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Abstract
Full Text
MATHEMATICAL PHYSICS
T. A. TIBILOV

AN ASYMPTOTIC METHOD FOR INVESTI-
GATING TRANSIENT PROCESSES IN NON-
LINEAR OSCILLATORY SYSTEMS
(Presented by Academician N. N. Bogolyubov on 28 V 1963)

We consider a system of nonlinear differential equations

𝑛
∑
𝑘=1

(𝑎𝑗𝑘𝐷2 + 𝑏𝑗𝑘𝐷 + 𝑐𝑗𝑘) 𝑥𝑘 = 𝜇𝑄𝑗(𝑡, 𝜃1, … , 𝜃𝑚, 𝑥1, … , 𝑥𝑛, 𝐷𝑥1, … , 𝐷𝑥𝑛)

(𝑗 = 1, … , 𝑛), (1)

where 𝐷 is the differential operator 𝑑/𝑑𝑡; 𝑥𝑘 are unknown functions of time
𝑡; 𝑎𝑗𝑘, 𝑏𝑗𝑘, 𝑐𝑗𝑘 are given constants; 𝑄𝑗(𝑡, 𝜃1, … , 𝜃𝑚, 𝑥1, … , 𝑥𝑛, 𝐷𝑥1, … , 𝐷𝑥𝑛)
are known functions of their arguments and, moreover, periodic functions of
𝜃1, … , 𝜃𝑚 with period 2𝜋, with 𝐷𝜃𝑞 = 𝛼𝑞 (𝑞 = 1, … , 𝑚); 𝜇 is a small parameter.

We seek a manifold of particular solutions of the system of differential equations
(1) describing a transient process in a nonlinear oscillatory system with many
degrees of freedom. A mathematical justification of the method for solving
system (1) set forth here is given in (1).
Let the characteristic equation

Δ(𝐷) = ∣𝑎𝑗𝑘𝐷2 + 𝑏𝑗𝑘𝐷 + 𝑐𝑗𝑘∣ = 0 (2)

have 𝑠′ real roots 𝜒𝜎 (𝜎 = 1, … , 𝑠′) and 𝑠″ pairs of complex-conjugate roots
𝜀ℎ ± 𝑖𝜔ℎ (ℎ = 1, … , 𝑠″).
We introduce the following assumptions: a) the determinant Δ(𝐷) has only
simple roots; b) the determinant of the coefficients of the highest derivatives
in (1) is nonzero; c) all fractions 𝐹𝑘𝑗(𝐷)/Δ(𝐷), where 𝐹𝑘𝑗(𝐷) is the algebraic
complement of the element 𝑎𝑗𝑘𝐷2 + 𝑏𝑗𝑘𝐷 + 𝑐𝑗𝑘 in Δ(𝐷), are proper.

Under these assumptions it is possible to transform system (1) to normal coor-
dinates (2).
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The transformation formulas have the form

𝑥𝑗 =
𝑠′

∑
𝜎=1

𝑣𝑗𝜎𝜉𝜎 +
𝑠″

∑
ℎ=1

𝑁𝑗ℎ𝑎ℎ cos(𝑢ℎ + 𝛾𝑗ℎ),

𝐷𝑥𝑗 =
𝑠′

∑
𝜎=1

𝑣𝑗𝜎𝜒𝜎𝜉𝜎 +
𝑠″

∑
ℎ=1

𝑁𝑗ℎ𝑎ℎ{𝜀ℎ cos(𝑢ℎ + 𝛾𝑗ℎ) − 𝜔ℎ sin(𝑢ℎ + 𝛾𝑗ℎ)}

(𝑗 = 1, … , 𝑛). (3)

Here 𝜉𝜎, 𝑎ℎ, 𝑢ℎ are new variables (normal coordinates), satisfying the equations

𝑑𝜉𝜎
𝑑𝑡 = 𝜒𝜎𝜉𝜎 + 𝜇

Δ′(𝜒𝜎)
𝑛

∑
𝑘=1

𝑤𝜎𝑘𝑄𝑘(𝑡, 𝑥1, … , 𝑥𝑛, 𝐷𝑥1, … , 𝐷𝑥𝑛, 𝜃1, … , 𝜃𝑞),

𝑑𝑎ℎ
𝑑𝑡 = 𝜀ℎ𝑎ℎ+2𝜇 Re [ 𝑒−𝑖𝑢ℎ

Δ′(𝜀ℎ + 𝑖𝜔ℎ)
𝑛

∑
𝑘=1

𝑊𝑠′+ℎ,𝑘𝑄𝑘(𝑡, 𝑥1, … , 𝑥𝑛, 𝐷𝑥1, … , 𝐷𝑥𝑛, 𝜃1, … , 𝜃𝑞)] ,

(4)

𝑑𝑢ℎ
𝑑𝑡 = 𝜔ℎ + 2

𝑎ℎ
𝜇× (4)

× Im [ 𝑒−𝑖𝑢ℎ

Δ′(𝜀ℎ + 𝑖𝜔ℎ)
𝑛

∑
𝑘=1

𝑊𝑠′+ℎ,𝑘𝑄𝑘(𝑡, 𝑥1, … , 𝑥𝑛, 𝐷𝑥1, … , 𝐷𝑥𝑛, 𝜃1, … , 𝜃𝑞)]

(𝜎 = 1, … , 𝑠′; ℎ = 1, … , 𝑠″).

The procedure for finding the quantities 𝑣𝑗𝜎, 𝑁𝑗ℎ, 𝛾𝑗ℎ, 𝔴𝜎𝑘, 𝑊𝑠′+ℎ,𝑘, entering
formulas (3) and equations (4), is given in the paper (2). The variables
𝑥1, … , 𝑥𝑛, 𝐷𝑥1, … , 𝐷𝑥𝑛 in equations (4) are assumed to have been replaced by
their expressions (3).

With the aid of the relations

𝜉𝜎 = 𝜉0𝜎𝑒𝜘𝜎𝑡, 𝑎ℎ = 𝑎0ℎ𝑒𝜀ℎ𝑡 (5)

we introduce the new variables 𝜉0𝜎 and 𝑎0ℎ. Passing in equations (4) to the
variables 𝜉0𝜎, 𝑎0ℎ, we obtain
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𝑑𝜉0𝜎
𝑑𝑡 = 𝜇Φ𝜎(𝜉0, 𝑎0, 𝑢, 𝜃),

𝑑𝑎0ℎ
𝑑𝑡 = 𝜇Φ(1)

𝑠′+ℎ(𝜉0, 𝑎0, 𝑢, 𝜃), (6)

𝑑𝑢ℎ
𝑑𝑡 = 𝜔ℎ + 𝜇Φ(2)

𝑠′+ℎ(𝜉0, 𝑎0, 𝑢, 0).

In equations (6) the following notation is used:

Φ𝜎(𝜉0, 𝑎0, 𝑢, 𝜃) =

= lim
𝑇 →∞

1
𝑇 ∫

𝑇

0

𝑒−𝜘𝜎𝑡

Δ′(𝜘𝜎)
𝑛

∑
𝑘=1

𝔴𝜎𝑘𝑄𝑘(𝑡, 𝑥1, … , 𝑥𝑛, 𝐷𝑥1, … , 𝐷𝑥𝑛, 𝜃1, … , 𝜃𝑞) 𝑑𝑡, (7)

Φ(1)
𝑠′+ℎ(𝜉0, 𝑎0, 𝑢, 𝜃) = 2 Re Φ𝑠′+ℎ, Φ(2)

𝑠′+ℎ(𝜉0, 𝑎0, 𝑢, 𝜃) = 2
𝑎ℎ

Im Φ𝑠′+ℎ,

where

Φ𝑠′+ℎ = lim
𝑇 →∞

1
𝑇 ∫

𝑇

0

𝑒−𝜀ℎ𝑡−𝑖𝑢ℎ

Δ′(𝜀ℎ + 𝑖𝜔ℎ)
𝑛

∑
𝑘=1

𝑊𝑠′+ℎ,𝑘 × (8)

×𝑄𝑘(𝑡, 𝑥1, … , 𝑥𝑛, 𝐷𝑥1, … , 𝐷𝑥𝑛, 𝜃1, … , 𝜃𝑞) 𝑑𝑡,

and by 𝜉0, 𝑎0, 𝑢, 𝜔, 𝜃 is denoted the collection of quantities 𝜉01, … , 𝜉0𝑠′ ; 𝑎01, … , 𝑎0𝑠″ ; 𝑢1, … , 𝑢𝑠″ ; 𝜔1, … , 𝜔𝑠″ ; 𝜃1, … , 𝜃𝑞.
Here in the expressions (7), (8) the integration is performed with respect to the
explicitly contained time 𝑡.
We proceed to finding approximate solutions of the system of equations (6) in the
resonance case, when the frequencies 𝜔1, … , 𝜔𝑠″ , 𝛼1, … , 𝛼𝑞 satisfy the condition

𝑘1𝜔1 + ⋯ + 𝑘𝑠″𝜔𝑠″ + 𝑙1𝛼1 + ⋯ + 𝑙𝑞𝛼𝑞 = 0, (9)

where 𝑘1, … , 𝑘𝑠″ , 𝑙1, … , 𝑙𝑞 are integers.

Let the functions Φ𝜎(𝜉0, 𝑎0, 𝑢, 𝜃), Φ(𝜈)
𝑠′+ℎ(𝜉0, 𝑎0, 𝑢, 𝜃) (𝜈 = 1, 2) be sums of the

form

Φ𝜎(𝜉0, 𝑎0, 𝑢, 𝜃) =
′

∑ Φ𝜎,𝑘,𝑙(𝜉0, 𝑎0)𝑒𝑖(𝑘𝑢+𝑙𝜃), (10)
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Φ(𝜈)
𝑠′+ℎ(𝜉0, 𝑎0, 𝑢, 𝜃) =

′
∑ Φ(𝜈)

𝑠′+ℎ,𝑘,𝑙(𝜉0, 𝑎0)𝑒𝑖(𝑘𝑢+𝑙𝜃)

(𝜎 = 1, … , 𝑠′; ℎ = 1, … , 𝑠″; 𝜈 = 1, 2),

where

Φ𝜎,𝑘,𝑙(𝜉0, 𝑎0) = 1
(2𝜋)𝑠″+𝑞 ∫

𝜋

−𝜋
∫

𝜋

−𝜋
Φ𝜎(𝜉0, 𝑎0, 𝑢, 𝜃)𝑒−𝑖(𝑘𝑢+𝑙𝜃) 𝑑𝑢 𝑑𝜃; (11)

Φ(𝜈)
𝑠′+ℎ(𝜉0, 𝑎0) = 1

(2𝜋)𝑠″+𝑞 ∫
𝜋

−𝜋
∫

𝜋

−𝜋
Φ(𝜈)

𝑠′+ℎ(𝜉0, 𝑎0, 𝑢, 𝜃)𝑒−𝑖(𝑘𝑢+𝑙𝜃) 𝑑𝑢 𝑑𝜃. (11)

In expressions (10), (11), for brevity of notation the letters 𝑘, 𝑙 denote, re-
spectively, the collections of quantities 𝑘1, … , 𝑘𝑠″ , 𝑙1, … , 𝑙𝑞, and the prime on
the summation sign indicates that the summation extends over those values
𝑘1, … , 𝑘𝑠″ , 𝑙1, … , 𝑙𝑞 which satisfy condition (9).

Let us introduce into consideration the functions

𝐹𝜎(𝜉0, 𝑎0, 𝑢, 𝜃) = ∑ exp 𝑖(𝑘𝑢 + 𝑙𝜃)
𝑖(𝑘𝜔 + 𝑙𝛼) Φ𝜎,𝑘,𝑙(𝜉0, 𝑎0),

𝐹 (𝜈)
𝑠′+ℎ(𝜉0, 𝑎0, 𝑢, 𝜃) = ∑ exp 𝑖(𝑘𝑢 + 𝑙𝜃)

𝑖(𝑘𝜔 + 𝑙𝛼) Φ(𝜈)
𝑠′+ℎ,𝑘,𝑙(𝜉0, 𝑎0).

(12)

In formulas (12) the summation extends over those numbers 𝑘1, … , 𝑘𝑠″ , 𝑙1, … , 𝑙𝑞
which do not satisfy condition (9). For the functions 𝐹𝜎(𝜉0, 𝑎0, 𝑢, 𝜃),
𝐹 (𝜈)

𝑠′+ℎ(𝜉0, 𝑎0, 𝑢, 𝜃) the identities

𝜔𝜕𝐹𝜎
𝜕𝑢 + 𝛼𝜕𝐹𝜎

𝜕𝜃 = Φ𝜎(𝜉0, 𝑎0, 𝑢, 𝜃) −
′

∑ Φ𝜎,𝑘,𝑙(𝜉0, 𝑎0)𝑒𝑖(𝑘𝑢+𝑙𝜃),

𝜔𝜕𝐹 (𝜈)
𝑠′+ℎ

𝜕𝑢 + 𝛼𝜕𝐹 (𝜈)
𝑠′+ℎ

𝜕𝜃 = Φ(𝜈)
𝑠′+ℎ(𝜉0, 𝑎0, 𝑢, 𝜃) −

′
∑ Φ(𝜈)

𝑠′+ℎ,𝑘,𝑙(𝜉0, 𝑎0)𝑒𝑖(𝑘𝑢+𝑙𝜃)
(13)

hold.

With the aid of the relations

𝜉0𝜎 = 𝜉10𝜎 + 𝜇𝐹𝜎(𝜉10, 𝑎10, 𝑢10, 𝜃),
𝑎0𝜎 = 𝑎10𝜎 + 𝜇𝐹 (1)

𝑠′+ℎ(𝜉10, 𝑎10, 𝑢10, 𝜃),
𝑢ℎ = 𝑢10ℎ + 𝜇𝐹 (2)

𝑠′+ℎ(𝜉10, 𝑎10, 𝑢10, 𝜃),
(14)
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where 𝐹𝜎(𝜉10, 𝑎10, 𝑢10, 𝜃), 𝐹 (𝜈)
𝑠′+ℎ(𝜉10, 𝑎10, 𝑢10, 𝜃) are periodic functions with pe-

riod 2𝜋 in the variables 𝑢101, … , 𝑢10𝑠″ , 𝜃1, … , 𝜃𝑞, we introduce certain functions
of time 𝜉101, … , 𝜉10𝑠′ , 𝑎101, … , 𝑎10𝑠″ , 𝑢101, … , 𝑢10𝑠″ , which must be determined
from a system of differential equations. Substituting (14) into (6) and taking
into account condition (9) and identities (13), we obtain

𝑑𝜉10𝜎
𝑑𝑡 = 𝜇

′
∑ Φ𝜎,𝑘1,…,𝑘𝑠″ ,𝑙1,…,𝑙𝑞

(𝜉101, … , 𝜉10𝑠′ , 𝑎101, … , 𝑎10𝑠″)
× exp 𝑖(𝑘1𝜓101 + ⋯ + 𝑘𝑠″𝜓10𝑠″),

𝑑𝑎10ℎ
𝑑𝑡 = 𝜇

′
∑ Φ(1)

𝑠′+ℎ,𝑘1,…,𝑘𝑠″ ,𝑙1,…,𝑙𝑞
(𝜉101, … , 𝜉10𝑠′ , 𝑎101, … , 𝑎10𝑠″)

× exp 𝑖(𝑘1𝜓101 + ⋯ + 𝑘𝑠″𝜓10𝑠″),
𝑑𝑢10ℎ

𝑑𝑡 = 𝜇
′

∑ Φ(2)
𝑠′+ℎ,𝑘1,…,𝑘𝑠″ ,𝑙1,…,𝑙𝑞

(𝜉101, … , 𝜉10𝑠′ , 𝑎101, … , 𝑎10𝑠″)
× exp 𝑖(𝑘1𝜓101 + ⋯ + 𝑘𝑠″𝜓10𝑠″),

(15)

where

𝜓10ℎ = 𝑢10ℎ − 𝜔ℎ𝑡.

In formulas (15) the summation extends over values 𝑘1, … , 𝑘𝑠″ , 𝑙1, … , 𝑙𝑞 satisfy-
ing condition (9). Returning, with the aid of the first formula (3), to the former
variables 𝑥1, … , 𝑥𝑛, we obtain, in the first approximation, the solution of the
system of equations (1)

𝑥𝑗(𝑡) =
𝑠′

∑
𝜎=1

𝑣𝑗𝜎𝜉10𝜎 +
𝑠″

∑
ℎ=1

𝑁𝑗ℎ𝑎10ℎ cos(𝑢10ℎ + 𝛾𝑗ℎ). (16)
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