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Abstract

Full Text
MATHEMATICS
A. 1. GUSEINOV, K. I. KHUDAVERDIEV

ON THE SOLUTION BY THE FOURIER
METHOD OF A ONE-DIMENSIONAL MIXED
PROBLEM FOR QUASILINEAR HYPER-
BOLIC EQUATIONS OF SECOND ORDER

(Presented by Academician I. N. Vekua, 1 VIII 1962)

The present work is a development and continuation of the works (1%:%:)

which the existence and uniqueness of a generalized solution, of a solution almost
everywhere, and of a classical solution of the following one-dimensional mixed
problem were studied:

, in

Pu 0% ou Ou
ﬁ*d ﬁ—)\F[t,x,u,E,%},
u(t,0) = u(t,l) =0, (A)

U(va) = ‘p(x)v u;&(ovx) = w(x)v
where 0 <t < T < o0; 0 <z <[l < o0; a>0; \isa parameter; F,p,1) are
given functions.

In the present paper we establish theorems on the existence and uniqueness of
a generalized solution, of a solution almost everywhere, and of k-times (k > 2)
continuously differentiable solutions of problem (A). We formulate the main
results obtained.

§ 1. Generalized solution of problem (A).
Theorem 1. Suppose:

1. The function @(z) is continuous on the interval [0,1], ¢'(z) € L,[0,1],
0(0) = () = 0; Y(x) € Ly[0,1].
2. F[t,x,0,0,0] € Ly(D), where D= (0<t<T) x (0 <z <]I).

3. The function F[t, z,u,v,w|, defined in the domain

Dx(—R<u<R)x(—00<v,w< ),
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is measurable with respect to (¢,z) for fixed (u,v,w) and, for almost all
(t,xz) € D, satisfies the condition

|F[t, z,u,v,w] — F[t,z, @, 0, w]| < a(t,z)|u— |+

+b(t) [|Jv =7 + [w—1w]],
where a(t,z) € Ly(D), b(t) € Ly[0,T],

V21 (12 + a*7?)

R
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[GQH‘P/(@”QLz[o,z] + ||1/’(17)||%2[0,l]+

) 1/2
+AT|F[t,2,0,0,0][3 )] " x

<l2 2 2 1/2

T [2]alt,2)3, )+ 3 + )OI, 0.1
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Then problem (A) has a unique generalized solution satisfying the condition

(m:)cmx lu(t,z)| < R (1)
t,x

and depending continuously on the initial functions ¢(z), ¥ (x) and the parame-
ter A in the sense that a small change in the numbers [’ (2)] 1,04, V()] 1,0,
and -+

A there corresponds a change of this solution that is small in the norm of the
00,2 4

space BYS® (['1]), p. 17).

Theorem 2. Let:

1. The first and second conditions of Theorem 1 be satisfied.

2. The third condition of Theorem 1 be satisfied, where

B> V=2 0 am) (@ @ o + IR 0)

3. The inequality

1/2

2|\ (1 V3T
AN OmNIT {12, ,0,0, 0012,y + 172t ),y + 32 + A B0 R < RN,

3alm

Then problem (A) has a unique generalized solution satisfying condition (1) and
depending continuously on the initial functions ¢(x), ¥(x) and on the parameter
A in the sense indicated in Theorem 1.
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Now, along with problem (A), let us consider the problem:

2 2
Ou 2%:)@ [t,:c,u,

0w ou 8u]
oz~ Y or? :

ot ox
u(t,0) = u(t,l) =0,

~

w(0,2) = Blx),  uy(0,2) = P(a). (A)

Theorem 3. Let:

1. The functions ¢(x), @(x), ¥(zx), ¥(x) satisfy, respectively, condition 1 of
Theorem 1.

2. The functions F[t,z,u,v,w], ®[t,z,u,v,w], defined in the domain D x
(—o0 < u,v,w < 00), be measurable in (¢, z) for all fixed (u,v,w) and, for
almost all (¢,z) € D, satisfy the condition

|F[t, z, u,v,w| — F[t,z,4,0,0)| <a(t,z)|u—1a| + bt)[|v—2| + |w— ],

|D[t, 2, u, v, w] — ®t, x, 4, 5, @] < a(t,z)|u— il + b(t)[Jv— | + |w— @],

~

where a(t, x),a(t,z) € Ly(D), b(t),b(t) € Ly[0,T].
3. F[t,z,0,0,0], ®[t,z,0,0,0] € Ly(D).
4. In the domain D X (—R <u < R) x (—o0 < v,w < o0) one has

|F[t,1’,u,’u, ’LU] - @[t,z,u,v,w” < C(t,l’),
where ¢(t,z) € Ly(D),

(12 + a®7?%)

R% =
a?l

(@' (@)1, 0. + ()13 10,5 + AN TIEt, 2,0,0, 007, )|

{4)\2T(l2 + a’n?)
Xexpy ———s—s"

S (Il + 3+ O o]}

Then for any € > 0 one can specify such a d(¢) > 0 that
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”u(t7 aj) - u(t7 x)”BT“’dz <g,
provided only that each of the quantities

~

l¢" () — W(@”Lz[o,l]’ () — d)(x)HLQ[O,Zh ||C(t7$)||L2(D), A=Al
is less than ¢, where wu(t,x), u(t,z) are, respectively, the generalized solutions
of problems (A), (A).

Theorem 4. If condition 3 of Theorem 1 is satisfied, where R is any positive
number, then problem (A) has no more than one generalized solution satisfying
condition (1).

§ 2. Solution almost everywhere of problem (A).

Theorem 5. Suppose:

1. The function ¢(z) is continuously differentiable on the interval [0,1],
¢" () € Ly[0,1], ¢(0) = ¢(I) = 0.

2. The function t¥(z) is continuous on the interval [0,1], ¥'(x) € L,[0,],
$(0) = ¥(1) = 0.

3. The function F[&;,&,, &5, &y, 5], continuous in the domain @ = DX (—R <
&5.64,&5 < R) with respect to the totality of its arguments, has partial
derivatives Fé (i =2,...,5), defined in this same domain and measurable
with respect to (&1,&,) for fixed (&3,&,,&5), where

2(1 + am)?(max{l, 7})? ” ,
U am) el D (a1 ()12, 0 + I @I, 0)

4. Almost for all (£;,&,) € D one has

R? >

5

|FL1€1 62063060, 65 — FLIE 60,6, E0,85)| < al&,6) Y 1€, — &,

5=3

5

‘Fg/l [517527&%64755] - Féj[517€2753a54755]’ S b(gl) Z ‘fs - gs|7

s=3
where a’(gla§2> € L2<D)’ b(fl) € L2[OaT}7 1= 2a37 .] = 475
5. F[§1ﬂ0’0707£5] = F[§1717070365] = Oa Féi[§1,§2,0,0,0] € L2<D)7
sup |Fé,[t,a:,0,0,0]| = g,(t) € L,[0,T],
o<z<l 7

where i = 2,3, j =4,5.
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Then problem (A) has a unique solution almost everywhere, satisfying in D the
condition

—R <u(t,z), w(t,x), u,(t,z) <R, (2)

under each of the following conditions: a) one of the numbers T, |)| is fixed,
and the other is sufficiently small; b) A, T" are fixed; " (z)| 0,4+ 1¥" ()1, 0.15
|£2[t, 2,0,0,0]| L, p) are sufficiently small.

Theorem 6. If the function F[t,x, u,v,w], defined in the domain D x (—R; <
u< R)x(—Ry <v < Ry) X (—R3 <w < Ry), almost for all (t,z) € D satisfies
the condition

|f[t,:c,u, v, ’LU] - F[tv'raﬂaﬁaﬂ;” S a(t,z)|u —ﬂ|—|—

+b(t)[|v — | + |w — @],

where a(t,z) € Lo(D), b(t) € L,[0,T], then problem (A) has at most one
solution almost everywhere satisfying in D the conditions

\u(t,:n)| < Rla |u£(t>$)| < R27 |ulx(t7$)| < RB'

§ 3. k-times (k > 2) continuously differentiable in D solutions of problem (A).
Theorem 7. Suppose:

1. The function ¢(z) is k-times continuously differentiable on the interval
[0,1], @**1(x) € Ly[0,1], 2™ (0) = p2™) (1) = 0, where m =0, ..., [k/2].

2. The function (x) is k—1 times continuously differentiable on the interval
[0,1], ) (z) € Ly[0,1], %™ (0) = ?™)(1) = 0, where m = 0, ..., [(k —
1)/2].

3. The function F[&;,&,,&5,84,&5], defined in the domain Q = D x (—R <
&5,€,4,&5 < R), has partial derivatives 8’“F/6£§18§§2 85238554,

defined in the same domain, where

212=3(1 + ar)?(max{1,T})?
g > 2k on) L TN [zt )2+ 109 @)1 0]

4. The functions
O5F[OET 9Ex2 06 0¢k (s = 0,... k —2),
8SF/8§§18§§285536§§4 (s =1,...,k — 1) are continuous jointly in their
arguments in the domain Q.
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5. The functions
8’“F/6§§16§§285238§§4 are measurable in (£, &,) for fixed (&5,&,,&5) and,
for almost all (&;,&,) € D, satisfy the condition

OFF[61,69,65.64. 65 OFF161,6,65.6,. 6| _ S
oehroczaeocks  aeh ogkroek oelt ‘“(5“52);'55 b

where a(;,&;) € Ly(D).
6.

O Fg),€,,0,0,0]/965 D€, 06,2 OES* € Ly(D),

0% F[£,,0,0,0,&] /085" 0€5? 06,2 968 = 0% F[¢,,1,0,0, &5 /985" 0842 0€,* 06 = 0,

where s =0, ..., [(k—1)/2].

Then, under each of the following conditions, problem (A) has a unique solution
in D, continuously differentiable k times, satisfying condition (2) in D: a) one
of the numbers T, |A| is fixed, and the other is sufficiently small; b) A, T are
fixed, while

le™ (@), 0,5 197 (@) 10,07

0% F &, €5,0,0, O]/8§§HL2(D) are sufficiently small.
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