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Abstract
Full Text
MATHEMATICS

A. I. GUSEINOV, K. I. KHUDAVERDIEV

ON THE SOLUTION BY THE FOURIER
METHOD OF A ONE-DIMENSIONAL MIXED
PROBLEM FOR QUASILINEAR HYPER-
BOLIC EQUATIONS OF SECOND ORDER
(Presented by Academician I. N. Vekua, 1 VIII 1962)

The present work is a development and continuation of the works (1𝑎,𝑏,𝑐), in
which the existence and uniqueness of a generalized solution, of a solution almost
everywhere, and of a classical solution of the following one-dimensional mixed
problem were studied:

𝜕2𝑢
𝜕𝑡2 − 𝑎2 𝜕2𝑢

𝜕𝑥2 = 𝜆𝐹 [𝑡, 𝑥, 𝑢, 𝜕𝑢
𝜕𝑡 , 𝜕𝑢

𝜕𝑥] ,

𝑢(𝑡, 0) = 𝑢(𝑡, 𝑙) = 0, (A)

𝑢(0, 𝑥) = 𝜑(𝑥), 𝑢′
𝑡(0, 𝑥) = 𝜓(𝑥),

where 0 ≤ 𝑡 ≤ 𝑇 < ∞; 0 ≤ 𝑥 ≤ 𝑙 < ∞; 𝑎 > 0; 𝜆 is a parameter; 𝐹, 𝜑, 𝜓 are
given functions.

In the present paper we establish theorems on the existence and uniqueness of
a generalized solution, of a solution almost everywhere, and of 𝑘-times (𝑘 ≥ 2)
continuously differentiable solutions of problem (A). We formulate the main
results obtained.

§ 1. Generalized solution of problem (A).

Theorem 1. Suppose:

1. The function 𝜑(𝑥) is continuous on the interval [0, 𝑙], 𝜑′(𝑥) ∈ 𝐿2[0, 𝑙],
𝜑(0) = 𝜑(𝑙) = 0; 𝜓(𝑥) ∈ 𝐿2[0, 𝑙].

2. 𝐹[𝑡, 𝑥, 0, 0, 0] ∈ 𝐿2(𝐷), where 𝐷 = (0 ≤ 𝑡 ≤ 𝑇 ) × (0 ≤ 𝑥 ≤ 𝑙).
3. The function 𝐹[𝑡, 𝑥, 𝑢, 𝑣, 𝑤], defined in the domain

𝐷 × (−𝑅 < 𝑢 < 𝑅) × (−∞ < 𝑣, 𝑤 < ∞),
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is measurable with respect to (𝑡, 𝑥) for fixed (𝑢, 𝑣, 𝑤) and, for almost all
(𝑡, 𝑥) ∈ 𝐷, satisfies the condition

|𝐹 [𝑡, 𝑥, 𝑢, 𝑣, 𝑤] − 𝐹[𝑡, 𝑥, 𝑢̃, ̃𝑣, 𝑤]| ≤ 𝑎(𝑡, 𝑥)|𝑢 − 𝑢̃|+

+ 𝑏(𝑡) [ |𝑣 − ̃𝑣| + |𝑤 − 𝑤| ],
where 𝑎(𝑡, 𝑥) ∈ 𝐿2(𝐷), 𝑏(𝑡) ∈ 𝐿2[0, 𝑇 ],

𝑅 > 𝑉 2𝑙 (𝑙2 + 𝑎2𝜋2)
𝑎𝑙 [𝑎2‖𝜑′(𝑥)‖2

𝐿2[0,𝑙] + ‖𝜓(𝑥)‖2
𝐿2[0,𝑙]+

+𝜆2𝑇 ‖𝐹 [𝑡, 𝑥, 0, 0, 0]‖2
𝐿2(𝐷)]

1/2 ×

×
∞

∑
𝑠=0

⎧{
⎨{⎩

( 𝜆2𝑇 (𝑙2+𝑎2𝜋2)
𝑎2𝜋2𝑙2 [𝜋2𝑙‖𝑎(𝑡, 𝑥)‖2

𝐿2(𝐷) + 3(𝑙2 + 𝜋2)‖𝑏(𝑡)‖2
𝐿2[0,𝑇 ]])

𝑠

𝑠!

⎫}
⎬}⎭

1/2

.

Then problem (A) has a unique generalized solution satisfying the condition

max
(𝑡,𝑥)∈𝐷

|𝑢(𝑡, 𝑥)| < 𝑅 (1)

and depending continuously on the initial functions 𝜑(𝑥), 𝜓(𝑥) and the parame-
ter 𝜆 in the sense that a small change in the numbers ‖𝜑′(𝑥)‖𝐿2[0,𝑙], ‖𝜓(𝑥)‖𝐿2[0,𝑙]
and ⋯

𝜆 there corresponds a change of this solution that is small in the norm of the
space 𝐵∞,2

1,0 (([4r]), p. 17).

Theorem 2. Let:

1. The first and second conditions of Theorem 1 be satisfied.

2. The third condition of Theorem 1 be satisfied, where

𝑅 > 𝑁 ≡ 1
𝑎

√ 2
3𝑙 (𝑙 + 𝑎𝜋) (𝑎2‖𝜑′(𝑥)‖2

𝐿2[0,𝑙] + ‖𝜓(𝑥)‖2
𝐿2[0,𝑙]).

3. The inequality

2|𝜆|(𝑙 + 𝑎𝜋)
√

3𝑇
3𝑎𝑙𝜋 {𝑙𝜋2‖𝐹 [𝑡, 𝑥, 0, 0, 0]‖2

𝐿2(𝐷) + [𝑙𝜋2]‖𝑎(𝑡, 𝑥)‖2
𝐿2(𝐷) + 3(𝑙2 + 𝜋2)‖𝑏(𝑡)‖2

𝐿2[0,𝑇 ]𝑅2}1/2 < 𝑅−𝑁.

Then problem (A) has a unique generalized solution satisfying condition (1) and
depending continuously on the initial functions 𝜑(𝑥), 𝜓(𝑥) and on the parameter
𝜆 in the sense indicated in Theorem 1.
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Now, along with problem (A), let us consider the problem:

𝜕2𝑢
𝜕𝑡2 − 𝑎2 𝜕2𝑢

𝜕𝑥2 = 𝜆̃Φ [𝑡, 𝑥, 𝑢, 𝜕𝑢
𝜕𝑡 , 𝜕𝑢

𝜕𝑥] ,

𝑢(𝑡, 0) = 𝑢(𝑡, 𝑙) = 0,

𝑢(0, 𝑥) = 𝜑(𝑥), 𝑢′
𝑡(0, 𝑥) = 𝜓(𝑥). (Ã)

Theorem 3. Let:

1. The functions 𝜑(𝑥), 𝜑(𝑥), 𝜓(𝑥), 𝜓(𝑥) satisfy, respectively, condition 1 of
Theorem 1.

2. The functions 𝐹[𝑡, 𝑥, 𝑢, 𝑣, 𝑤], Φ[𝑡, 𝑥, 𝑢, 𝑣, 𝑤], defined in the domain 𝐷 ×
(−∞ < 𝑢, 𝑣, 𝑤 < ∞), be measurable in (𝑡, 𝑥) for all fixed (𝑢, 𝑣, 𝑤) and, for
almost all (𝑡, 𝑥) ∈ 𝐷, satisfy the condition

|𝐹 [𝑡, 𝑥, 𝑢, 𝑣, 𝑤] − 𝐹[𝑡, 𝑥, 𝑢̃, ̃𝑣, 𝑤]| ≤ 𝑎(𝑡, 𝑥)|𝑢 − 𝑢̃| + 𝑏(𝑡)[|𝑣 − ̃𝑣| + |𝑤 − 𝑤|],

|Φ[𝑡, 𝑥, 𝑢, 𝑣, 𝑤] − Φ[𝑡, 𝑥, 𝑢̃, ̃𝑣, 𝑤]| ≤ ̃𝑎(𝑡, 𝑥)|𝑢 − 𝑢̃| + ̃𝑏(𝑡)[|𝑣 − ̃𝑣| + |𝑤 − 𝑤|],

where 𝑎(𝑡, 𝑥), ̃𝑎(𝑡, 𝑥) ∈ 𝐿2(𝐷), 𝑏(𝑡), ̃𝑏(𝑡) ∈ 𝐿2[0, 𝑇 ].
3. 𝐹[𝑡, 𝑥, 0, 0, 0], Φ[𝑡, 𝑥, 0, 0, 0] ∈ 𝐿2(𝐷).
4. In the domain 𝐷 × (−𝑅 ≤ 𝑢 ≤ 𝑅) × (−∞ < 𝑣, 𝑤 < ∞) one has

|𝐹 [𝑡, 𝑥, 𝑢, 𝑣, 𝑤] − Φ[𝑡, 𝑥, 𝑢, 𝑣, 𝑤]| ≤ 𝑐(𝑡, 𝑥),

where 𝑐(𝑡, 𝑥) ∈ 𝐿2(𝐷),

𝑅2 = (𝑙2 + 𝑎2𝜋2)
𝑎2𝑙 [𝑎2‖𝜑′(𝑥)‖2

𝐿2[0,𝑙] + ‖𝜓(𝑥)‖2
𝐿2[0,𝑙] + 4𝜆2𝑇 ‖𝐹 [𝑡, 𝑥, 0, 0, 0]‖2

𝐿2(𝐷)] ×

× exp {4𝜆2𝑇 (𝑙2 + 𝑎2𝜋2)
𝑎2𝜋2𝑙2 [𝑙𝜋2‖𝑎(𝑡, 𝑥)‖2

𝐿2(𝐷) + 3(𝑙2 + 𝜋2)‖𝑏(𝑡)‖2
𝐿2[0,𝑇 ]]} .

Then for any 𝜀 > 0 one can specify such a 𝛿(𝜀) > 0 that
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‖𝑢(𝑡, 𝑥) − 𝑢̃(𝑡, 𝑥)‖𝐵∞,2
1,0

< 𝜀,

provided only that each of the quantities

‖𝜑′(𝑥) − 𝜑′(𝑥)‖𝐿2[0,𝑙], ‖𝜓(𝑥) − 𝜓(𝑥)‖𝐿2[0,𝑙], ‖𝑐(𝑡, 𝑥)‖𝐿2(𝐷), |𝜆 − 𝜆̃|

is less than 𝛿, where 𝑢(𝑡, 𝑥), 𝑢̃(𝑡, 𝑥) are, respectively, the generalized solutions
of problems (A), (Ã).
Theorem 4. If condition 3 of Theorem 1 is satisfied, where 𝑅 is any positive
number, then problem (A) has no more than one generalized solution satisfying
condition (1).

§ 2. Solution almost everywhere of problem (A).

Theorem 5. Suppose:

1. The function 𝜑(𝑥) is continuously differentiable on the interval [0, 𝑙],
𝜑″(𝑥) ∈ 𝐿2[0, 𝑙], 𝜑(0) = 𝜑(𝑙) = 0.

2. The function 𝜓(𝑥) is continuous on the interval [0, 𝑙], 𝜓′(𝑥) ∈ 𝐿2[0, 𝑙],
𝜓(0) = 𝜓(𝑙) = 0.

3. The function 𝐹[𝜉1, 𝜉2, 𝜉3, 𝜉4, 𝜉5], continuous in the domain 𝑄 = 𝐷×(−𝑅 <
𝜉3, 𝜉4, 𝜉5 < 𝑅) with respect to the totality of its arguments, has partial
derivatives 𝐹 ′

𝜉𝑖
(𝑖 = 2, … , 5), defined in this same domain and measurable

with respect to (𝜉1, 𝜉2) for fixed (𝜉3, 𝜉4, 𝜉5), where

𝑅2 > 2(𝑙 + 𝑎𝜋)2(max{𝑙, 𝜋})2

3𝑎2𝜋2𝑙 (𝑎2‖𝜑″(𝑥)‖2
𝐿2[0,𝑙] + ‖𝜓′(𝑥)‖2

𝐿2[0,𝑙]) .

4. Almost for all (𝜉1, 𝜉2) ∈ 𝐷 one has

∣𝐹 ′
𝜉𝑖

[𝜉1, 𝜉2, 𝜉3, 𝜉4, 𝜉5] − 𝐹 ′
𝜉𝑖

[𝜉1, 𝜉2, ̃𝜉3, ̃𝜉4, ̃𝜉5]∣ ≤ 𝑎(𝜉1, 𝜉2)
5

∑
𝑠=3

|𝜉𝑠 − ̃𝜉𝑠|,

∣𝐹 ′
𝜉𝑖

[𝜉1, 𝜉2, 𝜉3, 𝜉4, 𝜉5] − 𝐹 ′
𝜉𝑗

[𝜉1, 𝜉2, ̃𝜉3, ̃𝜉4, ̃𝜉5]∣ ≤ 𝑏(𝜉1)
5

∑
𝑠=3

|𝜉𝑠 − ̃𝜉𝑠|,

where 𝑎(𝜉1, 𝜉2) ∈ 𝐿2(𝐷), 𝑏(𝜉1) ∈ 𝐿2[0, 𝑇 ], 𝑖 = 2, 3, 𝑗 = 4, 5.

5. 𝐹[𝜉1, 0, 0, 0, 𝜉5] = 𝐹 [𝜉1, 𝑙, 0, 0, 𝜉5] = 0, 𝐹 ′
𝜉𝑖

[𝜉1, 𝜉2, 0, 0, 0] ∈ 𝐿2(𝐷),

sup
0<𝑥<𝑙

|𝐹 ′
𝜉𝑗

[𝑡, 𝑥, 0, 0, 0]| = 𝑔𝑗(𝑡) ∈ 𝐿2[0, 𝑇 ],

where 𝑖 = 2, 3, 𝑗 = 4, 5.
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Then problem (A) has a unique solution almost everywhere, satisfying in 𝐷 the
condition

−𝑅 < 𝑢(𝑡, 𝑥), 𝑢′
𝑡(𝑡, 𝑥), 𝑢′

𝑥(𝑡, 𝑥) < 𝑅, (2)

under each of the following conditions: a) one of the numbers 𝑇 , |𝜆| is fixed,
and the other is sufficiently small; b) 𝜆, 𝑇 are fixed; ‖𝜑″(𝑥)‖𝐿2[0,𝑙], ‖𝜓′(𝑥)‖𝐿2[0,𝑙],
‖𝐹 ′

𝑥[𝑡, 𝑥, 0, 0, 0]‖𝐿2(𝐷) are sufficiently small.

Theorem 6. If the function 𝐹[𝑡, 𝑥, 𝑢, 𝑣, 𝑤], defined in the domain 𝐷 × (−𝑅1 <
𝑢 < 𝑅1)×(−𝑅2 < 𝑣 < 𝑅2)×(−𝑅3 < 𝑤 < 𝑅3), almost for all (𝑡, 𝑥) ∈ 𝐷 satisfies
the condition

|𝑓[𝑡, 𝑥, 𝑢, 𝑣, 𝑤] − 𝐹[𝑡, 𝑥, 𝑢̃, ̃𝑣, 𝑤]| ≤ 𝑎(𝑡, 𝑥)|𝑢 − 𝑢̃|+

+𝑏(𝑡)[|𝑣 − ̃𝑣| + |𝑤 − 𝑤|],

where 𝑎(𝑡, 𝑥) ∈ 𝐿2(𝐷), 𝑏(𝑡) ∈ 𝐿2[0, 𝑇 ], then problem (A) has at most one
solution almost everywhere satisfying in 𝐷 the conditions

|𝑢(𝑡, 𝑥)| < 𝑅1, |𝑢′
𝑡(𝑡, 𝑥)| < 𝑅2, |𝑢′

𝑥(𝑡, 𝑥)| < 𝑅3.

§ 3. 𝑘-times (𝑘 ≥ 2) continuously differentiable in 𝐷 solutions of problem (A).

Theorem 7. Suppose:

1. The function 𝜑(𝑥) is 𝑘-times continuously differentiable on the interval
[0, 𝑙], 𝜑𝑘+1(𝑥) ∈ 𝐿2[0, 𝑙], 𝜑(2𝑚)(0) = 𝜑(2𝑚)(𝑙) = 0, where 𝑚 = 0, … , [𝑘/2].

2. The function 𝜓(𝑥) is 𝑘−1 times continuously differentiable on the interval
[0, 𝑙], 𝜓(𝑘)(𝑥) ∈ 𝐿2[0, 𝑙], 𝜓(2𝑚)(0) = 𝜓(2𝑚)(𝑙) = 0, where 𝑚 = 0, … , [(𝑘 −
1)/2].

3. The function 𝐹[𝜉1, 𝜉2, 𝜉3, 𝜉4, 𝜉5], defined in the domain 𝑄 = 𝐷 × (−𝑅 <
𝜉3, 𝜉4, 𝜉5 < 𝑅), has partial derivatives 𝜕𝑘𝐹/𝜕𝜉𝑘1

2 𝜕𝜉𝑘2
3 𝜕𝜉𝑘3

4 𝜕𝜉𝑘4
5 ,

defined in the same domain, where

𝑅2 > 2𝑙2𝑘−3(𝑙 + 𝛼𝜋)2(max{1, 𝑇 })2

45 𝛼2𝜋2(𝑘−1) [𝑎2‖𝜑(𝑘+1)(𝑥)‖2
𝐿2[0,𝑙] + ‖𝜓(𝑘)(𝑥)‖2

𝐿2[0,𝑙]] .

4. The functions
𝜕𝑠𝐹/𝜕𝜉𝑘1

1 𝜕𝜉𝑘2
3 𝜕𝜉𝑘3

4 𝜕𝜉𝑘4
5 (𝑠 = 0, … , 𝑘 − 2),

𝜕𝑠𝐹/𝜕𝜉𝑘1
2 𝜕𝜉𝑘2

3 𝜕𝜉𝑘3
4 𝜕𝜉𝑘4

5 (𝑠 = 1, … , 𝑘 − 1) are continuous jointly in their
arguments in the domain 𝑄.
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5. The functions
𝜕𝑘𝐹/𝜕𝜉𝑘1

2 𝜕𝜉𝑘2
3 𝜕𝜉𝑘3

4 𝜕𝜉𝑘4
5 are measurable in (𝜉1, 𝜉2) for fixed (𝜉3, 𝜉4, 𝜉5) and,

for almost all (𝜉1, 𝜉2) ∈ 𝐷, satisfy the condition

∣𝜕
𝑘𝐹[𝜉1, 𝜉2, 𝜉3, 𝜉4, 𝜉5]
𝜕𝜉𝑘1

2 𝜕𝜉𝑘2
3 𝜕𝜉𝑘3

4 𝜕𝜉𝑘4
5

− 𝜕𝑘𝐹[𝜉1, 𝜉2, ̃𝜉3, ̃𝜉4, ̃𝜉5]
𝜕𝜉𝑘1

2 𝜕𝜉𝑘2
3 𝜕𝜉𝑘3

4 𝜕𝜉𝑘4
5

∣ ≤ 𝑎(𝜉1, 𝜉2)
5

∑
𝑠=3

|𝜉𝑠 − ̃𝜉𝑠|,

where 𝑎(𝜉1, 𝜉2) ∈ 𝐿2(𝐷).
6.

𝜕𝑘𝐹[𝜉1, 𝜉2, 0, 0, 0]/𝜕𝜉𝑘1
2 𝜕𝜉𝑘2

3 𝜕𝜉𝑘3
4 𝜕𝜉𝑘4

5 ∈ 𝐿2(𝐷),

𝜕2𝑠𝐹[𝜉1, 0, 0, 0, 𝜉5]/𝜕𝜉𝑘1
2 𝜕𝜉𝑘2

3 𝜕𝜉𝑘3
4 𝜕𝜉𝑘4

5 = 𝜕2𝑠𝐹[𝜉1, 𝑙, 0, 0, 𝜉5]/𝜕𝜉𝑘1
2 𝜕𝜉𝑘2

3 𝜕𝜉𝑘3
4 𝜕𝜉𝑘4

5 ≡ 0,

where 𝑠 = 0, … , [(𝑘 − 1)/2].
Then, under each of the following conditions, problem (A) has a unique solution
in 𝐷, continuously differentiable 𝑘 times, satisfying condition (2) in 𝐷: a) one
of the numbers 𝑇 , |𝜆| is fixed, and the other is sufficiently small; b) 𝜆, 𝑇 are
fixed, while
‖𝜑(𝑘+1)(𝑥)‖𝐿2[0,𝑙], ‖𝜓(𝑘)(𝑥)‖𝐿2[0,𝑙],
∥𝜕𝑘𝐹[𝜉1, 𝜉2, 0, 0, 0]/𝜕𝜉𝑘

2 ∥𝐿2(𝐷) are sufficiently small.
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