formulas, not derivable in the intuition-
istic propositional calculus and realizable, and establishes their connection with
one another and with the formula 𝐽 . The use of the derivability symbol ⊢ in
the present context differs from its use in (1). 𝐴 ⊢ 𝐵, if 𝐵 is derivable from 𝐴
by means of the intuitionistic axioms, modus ponens, and the substitution rule.
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By the symbol 𝐼𝑛 (𝑛 ⩾ 3) we shall denote the formula

&
𝑘<𝑚

¬(𝑎𝑘&𝑎𝑚) &
𝑛−1
&

𝑖=1
((¬𝑎1& … &¬𝑎𝑖−1&¬𝑎𝑖+1& … &¬𝑎𝑛−1) ⊃

⊃ 𝑎𝑖 ∨ 𝑎𝑛)) ⊃ 𝑎𝑛 ∨ ¬𝑎𝑛;
where 𝑎1, … , 𝑎𝑛 are pairwise distinct propositional variables.

By the symbol 𝐾𝑛 (𝑛 ⩾ 3) we shall denote the formula

( &
𝑖<𝑗

¬(𝑎𝑖&𝑎𝑗) & &
𝑖<𝑗

((¬𝑎1& … &¬𝑎𝑖−1&¬𝑎𝑖+1& … &¬𝑎𝑛) ⊃ 𝑎𝑖 ∨ 𝑎𝑗)) ⊃
𝑛

⋁
𝑖=1

𝑎𝑖,

where 𝑎𝑖 are as in the definition of 𝐼𝑛.

Finally, by the symbol 𝑅 we shall denote the formula

(((¬¬𝑎 ⊃ 𝑎) ⊃ 𝑎 ∨ ¬𝑎) & ((¬¬𝑏 ⊃ 𝑏) ⊃

⊃ 𝑏 ∨ ¬𝑏) & ¬(𝑎&𝑏) & ¬(¬𝑎&¬𝑏)) ⊃ ¬𝑎 ∨ ¬𝑏,
where 𝑎 and 𝑏 are distinct propositional variables.

Theorem 1. a) The formulas 𝐼3 and 𝑅 are both realizable and neither is deriv-
able from the other (and, a fortiori, they are not derivable in the intuitionistic
calculus).

b) 𝐼3 ⊢ 𝐽 , but it is not true that 𝐽 ⊢ 𝐼3.

c) For every 𝑛 ≥ 3, the formulas 𝐼𝑛 and 𝐾𝑛 are not derivable in the intu-
itionistic propositional calculus, but 𝐼3 ⊢ 𝐼𝑛 and 𝐼𝑛 ⊢ 𝐾𝑛 (and hence both
𝐼𝑛 and 𝐾𝑛 are realizable by Nelson’s results (4)).

Fig. 1

2. The set of seven elements 0, 1, 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, partially ordered in accordance
with Fig. 1, where 1 is the least and 0 the greatest element, is a finite
implicative structure (see (6)).

The implicative structure 𝑀 just described is identical to the matrix Γ (Γ(𝐼0)×
𝐼0), obtained from the classical matrix by the operations of direct product and
Γ, see (6). There also is given the definition of the general validity of a formula
on an implicative structure.

Theorem 2. Every realizable formula of propositional logic is generally valid
on 𝑀 .

We shall outline the main stages of the proof of this theorem (in what follows
𝑎 exp 𝑏 will denote the same thing as 𝑎𝑏).

Let 𝐾𝑦,𝑧 be the set of natural numbers of the form
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(2 exp 𝑦) ⋅ (3 exp((2 exp 𝑝) ⋅ (3 exp((2 exp 𝑧) ⋅ (3 exp 𝑞)))))

for given 𝑦 and 𝑧 (all lowercase Latin letters denote variables, which subsequently
range over the natural numbers). Then the meaningful predicate“𝑡 is the Gödel
number of a general recursive function whose values belong to 𝐾𝑦,𝑧”can be
expressed by a formula 𝑄(𝑡, 𝑦, 𝑧) of the logical-arithmetical language from (1).
Let 𝑃 (𝑦, 𝑧) be the formula

∀𝑡 (𝑡 ≤ 𝑦 ⊃ ¬𝑄(𝑡, 𝑦, 𝑧)),

and let 𝑅(𝑦, 𝑧) be the formula

𝑃(𝑦, 𝑧) & ∀𝑡 (𝑡 < 𝑧 ⊃ ¬𝑃(𝑦, 𝑧)).

Lemma 1. There is a proposition expressed by the formula

∀𝑦 ¬¬∃𝑧 𝑅(𝑦, 𝑧).

Let 𝑔(𝑦) enumerate without repetitions some enumerable but not decidable set.
Then the predicate 𝑔(𝑦) = 𝑥 is expressed in Kleene’s logical-arithmetical lan-
guage (1) by some formula 𝐺(𝑦, 𝑥). Let 𝑆(𝑥) be the formula

∃𝑦 (𝐺(𝑦, 𝑥) & ∃𝑧 𝑅(𝑦, 𝑧)).

Lemma 2. There is a proposition expressed by the formula

∀𝑥 (¬¬𝑆(𝑥) ≡ ∃𝑦 𝐺(𝑥, 𝑦)).

Lemma 3. Let 𝑥, 𝑦, 𝑘 be such that: 1) 𝑘 realizes the formula

¬¬𝑆(𝑥) ⊃ 𝑆(𝑥);

2) 𝑔(𝑦) = 𝑥; then 𝑘 > 𝑦.

With the aid of Lemmas 2 and 3 the main

Lemma 4. For every 𝑥 the formula

(¬¬𝑆(𝑥) ⊃ 𝑆(𝑥)) ≡ 𝑆(𝑥) ∨ ¬𝑆(𝑥)

is realizable, but the formula

∀𝑥 (¬¬𝑆(𝑥) ∨ ¬𝑆(𝑥))

is not realizable.

Introduce the following notation:
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𝐹0(𝑥) is the formula 0 = 0,
𝐹𝑎(𝑥) is the formula ¬𝑆(𝑥),
𝐹𝑏(𝑥) is the formula 𝑆(𝑥),
𝐹𝑐(𝑥) is the formula 𝑆(𝑥) ∨ ¬𝑆(𝑥),
𝐹𝑑(𝑥) is the formula ¬¬𝑆(𝑥),
𝐹𝑒(𝑥) is the formula ¬¬𝑆(𝑥) ∨ ¬𝑆(𝑥),
𝐹1(𝑥) is the formula 0 = 1.

Let 𝛼, 𝛽 be variables ranging over the set 𝑀 .

Lemma 5. a) For any 𝑥 and any 𝛼 and 𝛽, the following formulas are realizable:

𝐹𝛼(𝑥) & 𝐹𝛽(𝑥) ≡ 𝐹𝛼∩𝛽(𝑥), 𝐹𝛼(𝑥) ∨ 𝐹𝛽(𝑥) ≡ 𝐹𝛼∪𝛽(𝑥),

(𝐹𝛼(𝑥) ⊃ 𝐹𝛽(𝑥)) ≡ 𝐹𝛼−𝛽(𝑥), ¬𝐹𝛼(𝑥) ≡ 𝐹−𝛼(𝑥).

The formula ∀𝑥𝐹𝛼(𝑥) is realizable if and only if 𝛼 = 0.

With the aid of Lemma 5, Theorem 2 is also proved.

From Theorem 2 it follows, in particular, that the formulas

((¬¬𝑎 ⊃ 𝑎) ⊃ ¬𝑎 ∨ ¬¬𝑎) ⊃ ¬𝑎 ∨ ¬¬𝑎 and ¬¬𝑎 ∨ (¬¬𝑎 ⊃ 𝑎)

are unrealizable (the unrealizability of the latter formula was first pointed out
by F. A. Kabakov).

All the proofs are constructive, and the Leningrad principle is used (see (7)).
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