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PHYSICS
D. A. BOCHVAR, I. V. STANKEVICH, A. L. CHISTYAKOV

ON THE ENTROPIC EXPRESSION OF THE
UNCERTAINTY PRINCIPLE

(Presented by Academician I. V. Obreimov, 28 VI 1962)

For a quantitative expression of the uncertainty principle, the variances (or
standard deviations) of the canonically conjugate quantities under considera-
tion are usually chosen as a measure of uncertainty. Let us first turn to the
one-dimensional case and consider a pair of quantities: the coordinate z and
momentum p of a particle. Then the uncertainty principle is expressed by the
Weyl inequality (1)

D,pp>1/4 (at. units), (1)

where D, D,, are the variances of the coordinate and momentum, respectively.
However, the variance characteristic of the uncertainties under consideration is
not the only possible quantitative characteristic of them. It will be shown below
that there exists another, stronger characteristic.

In a number of recent works (27°), the uncertainties of the position and mo-
mentum of a particle are defined by the entropy functionals H, and H, of the
corresponding distributions, namely as follows*

o= [ lewPmlwR == [ wEPRRERE,

where ¢(x) is the state of the particle in the z-representation; ¢(p) is the same
state in the p-representation

1 - —ipx
Vi) = <= / @ (3)

It is evident that the entropic expression of the uncertainty principle must have
the form

H,+H,>C (C > —o0, constant). (4)
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Since, however, the values of the functionals D and H in the general case do
not determine one another uniquely and are only related by the inequality

H <0.5In(27eD), (5)

with equality holding only for Gaussian distributions, the question arises of the
relation between the two mathematical expressions of the uncertainty principle
—the variance and the entropic. In this connection it is essential to note the
logical dependence of the two expressions of the uncertainty principle at first in
general form: from an inequality of the form (4), by virtue of (5), there follows
an inequality of the form

D,pp > C) (Cy = 620/47T262)- (6)

But from inequality (6) with the aid of (5) one cannot derive inequality (4).
This means that the entropic expression of the uncertainty principle is, so to
speak, “stronger in form” than its variance expression. However, vo-

* Let us emphasize that the entropy of a separate quantum-mechanical distribu-
tion (for example, H, or H,) is a quantum-mechanical concept.

the question of the value of the constant C in (4) is of fundamental importance
for establishing the formal-logical dependence between inequalities (4) and (6) in
the case of a concrete assignment of the constant C, as is the case in inequality

(1).
Hirschman () proved that for functions from L,(—o0,00) for which the func-

tional H, + H,, is defined, an entropic analogue of inequality (1) is indeed valid,
namely,

H, + H, > In(27) (In 27 ~ 1.838), (7)

and he conjectured that the constant on the right-hand side of (7) can be im-
proved and that the minimum of the functional H, + H,, is attained on Gaussian
distributions, i.e., that, in general,

H,+H,>Inm+1 (Inm + 1 ~ 2.145). (8)

He noted that (1) can be derived from (8).

Let us now show that the entropic formulation of the uncertainty principle for
canonically conjugate coordinate and momentum makes it possible, in general,
to exclude the possibility of certain situations that are not excluded by Weyl’ s
inequality by itself.

Indeed, suppose it is known that a particle is localized in sufficiently small
neighborhoods of two or more (a finite number of) centers. This means that the
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Fig. 1

Figure 1: Fig. 1

entropy of the coordinate distribution is in any case less than zero (the closer the
distribution is to a discrete one, the closer its entropy is to —oo). The variance
of such a distribution may be arbitrarily large, as is seen, for example, from Fig.
1.

Fig. 1

Weyl’ s inequality, considered by itself, would in this case not exclude the possi-
bility of determining the momentum with an arbitrarily high degree of accuracy,
provided only that the variance for the coordinate is sufficiently large. At the
same time it is obvious that the entropic form of the uncertainty principle in
any case does not allow a negative value for the sum of the entropies of the mo-
mentum and coordinate distributions. This means that, under our assumption
concerning the coordinate distribution, the entropy value for the momentum
distribution can no longer in any case be negative, and therefore determination
of the momentum value with a very high degree of accuracy is impossible.

The example given is fully consistent with the fact that, in order to justify the
entropic form of the uncertainty principle, deeper facts from the theory of the
Fourier transform are brought in than are required in deriving Wey!’ s inequality.
The example given also shows that the entropic form of the uncertainty principle
makes it possible to discern certain general physical aspects of the matter that
are not expressed by Weyl’ s inequality.

We shall now show that the constant on the right-hand side of (7) can indeed
be improved. Namely, the following is true.

Theorem 1. The constant C in inequality (4) is in any case not less than
2.100.

Proof. Let p(z) € L,.(—00,00), and let ¢(p) be defined by formula (3). Re-
cently K. I. Babenko (® showed that for even ¢ related to = by the relation
g =r/(r—1), the inequality

Il < M@)ol (9)

holds, where

1/k

b= { it} = (1) ()"

To the operator T,
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* It cannot be greater than Inm + 1, since for every function whose squared
modulus is the probability density of a Gaussian distribution, H,+H, = In7+1.

1 )
defined by the formula T'p = \/7 [ ¢(x)e"* dz, the following Riesz theorem
™

(7) is applicable. Let 1/r;+1/q; =1 (i =1,2),1 <r; < 2,75 > ry,and let T be a
linear bounded operator, defined both in L, (—o00,00) and in L, (—00,00), such
that |T'f], < M;|fll, . Then the operator T' can be extended to L, (—o0,c0),
where r; < r <7y, and in this case

”Tf”q (r=ry)/(ra— T1>M ro—1)/(ry— Tl)”f”r

Let us now set ry = 4/3, ¢ = 4; ro = 2, g, = 2. Then, according to Riesz’ s
theorem, for r € [4/3,2] the inequality holds
[¥l, < MV, (10)

where M = 0.644*. Taking logarithms, we obtain
ln/|1/)|qdp 7—1> M+ > ln/|<p|’"da: (11)

Consider the function

1 1 2
X(r):fln/|w|qdp—fln/\<p|"da?—2(7—1> In M.
q r r

Then from inequality (11) it follows that x(r) < 0 for 4/3 < r < 2. Moreover,
Xx(2) = 0. Therefore dx(2 —0)/dr > 0. Formal differentiation of the function
x(r) leads to the expression**

YT ENY AP S [T WY SRRV I R
o =i [ i S [ el e SR

Taking into account that |||y = [l = 1, at 7 = 2 we obtain the inequality

—/|¢I2ln\¢\2dp—/Iw\21n|<p|2dx+41nM>0

Thus, the entropic expression of the uncertainty principle can be written at least
in the form

H, + H, > 2.100. (12)

It follows from this that
D, pp > 0.228. (13)

Thus, the values of the constants C' and C; found in (12) and (13) differ from
2.145 and from 0.25, respectively, by 0.045 and 0.022.
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The entropic expression of the uncertainty principle is also preserved for the
multidimensional case. In this case the following holds:

Theorem 2. Let f(z,2,,...,2,) = f(z), [|f(2)|*dz =1, dov = dz,dz, ...dz,,

9(p) = ( n/f(m)ei@””) dz, (p,z) = prz

1
\/27r>
Then

—/|f|21n|f\2dx—/|g\21n|g\2dp>nln2ﬂ'. (14)

The proof of this theorem is carried out in the same way as in the one-
dimensional case, using Riesz s theorem, the generalization of which to the case
of many variables was proved in (8). Apparently, in this case too inequality
(14) is not sharp.

One can also, from a somewhat different point of view, discern the possibility
of an inequality stronger than Weyl’ s inequality. That inequality (1) imposes
an excessively weakened condition on the distributions |¢(z)[? and |1 (p)|? can
also be seen clearly from the following considerations, connected with one form,
not noted earlier, of the expression of the uncertainty principle.

* The numerical values of the quantities are given to an accuracy of 0.001.
** The operation of differentiation can be rigorously justified. See, in this con-
nection, (2).

Let ¢(z) € Ly(—00,00) and let 9(p) be defined by formula (3); g,(z) and
gy (p) are the probability densities of two Gaussian distributions satisfying the
conditions (see formulas (2))

oo

- / g,(x)ng (2) dx = H,, - / gu(p)ngy(p)dp = H,.  (15)

—00

Denote by D) and Dj the variances of the distributions g, () and g, (p). Since
for Gaussian distributions equality holds in formula (5), it is clear that

H, =0.5In(2reD?), H, = 0.5In(27weD)). (16)

Since, for a given value of the functional H, the Gaussian distribution has the
minimal variance D, the variances D, and D, of the distributions lo(z)]? and
[#(p)[* can be written in the form D, = D + D and D, = D) + D5. It
is essential that if |o(z)|? is not the density of a Gaussian distribution, then
necessarily D}, > 0 and D;, > 0. From (4) and (16) it now follows that even for
the product D9 and Dg the inequality

DYDY > C (O] = e%C /4m?e?) (17)
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holds, with the same right-hand side as in (6) for the product D, pp. It is clear
that inequality (1) is substantially weakened by the “excess” terms DZ and Dy,
of the variances D, and D, in all cases, with the sole exception of the case when
lo(z)|? itself is the density of a Gaussian distribution.

Let us note that from an inequality of the form D)D) > C, there follows,
conversely, an inequality of the form H, + H, > C, with C determined by the
formula C' = 0.5In C; +0.5In(472e?). In particular, for C; = 0.25, C = In7+1,
i.e. the inequalities H, + H, > Inme and DyD) > 0.25 are equivalent. For
C = 2.100 we find Dng > 0.228, whence, bearing in mind that for Gaussian
distributions D, pp = 0.25 (i.e. > 0.228), we obtain for the general case

D, pp > 0.228. (18)

In conclusion, the authors express their gratitude to N. P. Gambaryan for par-
ticipating in the discussion of the work during its execution and writing.
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