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Abstract
Full Text

PHYSICS
M. I. KLINGER

THEORY OF LOW-TEMPERATURE TRANS-
PORT PHENOMENA IN SEMICONDUCTORS
WITH LOW MOBILITY
(Presented by Academician A. A. Lebedev on 10 VII 1962)

1. In papers (1, 6) a theory was proposed for high-temperature transport phe-
nomena in semiconductors with low mobility, i.e., in a certain approxima-
tion, a solution of the problem of non-Boltzmann transport in an electron–
phonon system with strong interaction, whose parameter is Φ0 ≫ 1 (see
below the criterion ℏΓ ≫ Δ). To calculate the transport coefficients 𝜎𝑀𝑁 ,
their general expressions (2) of the type

𝐷𝑀𝑁 = ∫
∞

−∞

𝑑𝑙
2𝜋 ReSp 𝑒𝛽𝐹−𝛽𝐻𝑁(ℋ − 𝑙 + 𝑖𝜀)−1𝑀(ℋ − 𝑙 − 𝑖𝜀)−1∣

𝜀→+0
, (1)

are used; for these, effective expansions are constructed in the basis of localized
small-polaron functions |𝑠𝑛⟩ (4, 6b) (𝑠 is the cell number, 𝑛 ≡ (… 𝑁𝑓𝑗 …), 𝑁𝑓𝑗
are phonon numbers), where ℋ, 𝑀 , 𝑁 are the Hamiltonian and the current
operators for the “one-particle”system, and

(𝑠𝑛|ℋ|𝑠𝑛) = 𝜀𝑛 − 𝜀pol,

where (6a), p. 1.4)

𝜀𝑛 = ∑
𝑓𝑗

ℏ𝜔𝑓𝑗𝑁𝑓𝑗; 𝜀pol = 𝜀0 + (𝑠|𝛿𝑉 |𝑠) − 𝛿𝜀, 𝛿𝜀 = ∑
𝑓𝑗

|𝑉 𝑠𝑠
𝑓𝑗 |2𝜔−1

𝑓𝑗 .

According to (6b), for Re𝐷𝑀𝑁 the first correction 𝛿1 and the second correc-
tion 𝛿2 are smaller than the principal term Re𝐷0

𝑀𝑁(00; 00) (respectively for
Im𝐷𝑀𝑁), if (below ℏ = 𝑐 = 𝑘 = 1)*

Δ ≪ Γ, Γ ≪ 𝜔𝑝; (2)
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Δ2
𝑒(𝜔𝑝Φ0𝑇 )−1 ≪ 1, Δ2

𝑒(𝜔𝑝Φ0)−2 ≲
𝜒<1

exp(−𝛽ℏℰ0) ≪ 1, (3)

for we have**

|𝛿1|⋅|Re𝐷𝑀𝑁 |−1 ∼ Δ𝑒(𝜔𝑝Φ0)−1; |𝛿2|⋅|Re𝐷𝑀𝑁 |−1 ∈ {Δ2
𝑒(𝜔𝑝Φ0𝑇 )−1; Δ2

𝑒(𝜔𝑝Φ0)−2 exp(𝛽ℏℰ0)} .

In (2), (3):

Δ = Δ0 exp[−Φ(𝑇 )],

where usually Δ0 ≃ Δ𝑒, Δ𝑒 is the width of the electronic band;

Φ(𝑇 ) ≡ 1
2 ∑

𝑓𝑗
𝜆𝑠𝑠′

𝑓𝑗 cth(𝛽𝜔𝑓𝑗
2 ) ;

* For Δ ≪ Γ, the method for estimating the corrections in (6b) is equivalent to
taking account of the successive subtraction, at Δ ≪ Γ, of small contributions
of “singular”matrix elements (in the resolvent expansion) in which sets 𝑛 are
repeated (the account of the operation 𝑖𝑟 is essential, and footnote (4) in (6b)
refers only to the first correction).

** In paper (6b) it should read: in III, 11, instead of Δ𝑒(𝜔𝑝Φ0)−1 ≪ 1, read

Δ2
𝑒(𝜔𝑝Φ0)−2 ≲ exp(−𝛽ℏℰ0) ≪ 1;

in Appendix 2.v, P.2.9, instead of Re𝐷0
𝑀𝑁(00; 10), read Im𝐷0

𝑀𝑁(00; 10); in
P.2.10, instead of exp(−𝛽𝑉0), read exp(+𝛽ℰ0); in the last estimate, instead of

|𝛿2| ⋅ |Re𝐷0
𝑀𝑁(00; 10)|−1 ≲ (Ω/𝜔𝑝)1/2,

read

|𝛿2| ⋅ |Re𝐷𝑀𝑁 |−1 ∈ {Δ2
𝑒(𝜔𝑝Φ0𝑇 )−1; Δ2

𝑒(𝜔𝑝Φ0)−2𝑒𝛽ℏℰ0}

(i.e., the second condition (3) is sufficient). In P.38 (6b) the correction must
have the form:

𝛿1𝐷𝑀𝑁 = 𝐷1
𝑀𝑁(00; 00) − 𝐷0

𝑀𝑁(00; 00) ∼ (ℋ′)3,

since
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𝛿0𝐺 ∼ (ℋ′)3.

Φ(0) ≡ Φ0; 𝜆𝑠𝑠′
𝑓𝑗 are the lattice-deformation parameters; at 𝑇 ≫ 𝜔𝑝 and Φ0 ≫ 1

Γ ≃ Γ′
𝑏 ≡ 2𝜋 ∑

𝑘; 𝑛,𝑛′(≠𝑛)
exp(𝛽𝐹0 − 𝛽𝜀𝑛𝑘)|(𝑘𝑛|ℋ′|𝑘𝑛′)|2𝛿(𝜀𝑛𝑘 − 𝜀𝑛′𝑘) ≃ Γ0𝑒−𝛽ℰ0 ,

(4)

Γ0 ≡
√𝜋
2 Δ2

𝑒(ℰ0𝑇 )−1/2, ℰ0 ≡ ∑
𝑓𝑗

1
4𝜆𝑠𝑠′

𝑓𝑗 𝜔𝑓𝑗. (5)

Above, 𝜔𝑝 is the characteristic frequency of the essential phonons. Let us note
that Γ ≃ Γ′ ≫ Δ at 𝑇 > 𝑇0 and for not too small Δ𝑒, 𝑇0 ∼ 𝜔𝑝 [6] (in the
general case 𝑇0 ≳ 𝜔𝑝).

2. Let us consider here the basic relations of the theory of transport phenomena
in the same semiconductors, but at low 𝑇 < 𝑇 ′

0 ≡ 𝜔𝑝/Φ0 < 𝑇0. In this range of
𝑇 , considering for simplicity the static case, we have for 𝜎(𝑠,𝑎)

𝑀𝑁 ≡ 1
2 (𝜎𝑀𝑁 ±𝜎𝑁𝑀):

𝜎(𝑎)
𝑀𝑁 = 𝑁𝑐 ∫

∞

0
𝑑𝑡 𝑒−𝜀𝑡(Ψ𝑀𝑁 − Ψ𝑁𝑀) ∫

𝑡

0
𝑑𝜏 2

𝜋ℏ ln cth 𝜋𝜏
2𝛽ℏ,

𝜎(𝑠)
𝑀𝑁 = 1

2𝛽𝑁𝑐 ∫
∞

0
𝑑𝑡 𝑒−𝜀𝑡(Ψ𝑀𝑁 + Ψ𝑁𝑀) ≡ 𝑁𝑐

2 (𝜑𝑀𝑁 + 𝜑𝑁𝑀), (6)

where

Ψ𝑀𝑁(𝑡) ≡ ReSp exp(𝛽𝐹 − 𝛽ℋ) 𝑁 exp(𝑖ℋ𝑡)𝑀 exp(−𝑖ℋ𝑡). (7)

It is convenient to compute the trace in the basis of orthonormalized functions

(𝑘𝑛) ≡ 𝑢𝑛𝑘𝑒𝑖kx ≡ 𝑁−1
0 ∑

𝑠
𝑒−𝑖ks|𝑠𝑛⟩ = |k + 2𝜋g, 𝑛⟩, (8)

describing the state of the carrier (polaron) in the band and the phonon system
(k is the total quasimomentum of the system; g is a reciprocal-lattice vector).
The energy of the system unperturbed in the 𝑘𝑛-basis is (𝑘𝑛|ℋ|𝑘𝑛) ≡ 𝜀𝑛𝑘 =
𝜀𝑛 + 𝜀𝑛(k), and in the nearest-neighbor approximation
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𝜀𝑛(k) = 𝐸(k𝑛) exp[−Φ(𝑛)] = 𝜀𝑛(k + 2𝜋g),

Φ(𝑛) ≡ 1
2 ∑

𝑓𝑗
𝜆𝑠𝑠′

𝑓𝑗 (1 + 2𝑁𝑓𝑗),

where 𝐸(k) is the dispersion law in the corresponding electron band, k𝑛 =
k − ∑ 𝑓𝑗𝑁𝑓𝑗 is the carrier quasimomentum (to within 2𝜋g), and the mean
width of the bands 𝜀𝑛(k) is Δ; for Φ0 ≫ 1, Δ ≪ 𝜔𝑝. The perturbation ma-
trix is (𝑘𝑛|ℋ′|𝑘′𝑛′) ≡ (𝑘𝑛|ℋ′|𝑘′𝑛′)𝑛≠𝑛′ . The transport under consideration
is determined by scattering of band carriers between |𝑘𝑛⟩-states by means of
multiphonon processes. Since ℋ is translationally invariant, in the reduced-k
scheme

(𝑘𝑛|ℋ′|𝑘′𝑛′) = 𝛿𝑘𝑘′(𝑘𝑛|ℋ′|𝑘𝑛′). (9)

In the principal approximation of the theory one should set:

(𝑘𝑛|𝜌0(ℋ)|𝑘′𝑛′) ≡ (𝑘𝑛| exp(𝛽𝐹 − 𝛽ℋ)|𝑘′𝑛′) ≃ 𝑓0(𝑘𝑛)𝛿𝑘𝑘′𝛿𝑛𝑛′ , (10)

𝑓0(𝑘𝑛) = exp(𝛽𝐹0 − 𝛽𝜀𝑛𝑘); 𝛿𝑛𝑛′ ≡ ∏
𝑓𝑗

𝛿𝑁𝑓𝑗,𝑁′
𝑓𝑗

, (11)

and, at 𝐻 = 0 (𝐻 is the external magnetic field), for (𝑘𝑛|𝑀|𝑘′𝑛′)

(𝑘𝑛|𝑀|𝑘′𝑛′) = 𝛿𝑘𝑘′[(𝑘𝑛|𝑀0|𝑘𝑛)𝛿𝑛𝑛′ + 𝑀𝑛𝑛′(k)] ≃ 𝛿𝑘𝑘′𝛿𝑛𝑛′𝑀0(𝑘𝑛).

The operator defined in (9) satisfies, as is easy to show, the basic Van Hove
relation (5), and below the consequence of (9, 10) is used. We find that

𝜑𝑎
𝑀𝑁 ≡ ∑

𝑘𝑛
𝑁0(𝑘𝑛) 𝑓 ′

𝑀(𝑘𝑛) = ∑
𝑘𝑛

𝑁0(𝑘𝑛) 𝑓 ′
𝑀(𝜀; 𝑘𝑛), (12)

𝑓 ′
𝑀(𝜀; 𝑘𝑛) = 𝛽 Re∫

∞

0
𝑑𝑡 𝑒−𝜀𝑡(𝑘𝑛|𝜌0𝑒𝑖ℋ𝑡𝑀𝑒−𝑖ℋ𝑡|𝑘𝑛) = 𝛽 Re(𝑘𝑛|𝜌0𝑓 ′

𝑀(𝜀)|𝑘𝑛).
(13)

Further (10),

𝑌 𝑓 ′
𝑀(𝜀) = (𝜀 − 𝑖𝐿0 − 𝑖𝑌 𝐿′)−1 (𝑀 ′ + 𝑖𝑌 𝐿′𝐷𝑓 ′

𝑀(𝜀))
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and

𝐼𝜀𝐷𝑓 ′
𝑀(𝜀) ≡ [𝜀 + 𝐷𝐿′(𝜀 − 𝑖𝐿0 − 𝑖𝑌 𝐿′)−1𝑌 𝐿′]𝐷𝑓 ′

𝑀(𝜀) =

= 𝑄𝑀(𝜀) ≡ 𝐷[1 + 𝑖𝐿′(𝜀 − 𝑖𝐿0 − 𝑖𝑌 𝐿′)−1𝑌 ]𝑀; (14)

(𝛼|𝐷 ̂𝑓|𝛼′) ≡ (𝛼| ̂𝑓|𝛼′)𝛿𝛼𝛼′ ; (𝛼|𝑌 ̂𝑓|𝛼′) ≡ (𝛼| ̂𝑓|𝛼′)𝛼≠𝛼′ , (15)

𝐷𝑀 ≡ 𝑀0, 𝐿0 ̂𝑓 ≡ [ℋ0, ̂𝑓 ]; 𝐿′ ̂𝑓 ≡ [ℋ′, ̂𝑓 ], 𝑌 𝑀 ≡ 𝑀 ′.

Using (10)—(15) and the expansion (in ℋ′) 𝜌0(ℋ0+ℋ′) and (𝜀−𝑖𝐿0−𝑖𝑌 ′)−1 =
(𝜀 − 𝑖𝐿0)−1 + (𝜀 − 𝑖𝐿0)−1𝑖𝑌 𝐿′(𝜀 − 𝑖𝐿0)−1 + ⋯, one can obtain an equation for
𝑓 ′(𝑘𝑛) ≡ ∑′

𝑀 𝑓 ′
𝑀(𝑘𝑛)𝐹𝑀 + 𝑓 ′

𝑗(𝑘𝑛)𝐸. Neglecting the contribution 𝑄𝑀(𝜀) − 𝑀0

and the higher-order correction terms in ℋ′, indicated below, in 𝐼𝜀𝐷𝑓 ′
𝑀(𝜀)|𝜀→+0,

we obtain, in the basic approximation so defined, the transport equation*

(𝜕𝑓
𝜕𝑡 )

dyn
+ (𝜕𝑓

𝜕𝑡 )
coll

= 0; (𝜕𝑓
𝜕𝑡 )

dyn
= −𝛽𝑓0(𝑘𝑛)𝑄(𝑘𝑛),

(𝜕𝑓
𝜕𝑡 )

coll
≡ 𝐼0𝑓 ′(𝑘𝑛) = Ω𝑘𝑛𝑓 ′(𝑘𝑛) − ∑

𝑛″
𝜔𝑘𝑛;𝑘𝑛″𝛿(𝜀𝑛𝑘 − 𝜀𝑛″𝑘) 𝑓 ′(𝑘𝑛″); (16)

𝑄(𝑘𝑛) =
′

∑
𝑀

𝑀0(𝑘𝑛)𝐹𝑀 + 𝑒𝐸𝑣0(𝑘𝑛), (17)

Ω𝑘𝑛 ≡ ∑
𝑛″

𝜔𝑘𝑛;𝑘𝑛″𝛿(𝜀𝑘𝑛 − 𝜀𝑘𝑛″); 𝜔𝑘𝑛;𝑘𝑛 = 0; ⟨Ω𝑘𝑛⟩0 ≡ Ω𝑏.

The expression for 𝜔𝑘𝑛,𝑘𝑛″ , including terms ∼ (ℋ′)2+𝑙|𝑙=1,2,…, is analogous to
the corresponding expression in § IV (9), if 𝑙 ≡ (𝑘, 𝑛) and (9) is taken into
account (and therefore it is not written out explicitly; item 4 in (6b) refers only
to the possible case when, for 𝑇 < 𝑇 ′

0 , one may restrict oneself to the lowest
approximation in ℋ′, 𝜔0

𝑘𝑛;𝑘𝑛″ = 2𝜋|(𝑘𝑛|ℋ′|𝑘𝑛″)|2). For

𝑒ℏ
𝑚∗𝑐 𝐻 ≪ Δ,

i.e.

𝐻 ≪ 𝐻0 = ℏ𝑐/|𝑒|𝑎2,
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we again have (16), but

(𝜕𝑓
𝜕𝑡 )

dyn
= −𝛽𝑓0(𝑘𝑛)𝑄(𝑘𝑛) − 𝑒(v × H] ⋅ ∇𝑘𝑓 ′(𝑘𝑛), (18)

𝑚∗ = ℏ2(Δ𝑎2)−1 is the mean effective mass, 𝑎 is the lattice constant.

It is not difficult to take into account the contribution 𝛿𝜎𝑀𝑁 = ∑ 𝑓 ′
𝑀(𝑛, 𝑛′; k)𝑁 ′

𝑛𝑛′(k)
of the nondiagonal elements 𝑁 ′

𝑛𝑛′(k) in 𝜎𝑀𝑁 , and in the lowest approximation
in ℋ′, 𝜎𝑛𝑑

𝑀𝑁 ≡ 𝜎(𝑠)
𝑀′𝑁′ ∼ 𝑀𝑒𝑁𝑒Δ−2

𝑒 𝛽Γ′
𝑏𝑁𝑐, 𝑀𝑒 ≡ |(𝑠|𝑀|𝑠′)|.

* 𝐹𝑀 is the external force conjugate to the flux 𝑀 ; to the charge flux 𝑀 = j = 𝑒v
there is conjugate the electric field E (v is the velocity operator); incidentally,
𝑣0(𝑘𝑛) = (𝑘𝑛|v|𝑘𝑛) = 𝜕𝜀𝑛(k)/𝜕k, 𝑣′

𝑛𝑛′(k) = (𝑛𝑘|v|𝑛′𝑘)𝑛≠𝑛′ .

Corrections to the principal approximation (for 𝜎𝑀𝑁) defined by formulas (10)
—(12), (16)—(18), due to the contribution of 𝛿𝜎𝑀𝑁 and to the higher, in ℋ′,
approximations in 𝑄𝑀(𝜀) and 𝐼𝜀𝑓′

𝑀
(𝜀) not taken into account in the principal

definition, are small for Φ0 ≫ 1, 𝛽Δ ≪ 1, if

|⟨𝛿𝑣𝑛𝑘⟩0| ≪ ⟨𝑣𝑛𝑘⟩0, Ω𝑏 ≪ Δ, i.e. Δ𝑒 < Δ0
𝑒(𝜔𝑝, Φ0) ≪ 𝜔𝑝Φ0, (19)

where 𝛿𝑣𝑛𝑘 is the correction to 𝑣𝑛𝑘 = |v0(𝑛𝑘)|. Relations (10)—(12), (16)—(18)
make it possible to calculate the kinetic coefficients 𝜎𝑀𝑁 under (19) and at low
𝑇 ≲ 𝑇 ′

0 .

3. Equation (16)—(18) is solved in the usual way, and for (𝐻 ∥ 𝑂𝑍)

𝑓 ′(kn) = {1 − 𝑒𝐻𝐼−1
0 (𝑣𝑦(kn) 𝜕

𝜕𝑘𝑥
− 𝑣𝑥(kn) 𝜕

𝜕𝑘𝑦
)}

−1
𝐼−1

0 𝑄(kn). (20)

From (12), (20) it follows that at 𝐻 = 0 the drift (ohmic) mobility is

𝑢(𝑠)
𝑖𝑗 (𝑇 ) ≡ |𝑒|𝛽2 ⟨𝑣𝑖(kn)𝐼−1

0 𝑣𝑗(kn) + 𝑣𝑗(kn)𝐼−1
0 𝑣𝑖(kn)⟩0 , (21)

𝑖, 𝑗 ≡ 𝑥, 𝑦, 𝑧; ⟨…⟩0 ≡ ∭
(over the Brillouin zone)

𝑉 (𝑑k)
(2𝜋)3 ∑

𝑛
𝑓0(𝑛k)(…),

and approximately (cf. (3))

𝑢(𝑇 ) ∼ |𝑒|𝛽Δ(𝑇 )(𝑚∗(𝑇 )Ω𝑏)−1 = |𝑒|𝑎2

ℏ
𝛽Δ2

Ω𝑏
. (22)
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In the principal approximation Ω𝑏 ∼ exp(−𝛽𝜔𝑝), i.e. it increases with 𝑇 (two-
phonon scattering of a polaron in a narrow band Δ ≪ 𝜔𝑝). Since Δ(𝑇 ) decreases
as 𝑇 increases, one should expect that, in the main, 𝑢(𝑇 ) decreases exponentially
as 𝑇 increases.

From (12), (16)—(18), for 𝐻 < 𝐻0Ω𝑏Δ−1 ≪ 𝐻0 and 𝑇 < 𝑇 ′
0 , it follows that the

Hall mobility 𝑢𝐻 = |𝑅𝐻 |𝜎 has the form

𝑢𝐻(𝑇 ) =
∣𝑒 ⟨𝑣𝑦(kn)𝐼−1

0 (𝑣𝑦(kn) 𝜕
𝜕𝑘𝑥

− 𝑣𝑥(kn) 𝜕
𝜕𝑘𝑦

) 𝐼−1
0 𝑣𝑥(kn)⟩

0
∣

⟨𝑣𝑦(kn)𝐼−1
0 𝑣𝑦(kn)⟩0

∼ |𝑒|
𝑚∗Ω𝑏

,

(23)

i.e. 𝑢−1
𝐻𝑢 ∼ (𝛽Δ)−1 ≫ 1. For 𝑇 > 𝑇0 also usually 𝑢𝐻 ≫ 𝑢, if ∑𝑓𝑖 𝜒𝑠𝑠′

𝑓𝑖 𝜔𝑓𝑖 are the
same for all nearest 𝑠, 𝑠′; 𝑢𝐻 contains terms of the form (7)

𝑢0
𝐻 = |𝑒|𝑎2ℏ−1Δ𝑒𝜉−1

0 (𝛽𝜉0)−1/2 exp(𝛽𝜉0)

and

𝛿𝑢𝐻 ≡ |𝑒|𝑎2ℏ−1Δ𝑒(𝜉0𝑇 )−1/2 × exp(−𝛽𝑈0) ≪ 𝑢0
𝐻 ,

i.e. 𝑢𝐻 ∼ 𝑢0
𝐻 (in the preliminary estimates (6𝑎) only the part of 𝑢𝐻 of the form

𝛿𝑢𝐻 , the same as in (11), was included). For 𝑇 < 𝑇 ′
0 the thermopower is

𝛾0 ≃ 1
𝑒𝑇 (𝜇 − 𝜀pol − 𝛿𝜀),

just as for 𝑇 > 𝑇0 (6𝑎). (For 𝑇 ≫ 𝑇0 and 𝑁𝑖 ≪ 𝑁0,

𝛾0 ≃ 𝑒−1 (ln 𝑁𝑖
𝑁0

+ 𝛿𝜀
𝑇 ) ,

and usually one may put 𝛾0 ∼ −𝑒−1 ln(𝑁𝑖/𝑁0).)
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