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MATHEMATICAL PHYSICS
T. A. TIBILOV

AN ASYMPTOTIC METHOD FOR INVESTI-
GATING TRANSIENT PROCESSES IN NON-
LINEAR OSCILLATORY SYSTEMS

(Presented by Academician N. N. Bogolyubov on 28 V 1963)

We consider a system of nonlinear differential equations

Z(ajkD2 +b;,D + cjk) Xy, = ,qu(t,@l, wesO, 09, .z, D2y, ..., Dx,)
k=1

(j=1,...,n), (1)
where D is the differential operator d/dt; x; are unknown functions of time
t; aj, by, ¢y, are given comstants; Q;(t,0q,...,0,,, 7, ...,7,, Dry, ..., Dz,)

are known functions of their arguments and, moreover, periodic functions of
01, ..., 0, with period 2m, with D8, =, (¢ = 1,...,m); p is a small parameter.

We seek a manifold of particular solutions of the system of differential equations
(1) describing a transient process in a nonlinear oscillatory system with many
degrees of freedom. A mathematical justification of the method for solving
system (1) set forth here is given in (1).

Let the characteristic equation

have s’ real roots x, (0 = 1,...,s) and s” pairs of complex-conjugate roots
€h =+ iwh (h = 1, ceey S”).

We introduce the following assumptions: a) the determinant A(D) has only
simple roots; b) the determinant of the coefficients of the highest derivatives
in (1) is nonzero; c) all fractions Fj;(D)/A(D), where F (D) is the algebraic
complement of the element ajkDQ + b, D + cjj, in A(D), are proper.

Under these assumptions it is possible to transform system (1) to normal coor-
dinates (?).
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The transformation formulas have the form

T, = ngof +Z nap cos(up + Y1),

s/ s//
Dz; = Z VigXobo T Z Npap{ey cos(uy, + ;) — wy, sin(uy, + ;) }
o=1 h=

(J=1..,n). 3)

Here ¢, ay,, u;, are new variables (normal coordinates), satisfying the equations

¢,
dt

Xo’g + Zw ka t xl?"'a‘rnvalv"‘,Dxnvglv'”aeq)a

da
cTth = epa,+21 Re

x Im

e iun
A’ e T i) Z s n k@t Ty, s, Dy, o, Dy 0y 79(1)1

(c=1,....,8; h=1,...,58").

The procedure for finding the quantities vj,, Njp,¥jps 055 Wi, i, entering

jor tYj
formulas (3) and equations (4), is given in the paper (?). The variables
Xyy .oy Ty, Dxy, ..., Dz, in equations (4) are assumed to have been replaced by

their expressions (3).

With the aid of the relations

go = £006%0t7 ap = aOhesht (5)

we introduce the new variables &,, and ag,. Passing in equations (4) to the
variables &, ag,, We obtain
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ngU
dt

= M(I)cr(gOvaOvuv 0)7

daOh
dt

= p®@{, (9 a0, u, ), (©)

duh

2
= e+ ) (€. a0, . 0).

In equations (6) the following notation is used:

(I)g<£0, Qg, U, 9) =

1 7 e
= lim — Zmaka (t, 29,y 2y, Dq,y ooy Dy 04,00,0,) dt, (7)

2
o\ (€9,a0,u,0) =2Re @, ,,,  ®0) (&, a0,u,0) = —Imq)q s

where
—aht iUy, n
q) ’ = lim — W ’ X 8
+h T—oo A €h + Z(Uh) Z +hok ( )
XQy(t,x1, .2, Dy, Dy, 04,00, 0,) dt,
and by &, ag, u, w, 6 is denoted the collection of quantities &y, ..., {psr; o1y -+ > Qpgr; Uy, --

Here in the expressions (7), (8) the integration is performed with respect to the
explicitly contained time t.

We proceed to finding approximate solutions of the system of equations (6) in the

resonance case, when the frequencies wy, ..., wsr, ay, ..., o, satisty the condition
kywy + 4 kgpwer +liog + -+ 1,0, =0, (9)
where ky,..., ko, ly,..., 1, are integers.

Let the functions ®_(&,,aq,u,0), ® 7+h(§0,a0,u 0) (v = 1,2) be sums of the
form

P, (&0, ag, u, 0) Z(I)okl Egs ag)e’ T, (10)
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(v
(I)s/z_h(foaaoau ‘9 Zq)g "hok,l 607 ) i(ku+if)

where

1 T )
‘I’a,k,z(fmao)zm/ / D_ (&, ag,u, 0)e Fut0) 4y dg, (11)

@i?lh(£07a0) S +q/ [ /+h 6070407'“ 9) —i(ku+16) dud9 (11)

In expressions (10), (11), for brevity of notation the letters k,l denote, re-
spectively, the collections of quantities ky,..., ks, l;,...,1,, and the prime on
the summation sign indicates that the summation extends over those values

Ky, ..o skgrily, ..., 1, which satisfy condition (9).

Let us introduce into consideration the functions

expi(ku + 10
Fcr(gOa Ao, U,&) = Z W (I)J,k,l(gmao)?

(12)
) _ expi(ku+10) _ ()
E@’+h(§0)a05u?9)_zm e+hkl(§0aa0)
In formulas (12) the summation extends over those numbers &y, ..., ko, 1y, ..., 1,

which do not satisfy condition (9). For the functions F_(&,aq,u,0),
F(ﬂh(&), ag, u, 0) the identities

S

OF, OF, "
Y ta a0 ®,(&o, ag, u,0) — Z(bakl Egy ag)e’ ),
aF(V) aF(V)
s’+h "+h (v) u+10
w 8u+ +o 59 = P15 (os ags u, 0) Z(I)S Ve (8000 ag)e’ Pt

(13)

hold.
With the aid of the relations

0o = 100 T HE, (€105 10, U109, 0),
(g, = G105 + HF +h(§10’ a9, U1g, 0), (14)

Up = Ugop + UF£ 1 (6105 @105 U190, 0),
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where F_ (&0, @19, U109, 9), Eglh@lo,am,ulo,@) are periodic functions with pe-
riod 27 in the variables uygy, ..., u1g47, 0y, ..., 0, we introduce certain functions
of time & g1, €108 @115 -+ > @10s7 s 1015 -+ » Y10s7, Which must be determined
from a system of differential equations. Substituting (14) into (6) and taking

into account condition (9) and identities (13), we obtain

3N -
dt S =p Z ‘I)a,kl,.”,ksx/,ll,.“,lq (1015 - €108 A1015 - 5 Q1057 )
x expi(kyt191 + -+ kg Pigs7),

dayop, - (1)
0k — B sttt (€101 s 1003 Q101505 Q1007 (15)
x expi(kytygp + - + kgribyogn),
duwh
dt /‘Z(I) )+i kl,...Jcs/,,ll,‘..,zq(floh 3 &10575 Q1015 - 5 Q1057
x expi(kythyor + -+ kothyogr),
where
Yron = Uion — Wpt-
In formulas (15) the summation extends over values ky, ..., kg, 1y, ..., [, satisfy-
ing condition (9). Returning, with the aid of the first formula (3), to the former
variables x4, ...,x,, we obtain, in the first approximation, the solution of the

system of equations (1)

Z V0€100 + Z jh@10n €OS(Uyop + Vjn)- (16)
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