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MATHEMATICS
I. L. KANTOR

ON A GENERALIZATION OF REDUCTIVE
HOMOGENEOUS SPACES

(Presented by Academician I. G. Petrovskii on 13 III 1963)

P. K. Rashevskii (1) found a class of homogeneous spaces into which an invariant
affine connection can be introduced. These spaces were later rediscovered by
Nomizu (2) and called reductive. In the present work the concept of reductiv-
ity is generalized to such homogeneous spaces into which an affine connection
obviously cannot be introduced. The result is as follows. For any v =1,2,... a
certain class of homogeneous spaces R” and a class of groups D" are introduced,
and it is proved that into a homogeneous space of class R” one can introduce
an invariant connection with one of the groups D”. Here the class R' consists
of reductive spaces, while the class D! contains only the general affine group
and its subgroups. We also note that the class D? contains the projective and
conformal groups.

We consider a local homogeneous space and shall specify it by its Lie algebra G
and stationary subalgebra H.

1°. We shall say that the homogeneous space G/H is v-reductive or belongs to
the class R, if the stationary subalgebra H has a decomposition

H=H,+H,+..+H, (H,+0),

and in G there exists a plane E complementary to H such that

[H,E|C H, ,, i=12..,v (H,=E). (1)

Obviously, for ¥ = 1 we obtain reductive spaces.*

Lemma 1

[HzaHk} CH’i+k¢—1 (Z:17277 k:07172a) (2)

(H; =0, if I >v).
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Lemma 2. If a,b € F and h € Hy+...+H,, then [h[a, b]] = 0.

Let A(uq,tg, ..., uy) and B(uq, uy, ..., u;) be, respectively, k-linear and [-linear
symmetric operators with values in an n-dimensional affine space T, (uq,us, ...
also belong to Tj)), and let A = A(x,x,...,z), B = B(z,z,...,x) be the corre-
sponding operators of orders k and [. Define the operator of order k+ 1 —1

AoB=AB(x,x,...,%),%, ..., x). (3)

It is convenient to regard vectors as O-linear operators and to define

Aoca= Aa,z,...,x), aoA=0. (4)
We now assign to each element h € H, (k = 0,1,...,v) the k-linear operator
[... [, uq]us), ..., ug], acting on the plane E (uq, us, ... ,u;, € E), and shall denote
P, =[...[[h, 2], 2], ..., x].
Lemma 3. The operator [... [[h, u;], us), ..., u;] is symmetric.

Theorem 1. Let a € H, (k=1,2,...,v),be H, (I=1,2,...,v). Then

(k+1—1)!

Py o By~ IR0 P,). 5)

Plop =

*If v > 1, then [H;,E] C H for ¢ > 1, whence it is seen that the linear
representation of the stationary group in the tangent space is not faithful and,
thus, an invariant affine connection cannot be introduced into the space R”.

2°. As is known, by a differential group of order v one means the group
of all v-times continuously differentiable transformations of the coordinates
(z1,%q,...,x,) of an n-dimensional manifold that leave fixed the origin O and
are considered in a neighborhood of the origin O with accuracy up to order v.

Consider the algebra 2( (with respect to the operation of commutation) obtained
from the Lie algebra of the differential group by adjoining the translation oper-
ators (z° — 2 +a'), in a fixed coordinate system. It is easy to see that 2l is not
a Lie algebra. We shall be interested in those subspaces of the algebra 2 which
form a Lie algebra and include all translation operators. We shall agree to call
any subspace of this kind a Lie algebra of the family D". If such a subspace is
maximal, then we shall call it the Lie algebra of a transitive differential group
of order v.

Let us formulate these definitions in more precise terms. Denote by T, an
n-dimensional vector space, by T; the space of all linear operators acting in
T, by T, the space of all bilinear symmetric operators acting in 7}, etc., and
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by T, the space of v-linear symmetric operators. To each k-linear symmetric
operator A(uy,us, ..., u;) there corresponds one-to-one an operator of the k-th
order A(x,z,...,xz). Let A and B be two operators of orders k and [. Define
the commutator by the following formulas (where vectors of the space Tj, are
regarded as operators of order 0):

(k+1—1)

4Bl = =

(kAo B—1BoA), if0<k+i—1<wv, (6

[A,B]=0, ifk+l—1>vork=0,1=0.

The direct sum T} + T, + --- + T,,, in which the commutators are defined by
formulas (6), forms the Lie algebra of the differential group of order v. The
direct sum T, + T} + --- + T, does not form a Lie algebra (except in the case
v = 1). We shall agree to call a Lie algebra belonging to the family D" if it is
isomorphic to a linear subspace of the space Ty + T + --- + T, that includes Tj,.
If this subspace is maximal, i.e. is not contained in any other subspace of this
kind, we shall call it the Lie algebra of a transitive differential group of order v.

To each Lie algebra G’ of the family D" there corresponds uniquely a certain
homogeneous space M’, and the stationary subalgebra H’ of the space M’ con-
sists, by definition, of all the linear, bilinear, etc., v-linear symmetric operators
belonging to the given algebra G’ of the family D”.

It is obvious that the family D' contains the Lie algebra of the general affine
group, and to it there corresponds an affine space. The Lie algebra of the
projective group is isomorphic to an algebra of the family D? consisting of
T, + T3 and operators of the 2nd order of the form f(z)x, where f(z) is an
arbitrary linear form. The Lie algebra of the conformal group with a given
scalar product (z,y) is isomorphic to an algebra of the family D? consisting of
Tp, linear operators of the form (Az,y) = —(x, Ay) and the identity operator E,
and quadratic operators of the form 2(a, z)x — (x,x)a, where a is an arbitrary
vector. The corresponding homogeneous spaces are projective and conformal
spaces.

3°. Let G/H = M be a homogeneous space of class R”. Fix a definite de-
composition G = H + E. If in the vector space G one introduces a new law
of commutation by putting the commutators in the plane E equal to zero and
preserving the values of the commutators of the form [H, H|, [H, E], then a new
Lie algebra is obtained, which we denote by G’. If g is an element of the algebra
G, then the same vector, considered as an element of G’, we shall agree to call

denote by ¢’. The mapping

fig—4d (7)
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of G onto G’ evidently has the following property: [f(h), f(g)] = f([h,g]), where
g € G, h € H. According to 1°, the algebra G’ is isomorphic to some algebra
of a family D" acting in E’; hence it follows that the homogeneous space M’ =
G’/H’ is also of class R”.

Relying on the mapping (7) introduced above, we shall now construct (locally)
a fibered space U with base M and fiber M’. For this purpose we fix a point
zy € M and a decomposition G = H, + E, . Further, for each point z € M we
choose g, such that g,z, = x; then, with the aid of the transformation adg,,
we obtain a completely determined decomposition G = H, + E, at the point
x. In view of (7), for each point  we have a mapping f, : G — G.,, under
which H, — H;. If pxr =y (p € G), then p induces a mapping of G}, onto G},
(f, adp f; '), under which H, goes into H;; thereby a mapping of M, onto M,
is defined, which we shall denote by the same letter p.

Let now x and z + dx be two infinitely close points, and let g carry x into z+dzx.

We define the transfer of the fiber M, onto the fiber M, _ ; as follows:

fe(g)a—g-a, (8)

where a is the current point of the space M. The constructed mapping does
not depend on the choice of g and defines in the fibered space U a connection
which, as is not difficult to show, does not depend on the choice of the initial
decomposition at the point z;,, nor on the choice of g,. We shall call this
connection canonical.

Theorem 2. The canonical connection is invariant with respect to the group

G.

The proof of the theorem could be derived from Wang’ s work (3). However, in
our case it is easily obtained directly.

Remark. If the group G’ is completed to a transitive-differential group a then,
by means of the construction described above, we arrive at a fibered space U
with base M, in which the fiber will be a homogeneous space with group G. The
canonical connection constructed in the same way will also be invariant with
respect to the group G.

Let us note some particular cases.

Theorem 3. For there to exist in a homogeneous space of class R? an invariant
canonical projective connection, it is necessary and sufficient that, for every
h € H,, one have

[[h, x]a] = f(x) -z,
where x is an arbitrary element of the plane E, and f is a certain linear form
on E.

It can be proved that if the indicated condition is satisfied for some one h € H,,
then it is satisfied also for every h € H,.
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Theorem 4. For there to exist in a homogeneous space of class R? an invariant
canonical conformal connection, it is necessary and sufficient that, for every
h € H,, one have

[[h, z]z] = 2(a,2) - — (z,x) - a,

where x is an arbitrary element of the plane E, a depends on h, and (z,y) is a
bilinear symmetric form common to all h.

As in the case of the projective connection, it can be proved that if the indicated
condition is satisfied for some h € H, and, moreover, (a,a) # 0, then it is
satisfied also for every h € H,.

In conclusion the author expresses his deep gratitude to P. K. Rashevskii for his
attention to the work and valuable comments.
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