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Abstract
Full Text

B. M. BREDIKHIN
APPLICATIONS OF THE DISPERSION METHOD IN
BINARY ADDITIVE PROBLEMS
(Presented by Academician I. M. Vinogradov, 5 X 1962)

MATHEMATICS

1. Let 𝑄(𝑛) be the number of solutions of the equation

𝑝 − 𝜑(𝜉, 𝜂) = 𝑙, (1)

where 𝑝 runs through the prime numbers, 𝑙 is a given nonzero integer;
𝜑(𝜉, 𝜂) = 𝑎𝜉2 +𝑏𝜉𝜂 +𝑐𝜂2 is a given binary quadratic form with discriminant not
equal to a perfect square; 𝜉 and 𝜂 independently run through the integers under
the condition 0 < 𝜑(𝜉, 𝜂) ≤ 𝑛 (if the discriminant is positive, then the variables
𝜉 and 𝜂 will also be subject to some inequalities determined by the form 𝜑).

The dispersion method (1), in combination with coherent numbers (2) and the
results of C. Hooley (3), makes it possible to give a fairly good lower estimate
for 𝑄(𝑛).
Let 𝑘 = (𝑎, 𝑏, 𝑐). Then 𝜑(𝜉, 𝜂) = 𝑘𝜑0(𝜉, 𝜂), where 𝜑0(𝜉, 𝜂) = 𝑎0𝜉2 + 𝑏0𝜉𝜂 + 𝑐0𝜂2

is a primitive form with discriminant −𝑑 = 𝑏2
0 − 4𝑎0𝑐0;

−𝑑 = ±2𝛽0𝑝𝛽1
1 ⋯ 𝑝𝛽𝑠𝑠 is the canonical factorization of the discriminant. Put 𝑃𝑙 =

22𝜆0𝑝2𝜆1
1 ⋯ 𝑝2𝜆𝑠𝑠 , where 𝜆𝑖 = 0 if 𝑝𝑖 ∣ 𝑙, and 𝜆𝑖 = 1 if 𝑝𝑖 ∤ 𝑙 (𝑖 = 0, 1, … , 𝑠; 𝑝0 =

2). Finally, let 𝑟 = 𝑟1𝑟2 ⋯ 𝑟𝑡, where 𝑟𝑖 are the denominators of the rational
unimodular substitutions carrying the form 𝜑0(𝜉, 𝜂) into other forms of the
genus to which the form 𝜑0(𝜉, 𝜂) belongs; 𝑡 is the number of classes of forms in
the genus; ℎ is the number of classes of primitive forms of discriminant −𝑑. We
may assume that 𝑎 > 0 and (𝑟, 2𝑘𝑙𝑑) = 1.

Theorem 1. If (𝑘, 𝑙) = 1 and 𝑛 → ∞, then

𝑄(𝑛) ≥ 𝐶(𝜑) 1
𝑃𝑙

∏
𝑝/2𝑑𝑙

(𝑝 − 1)(𝑝 − 𝜒𝑑(𝑝))
𝑝2 − 𝑝 + 𝜒𝑑(𝑝)

𝑛
ln 𝑛 + 𝑂 ( 𝑛

ln1.042 𝑛
) ,

where

𝐶(𝜑) = 𝜔
ℎ𝑘𝑟2 𝐿(1, 𝜒𝑑) ∏

𝑝
(1 + 𝜒𝑑(𝑝)

𝑝(𝑝 − 1)) ∏
𝑝/(2𝑑,𝑘)

(1 − 1
𝑝) ,
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𝜒𝑑(𝑚) is the Kronecker character; 𝜔 = 2 for 𝑑 > 4; 𝜔 = 4 for 𝑑 = 4; 𝜔 = 6 for
𝑑 = 3; 𝜔 = 1 for 𝑑 < 0.

Let us note an interesting consequence of this theorem.

Corollary. There exist infinitely many prime numbers of the form

𝑝 = 𝜑(𝜉, 𝜂) + 𝑙. (2)

The last assertion, in particular, answers the question of the existence of in-
finitely many primes (2), posed in the works of W. Sierpiński (4) and S. Golomb
(5) for the form 𝜑(𝜉, 𝜂) = 𝜉2 + 𝜂2.

The proof of Theorem 1 is based on the schemes set forth in the monograph of
Yu. V. Linnik ((1), Chapter IX) and in the author’s note (6).
The formulation of the theorem can be simplified if one uses the known formulas
for the number of classes ℎ. For example, in the case where 𝜑(𝜉, 𝜂) is a positive
primitive form of discriminant −𝑑 < 0, we find that

𝑄(𝑛) ≥ 2𝜋√
𝑑

1
𝑃𝑙𝑧2 ∏

𝑝
(1 + 𝜒𝑑(𝑝)

𝑝(𝑝 − 1)) ∏
𝑝/2𝑑𝑙

(𝑝 − 1)(𝑝 − 𝜒𝑑(𝑝))
𝑝2 − 𝑝 + 𝜒𝑑(𝑝)

𝑛
ln 𝑛+𝑂 ( 𝑛

ln1.042 𝑛
) .

§ 2. In equation (1) the number 𝑙 does not depend on the size of 𝑛 and, conse-
quently, contains a bounded number of small prime divisors. This circumstance
substantially facilitates the computations through the introduction of coherent
numbers. If, however, the indicated restriction on 𝑙 is not satisfied, the so-
lution of binary equations related to equation (1) becomes significantly more
complicated. Instead of introducing coherent numbers, one has to construct the
expected number of solutions of certain equations to which the given binary
problem is reduced. Nevertheless, here too, with a suitable choice of the ex-
pected number of solutions, the calculations can be simplified. As a result, the
dispersion method becomes a very convenient tool for investigating problems of
this kind. Let us consider some of them.

I. Let 𝑄1(𝑛) be the number of solutions of the equation

𝑝 + 𝑥𝑦 = 𝑛, (3)

where 𝑝 runs over the prime numbers, and 𝑥 and 𝑦 independently run over the
natural numbers.

Theorem 2. As 𝑛 → ∞,

𝑄1(𝑛) = 315 𝜉(3)
2𝜋4 ∏

𝑝/𝑛

(𝑝 − 1)2

𝑝2 − 𝑝 + 1 𝑛 + 𝑂 ( 𝑛
(ln 𝑛)1−𝜀 ) , (4)
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where 𝜀 > 0 is an arbitrarily small, but fixed, number.

Since

𝑄1(𝑛) = ∑
𝑝<𝑛

𝜏(𝑛 − 𝑝),

Theorem 2 is a natural variant of E. Titchmarsh’s problem (7,6). Formula (4)
was previously proved by A. Z. Walfish (8), but only conditionally (on the basis
of the extended Riemann hypothesis).

II. Let 𝑄2(𝑛) be the number of solutions of the equation

𝑥1𝑥2 ⋯ 𝑥𝑘 + 𝑥𝑦 = 𝑛, (5)

where 𝑥1, 𝑥2, … , 𝑥𝑘, 𝑥 and 𝑦 independently run over the natural numbers; 𝑘 ≥ 2
is any prescribed natural number.

Theorem 3. As 𝑛 → ∞,

𝑄2(𝑛) = 1
(𝑘 − 1)!𝐴𝑘𝐵𝑘(𝑛)𝑛 ln𝑘 𝑛 + 𝑂(𝑛(ln 𝑛)𝑘−1(ln ln 𝑛)3⋅2𝑘),

where

𝐴𝑘 =
∞

∑
𝑞=1

𝜇(𝑞)
𝑞2 ∏

𝑝/𝑞
𝑝 {1 − (1 − 1

𝑝)
𝑘−1

} ,

𝐵𝑘(𝑛) = ∏
𝑝/𝑛

{1 + 1
𝑝 (1 − 1

𝑝)
𝑘−2

}
−1 ⎧{

⎨{⎩
1 + (1 − 1

𝑝)
𝑘 𝛼(𝑝)

∑
𝑡=1

∞
∑
𝑚=𝑡

𝑠𝑘(𝑚)
𝑝𝑚 + 1

𝑝 (1 − 1
𝑝)

𝑘−2 𝑠𝑘(𝛼(𝑝))
𝑝𝛼(𝑝)

⎫}
⎬}⎭

.

Here

𝑠𝑘(𝑚) = ∑
𝛽1+⋯+𝛽𝑘=𝑚

1,

and 𝛼(𝑝) is determined from the canonical factorization

𝑛 = ∏
𝑝/𝑛

𝑝𝛼(𝑝).

Theorem 3 contains, as special cases, the results of A. Ingham (9) for 𝑘 = 2, and
of E. Titchmarsh (7) and C. Hooley (10) for 𝑘 = 3.
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III. Let 𝑄3(𝑛) be the number of solutions of the generalized Hardy–Littlewood
equation

𝑝 + 𝜑(𝜉, 𝜂) = 𝑛

under the same conditions imposed on the prime 𝑝 and the binary quadratic
form 𝜑(𝜉, 𝜂) as in equation (1).

Theorem 4. If (𝑘, 𝑛) = 1, 𝑛 → ∞, and (𝑛, 𝑟) = 1, then

𝑄3(𝑛) ≥ 𝐶(𝜑) 1
𝑃𝑛

∏
𝑝/2𝑑𝑛

(𝑝 − 1)(𝑝 − 𝜒𝑑(𝑝))
𝑝2 − 𝑝 + 𝜒𝑑(𝑝)

𝑛
ln 𝑛 + 𝑂( 𝑛

ln1.042 𝑛
) .

Corollary. Every sufficiently large natural number 𝑛, relatively prime to the
fixed number 𝑟 determined by the formula 𝜑, is representable in the form

𝑛 = 𝑝 + 𝜑(𝜉, 𝜂).
3. We give a brief outline of the proof of Theorem 2. Equation (3) is reduced

to equations 𝑌 ′
𝑘 of the form

𝑥′
1𝑥′

2 ⋯ 𝑥′
𝑘 + 𝑥𝑦 = 𝑛, 𝑥′

𝑖 ∈ Ω𝑃 ,

where Ω𝑃 is the set of integers all of whose prime divisors exceed

𝑃 = exp(ln 𝑛 ln ln ln 𝑛/𝐾 ln ln 𝑛), 𝑥 < √𝑛 𝑛−1
1 , 𝑛1 = exp(ln 𝑛)𝜀, (𝑥, 𝑛) = 1.

The equations 𝑌 ′
𝑘 for 𝑘 > 6 are replaced by equations of the form

𝜈𝐷′ + 𝑥𝑦 = 𝑛 (6)

under the conditions in which 𝐷′ ∈ (𝐷) and 𝜈 ∈ (𝜈) run through rectangular
regions of certain natural values. Equations (6) are solved by the dispersion
method. As the expected number of solutions, for arbitrary 𝐷 from (𝐷), we
take

𝐴(𝑛, 𝐷) = 𝐿1 ∑
𝑥<√𝑛 𝑛−1

1
(𝑥,𝑛𝐷)=1

1
𝜑(𝑥) ,

where 𝐿1 is the number of primes 𝜈 ∈ (𝜈). The condition (𝑥, 𝑛) = 1 does
not prevent the application of I. M. Vinogradov’s method and of estimates
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for Kloosterman sums in solving the main equation of the dispersion method.
At the same time, the presence of this condition facilitates the solution of the
equations 𝑌 ′

𝑘 for 1 ≤ 𝑘 ≤ 6 at the point where the main lemma of Yu. V. Linnik
is applied ((1), Lemma 1, p. 5).

The proof of Theorem 4 is carried out according to the same scheme, with the
aid of considerations set forth in the monograph of Yu. V. Linnik ((1), Chapter
IX). Naturally, the computations thereby become more complicated.

Theorem 3 is proved by a direct reduction of equation (5) to equations of type
(6).

I express my deep gratitude to Yu. V. Linnik for valuable advice and attention
to this work.

Kuibyshev Pedagogical Institute
named after V. V. Kuibyshev

Received
1 X 1962
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