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Abstract

Full Text
Yu. M. Berezanskii

ON SMOOTHNESS UP TO THE BOUND-
ARY OF THE DOMAIN OF THE SPECTRAL
FUNCTION OF A SELF-ADJOINT DIFFER-
ENTIAL ELLIPTIC OPERATOR

(Presented by Academician S. L. Sobolev on 10 IV 1963)

The existence of the spectral function, i.e. the kernel of an operator of the type
dE, /dp(N), for the case of the Schrodinger equation was established by A. Ya.
Povzner ('), and in the general case of elliptic equations by Garding (?) and
Browder (3) (see also (%)). In this note, for general equations, the behavior of
the spectral function near the boundary of the domain is studied. Similar facts
have been published only for the Schrédinger equation (). The methods of the
note are based on theorems on the local increase of smoothness of solutions of
elliptic equations (°%) and on properties of the Green functions of such equations
(")-

It is convenient for us in § 1° to set forth general questions of expansion in
generalized eigenvectors of a self-adjoint operator (for the literature see (®)), and
in § 2° to supplement the theory of expansions for Carleman operators proposed
by Mautner (?) and developed in one direction or another in a number of works

(see (%)).

1°. Let H, be a separable Hilbert space with scalar product (-,-)y; let A be a
self-adjoint operator acting in H; and let E(A) be its resolution of the identity.
An expansion in generalized eigenvectors of A can be constructed as follows.
Denote by

H DHy>H,

some rigging of H, by positive and negative spaces, and suppose that the embed-
ding H, — H, is quasi-nuclear (!°). There exists a nonnegative finite measure
dp(A) on the axis (—o0, 00) (the spectral density) and an operator function P(\),
defined p-almost everywhere for all A € (—o0,00), whose values are Hilbert-
Schmidt operators acting from H_ into H_, such that

MM=AHM@W~ 1)

The range R(P(N)) of the operator P(\) consists, in a certain sense, of general-
ized eigenvectors of the operator A corresponding to the number A\. Moreover,
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[P(AN)] <1 (]| is the Hilbert-Schmidt norm), (P(A)u,u)y >0 (v € H, ). Sup-
pose additionally that there exists a linear topological separable space D C H,
dense in H_, contained in the domain of definition ©(A), and mapped con-
tinuously by the operator A into H,. Then every ¢ € R(P()\)) satisfies the

relation
(g, (A= AE)u)y =0 (ue€ D).

One can choose (in a nonunique way) a system of vectors p,(A) € R(P(X)) C
H_ (a=1,..,N, <o) such that

N
(P()\)va)o = Zua()‘) Uoc()\) (U’U € H+)’ ﬂ;<)‘) = (wl()‘)v w2()‘)’ )

(2)
(wa(A) = (Pa(A); w)o)

is the “Fourier transform” of the vector w € H .

The condition that the embedding H, — H, be quasi-nuclear is also necessary
for obtaining (1) for arbitrary A. However, for a fixed A one may impose a less
stringent requirement on this embedding: it is sufficient to assume that there
exists a continuous bounded function 7(\), different from zero on the spectrum
of A, such that |y(A).J| < oo, where J is an operator mapping H,, into H, ()
and considered in H,. We note that the results of this and the following items
are also valid for generalized resolutions of the identity.

2°. Let Hy = Ly(Q, dz), where Q) is a locally compact separable space, and dz is
a measure defined on the Borel sets of @, finite on compact sets and positive on
open sets. A self-adjoint operator A in H, will be called Carleman if, for v(\)
of the form indicated above, the operator y(A) is integral with kernel K (x,y),
and

/ |K (z,y)|? dz < oo
Q

for almost every y € ). Choose a function p(x) > 1 (z € Q) so that
[ [ ) dedy < oo
QVQ

then, according to what was said at the end of § 1°, the expansion in generalized
eigenfunctions of the operator A can be constructed along the chain

H DHyD>H,
of the form
LQ(Qapil(aﬂ dﬂf) B LQ(Qa dﬂ?) > Lg(Q,p(ﬂ:) dx)

Thus, for a Carleman operator every generalized eigenfunction is an ordinary
one, but, generally speaking, it does not belong to L,(Q,dz). For such an
operator the following holds.
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Theorem 1. The operator P()) is an integral operator
(PO = [ Py Nudy  (weLQpdn) ()
Q

with a positive definite kernel P(z,y; A)—the spectral function of A—such that

1PC, 5 Dy @x @t @p () de dy) S 1-

Relation (2) gives the expansion convergent in

Ly(Q x Q,p~(x)p~ " (y) da dy) :
Ny
P(a,y;\) = Z o NEa W A)  (0a(1A) = 0, (V). (4)

If P(x,y; ) is continuous with respect to (z,y) € @ x @, then each of the eigen-
functions ¢ (z;\) (o = 1,...,N,) is continuous in z € @Q, and the expansion
(4) converges absolutely and uniformly on every compact subset of @ x Q.

Let f(A) be bounded on the spectrum of A; then f(A) is also an integral operator
(a relation analogous to (3) holds), and its kernel F'(z,y) is representable in the
form of an absolutely convergent, for almost every (x,y) with respect to the
measure dz dy, integral

F(z,y) = /_Oo FOVP(z,y;X) dp(X) € Ly(Q x Q,p(x)p~ ' (y) dxdy).  (5)

If P(x,y;A) is continuous with respect to (z,y) € @ x Q and |K(-,y)|1,(q,az)
is bounded on every compact subset of @, then the integral (5), in the case

IFI< C (NP,

converges absolutely for every z,y and is bounded on every compact subset of
QxQ.

This theorem is proved by developing the arguments in (*). We note that if,
in addition, the kernel of the operator (y(A))*y(A) is continuous on @ x @,
then the kernel (5) is also continuous. The growth estimate for the integrals
of the eigenfunctions from () (Theorem 3.3) is also valid for general Carleman
operators in Ly(E,,dz) = Ly(E,) (E, is n-dimensional space, dz is Lebesgue

measure). Other estimates of the behavior at infinity of eigenfunctions of Car-
leman operators are given in (11:12).

3°. Let G C E,, generally speaking, be an unbounded domain, and let I' be
its piecewise-smooth boundary. In G consider an elliptic formally self-adjoint

differential expression
L= Z a,(z)D*,

[pl<r
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where
a, € C‘”'(G ur).

On I there are given formally self-adjoint boundary conditions

(gr) = (gv)7,

defined by a subspace WJ (gr) of the Sobolev space W3 (G) (see more details in
(13)). The operator in Ly(G)
u = Lu

(u € W3(gr) N W3 (E,); W3 o(G)—finite functions in W3 (G))

is, obviously, Hermitian; let A be one of its self-adjoint extensions (in L,(G) or
with values in a broader space), and let E(A) be the corresponding (generalized)
resolution of the identity.

Let a, € C*"*"?(G) (p > n + 1); with the aid of Browder’ s theorem on the
Carleman property of the resolvent kernel of an elliptic operator of high order
(3) it is easy to prove that A is a Carleman operator in Ly(Q, dz) = Ly(G), and
YA) = AWV =2) N (N =[] +1, Imz#0) and |K(-,y)| (g is bounded on
every compact subset of G. Thus the results of item 2° are applicable to A.
The function p(z) may be taken from C°°(G); generally speaking, it tends to
oo as x — I' and to co. Theorem 1, in particular, establishes the existence of a
spectral function P(z,y;\) € Ly(G x G, p~1(x)p~(y) dx dy). Since in the sense
of the theory of generalized functions inside G x G

L,P(x,y; \) = AP(z,y;\),  £,P(x,y; ) = AP(z,y; \), (6)

it follows, according to "4, that P(z,y;\) will be sufficiently smooth (all
derivatives of the form Df;DgP(x,y; A) exist and are continuous in G x G,
|af,|8] < 4+ n+ p) and (6) are satisfied in the ordinary sense for z,y € G.
Every ¢ € R(P())) also belongs to C™t"*P((G), and the expansion (4) may
be differentiated term by term—one may take the indicated derivatives D‘;‘Dg .
The differentiated expansion (4) will converge absolutely and uniformly on every
compact subset of G x G (the last results are obtained with the aid of (%)),

4°. Let us pass to the formulation of the principal results. In what follows
the assumptions of item 3°, ensuring the existence and smoothness of P(z,y; A)
inside G x G, are assumed to be fulfilled.

Theorem 2. Let r = 2m and let the expression £ be properly elliptic in GUT
(16) " Suppose that there exists a bounded subdomain Gy C G, adjoining T along
a piece Ty of class C*™ (¢ > n/2), such that a, € C2mamax(lula) (G U Ty).
On I differential expressions are given

B; = Z by, (x)D* (b, € C?mra Y (Ty); my;<2m—1; j=1,..,m),

lul<m;
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which are assumed to be normal and to cover £ 19); (bc) on Ty have the form:
Bju|FO =0(j=1, ,m). In addition, suppose that: a) in some §-strip Tys C T
near the boundary 'y of the piece of surface I'y, the expressions B; contain only
terms with differentiations along the normal to T'y; b) in some neighborhood in
G, of the strip T'y5, the expression £ contains no terms with mized derivatives

in the normal to I'y and tangential directions.

Then the spectral function P(x,y;\), corresponding to the ordinary resolution
of the identity, belongs to

Ly 10e(Gy x Gy, ((GyUT) xTy) U (Ty x (GyU Fo)))*~

For fited y € G (z € G) it belongs to W 9(Gy,Ty) and on T satisfies the
boundary conditions:

B, Pz, y; M| =0 (B;,Plx,y; M) =0); j=1,...m. (7)

J,® xzely yely

Each eigenfunction o(x; \) € R(P(N)) also belongs to W;ﬁjq(Go, T'y) and satis-
fieson Ty (be): B; (23 N)|per, =0 (7 =1,...,m). The expansion (4) converges
absolutely and uniformly in any bounded domain in G x G which adjoins the
boundary G X G inside the piece

((GoUTy) x Ty) U (T x (G UTYy)).

Remarks. 1) If G is the interior or exterior of some closed surface I'and I'y =T,
then conditions a) and b), naturally, are dropped. They may also be dropped
if the (bc) are zero on I'ps: Bjlp, = &7=t/ovi7t (j=1,...,m; v is the normal
to I'y). 2) If the (bc) are zero everywhere on I'y and £ is strongly elliptic in
GoyUTy, then the smoothness restrictions can be weakened: it suffices to assume
Ty of class C*™+4, and a, € CIHT9(GyUT).

*Let © be a bounded domain, v a piece on its boundary. Recall (® that we write u € WQZ,IOC(D, v) (1=0,1,...

if u € WL(®’) for every domain D’ having common boundary with ® only inside
the piece 7.

Let us outline the proof. First, it is shown, by means of arguments of the type
of (7), that (A—2E)™N (N = [n/2r] + 1, Im z # 0) is an integral operator with
kernel K(xz,y) such that the vector-function K(-,y), with values in L,(G) for
y € Gy UTY, is weakly continuously differentiable up to order Nr — [n/2] —1
inclusive (G{, is a subdomain of G, adjoining I" only along the piece I'| lying
inside I'y). Then we apply the construction of §2, taking @@ = GUI', L,(Q,dz) =
Ly(G), v(A) = (A—2)~ (this choice of v()), different from that in §3, as is easily
seen, does not change P(z,y;A)). Since |K(-y)|., () is bounded up to any
I'y € Ty, the function p(z) in §2 may be taken from C*°(GUT"). This implies the
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relations: Ly(G,p~'dz) C Lgio.(Gy, Ty) and Ly(G x G, p~(2)p " (y) dedy) C
Ly 10 (G X G, ((GoUTL) xTy) U(Ly x (GyUTL))). The smoothness of P(z,y; A)
and the relations (7) now follow from the theorem on increasing the smoothness
of solutions (°,%) and from the fact that (6) are satisfied up to ', (let us explain
that, as the space D of §1, one may now take the suitably topologized set of
functions v € WJ(G) which vanish in neighborhoods of I' \ I'; and of co, and
on Iy satisfy the conditions: Bju|Fo =0, j=1,...,m).

Theorem 3. Let G be the interior or the exterior of some closed surface T.
Suppose that the assumptions of Theorem 2 are fulfilled in the domain Gy = G
(conditions a) and b) are omitted), or the remarks 2 thereto. In that case all
derivatives of the form DngP(x, y; A), where

e, 18] Sr{min([g} : {p;rlD +1}— [g} —1,

exist and are continuous in (GUT) x (GUT). The expansion (4) converges
absolutely and uniformly in every bounded part of G x G, and it may be differ-
entiated term by term without violating this convergence—namely, one may take
precisely the derivatives Dg‘Dg just indicated.

The proof in the case of bounded G follows from the representation
P(z,y;A) = IA—ZIQN//K(ﬁ,w)K(n,y)P(&n; A) d€dn
G Ja

(z,y € G) and from the smoothness of K(-,y) indicated above. In the case of
unbounded G the proof is considerably more complicated, since the last integral
does not exist. It is based on a close representation, the idea of which was
suggested by a certain transform of Garding (see (%), §2).

Theorem 3 shows that under its conditions in (7) one may take y(z) on I', one
may differentiate (7) with respect to y(z), and so on. We note that a similar
theorem is also valid for arbitrary G.

In conclusion we observe that, for the study of P(x,y; \), one may also apply a

technique using the expression £, + £, developed in (4,7).
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