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Abstract
Full Text
PHYSICS

LIU I-CHENG, I. T. TODOROV
INTEGRAL REPRESENTATION OF THE VERTEX
PART IN PERTURBATION THEORY
(Presented by Academician N. N. Bogoliubov, August 14, 1962)

1. In papers (1,2) it was shown that the diagram 𝐷, shown in Fig. 1, ma-
jorizes all strongly connected diagrams of the nucleon-photon vertex part*
(the dashed lines in Fig. 1 are 𝜋-meson lines, with mass 𝑚; the solid line
is a nucleon line, with mass 𝑀 ; all vertices are external). This means that
in the space of Euclidean external momenta, in the region 𝐺𝐸 in which
the quadratic form of the diagram 𝐷 is less than zero,

𝑄𝐷(𝛼, 𝑝2) = 𝛼2𝛼3𝑝2
1 + 𝛼1𝛼3𝑝2

2 + 𝛼1𝛼2𝑝2
3

𝛼1 + 𝛼2 + 𝛼3
− (𝛼1 + 𝛼2)𝑚2 − 𝛼3𝑀2 < 0 (1)

for all 𝛼𝜈 ⩾ 0, not simultaneously equal to zero, the quadratic form 𝑄 of any
strongly connected diagram of the vertex part is negative.

Fig. 1

This result will be used in the present note for two purposes: 1) to find a certain
region in the space of the complex variables

𝑧1 = 𝑝2
1, 𝑧2 = 𝑝2

2, 𝑧3 = 𝑝2
3, (2)

in which the contribution of any strongly connected diagram of the vertex part
is analytic; 2) to derive an integral representation for an arbitrary diagram
which completely reflects the established analytic properties of the vertex part**.
From these results there follows a spectral representation of the vertex part in
two variables (of the type proposed in (3)), as well as the usual one-dimensional
dispersion relations in any order of perturbation theory.

In Sec. 4 an integral representation is given for the nucleon–nucleon scatter-
ing amplitude, the derivation of which is analogous to the derivation of the
representation of the vertex part.
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2. We shall prove the analyticity of the vertex part in the complex region
𝐺 in three stages. First we define the Euclidean region 𝐺𝐸 in which the
form 𝑄(𝛼, 𝑧) of any diagram of the vertex part is negative; then we find
a region 𝐺 ⊃ 𝐺𝐸, consisting of all real 𝑧 (2) for which 𝑄(𝛼, 𝑧) < 0, and,
finally, we define the complex neighborhood 𝐺 of the region 𝐺, in which
the contribution of an arbitrary diagram is analytic.

The Euclidean region 𝐸 in the space (𝑧1, 𝑧2, 𝑧3) consists of real points 𝑧 satisfying
the inequalities

𝐸 ∶ 𝑧𝑖 ⩾ 0, 𝑧2
1 + 𝑧2

2 + 𝑧2
3 ⩽ 2(𝑧1𝑧2 + 𝑧1𝑧3 + 𝑧2𝑧3) (3)

(when the inequalities (3) are fulfilled, the linear hull of the vectors 𝑝, connected
—

* As usual, the class of diagrams considered is that whose internal lines corre-
spond to strongly interacting particles. The electromagnetic interaction is taken
into account only in first order of perturbation theory (vertex 3 is the only elec-
tromagnetic vertex of diagram 𝐷). Everywhere below we shall speak of strongly
connected diagrams which do not fall apart into two parts after cutting any one
internal line.

** A representation of this type was proposed by Nakanishi (4).

obtained from 𝑧 by means of (2), is a Euclidean space). In the region 𝐸, accord-
ing to the result of papers (1,2) formulated above, it is sufficient to investigate
the third-order diagram 𝐷. This diagram has been well studied (5). The region
𝐺𝐷 in which the form (1) is negative is most simply written in the variables 𝜉
(to preserve the symmetry of the notation, we denote the mass of line 𝜈 of the
diagram 𝐷 by 𝑚𝜈; in the case under consideration 𝑚1 = 𝑚2 = 𝑚, 𝑚3 = 𝑀):

𝜉1 = 𝑚2
2 + 𝑚2

3 − 𝑧1
2𝑚2𝑚3

, 𝜉2 = 𝑚2
1 + 𝑚2

3 − 𝑧2
2𝑚1𝑚3

, 𝜉3 = 𝑚2
1 + 𝑚2

2 − 𝑧3
2𝑚1𝑚2

. (4)

In the variables 𝜉, the region 𝐺𝐷 is specified by the inequalities (5)

𝐺𝐷 {
𝜉𝑖 > −1 (i.e. 𝑧𝑖 < (𝑚𝑗 + 𝑚𝑘)2), 𝑖 = 1, 2, 3;
if 𝜉𝑖 + 𝜉𝑗 < 0, then 𝜉𝑘 > 𝜉𝑖𝜉𝑗 − √(1 − 𝜉2

𝑖 )(1 − 𝜉2
𝑗 ), (5)

where (𝑖, 𝑗, 𝑘) is any permutation of the numbers (1, 2, 3).
The Euclidean region of analyticity is determined by the equality 𝐺𝐸 = 𝐺𝐷 ∩𝐸.
For what follows it is essential that (as is not hard to verify) the boundary of the
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region 𝐺𝐸 contains the entire “curvilinear”part of the boundary of the region
𝐺𝐷, i.e. that part of the surface

𝜉2
1 + 𝜉2

2 + 𝜉2
3 − 2𝜉1𝜉2𝜉3 = 1, (6)

which is given by the parametric equations

𝜉𝑙 = cos 𝜃𝑙, 𝑙 = 1, 2, 3; 𝜃𝑘 = 𝜃𝑖 + 𝜃𝑗 for 𝜃𝑖 + 𝜃𝑗 > 𝜋 (0 < 𝜃𝑙 < 𝜋). (7)

To find the maximal real region of analyticity 𝐺, we note that the quadratic
form 𝑄 of any vertex-part diagram can be written in the form

𝑄(𝛼, 𝑧) = 𝐴1(𝛼)𝑧1 + 𝐴2(𝛼)𝑧2 + 𝐴3(𝛼)𝑧3 −
𝑙

∑
𝜈=1

𝛼𝜈𝑚2
𝜈, (8)

where 𝐴𝑖(𝛼) ≥ 0 are homogeneous functions of first degree with respect to 𝛼
(see, for example, (4), § 6, IV). From the nonnegativity of the coefficients 𝐴𝑖(𝛼)
it follows that if 𝑄(𝛼, 𝑧0) < 0 for some 𝑧0, then 𝑄(𝛼, 𝑧) < 0 for all 𝑧 ≤ 𝑧0

(i.e. 𝑧𝑖 ≤ 𝑧0
𝑖 , 𝑖 = 1, 2, 3). Thus we are convinced that the region 𝐺 = 𝐺𝐷.

Finally, a complex region of analyticity 𝐺 ⊃ 𝐺 can be found by means of
the device used by Vu (6) in the study of the scattering amplitude of scalar
particles with equal mass. From the linearity of the form 𝑄 (8) with respect to
𝑧 it follows that 𝑄(𝛼, 𝑧) ≠ 0 (for all nonnegative 𝛼, not all simultaneously zero)
at the complex point 𝑧 = 𝑥 + 𝑖𝑦 = (𝑥1 + 𝑖𝑦1, 𝑥2 + 𝑖𝑦2, 𝑥3 + 𝑖𝑦3), if there exists
a real number 𝜆 such that the point 𝑥 + 𝜆𝑦 ∈ 𝐺. We define 𝐺 as the set of
complex vectors 𝑧 for which there exists a 𝜆 with the properties just listed.*

3. Let each line of the diagram correspond to the scalar propagation func-
tion** (𝑘2

𝜈 −𝑚2
𝜈 +𝑖0)−1, and let 2𝑛 > 𝑙+2, where 𝑙 is the number of internal

lines and 𝑛 is the number of vertices of the diagram. The contribution of
any strongly connected vertex-part diagram of this type is proportional to
a func-

* If complex vectors 𝑧 = 𝑥 + 𝑖𝑦 are represented as applied vectors in a three-
dimensional real space, with origin at the point 𝑥 and endpoint at the point 𝑥+𝑦,
and to each such vector there is assigned the straight line passing through it, then
the region 𝐺 can be characterized geometrically as the set of vectors to which
there correspond straight lines intersecting 𝐺 (J. Bros—private communication).

** All the arguments and results of this section are easily generalized to the case
where certain lines of the diagram correspond to spinor or vector particles. One
of the possible methods of such a generalization is described in (4) (§§ 3 and 4).

tion (see (4,7))
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𝐹(𝑧) = ∫
1

0
⋯ ∫

1

0
𝐷−2(𝛼)

𝛿 (1 − ∑𝑙
𝜈=1 𝛼𝜈) ∏𝑙

𝜈=1 𝑑𝛼𝜈

[𝑄(𝛼, 𝑧) + 𝑖𝑄]2𝑛−𝑙−2 , (9)

where 𝐷(𝛼) is a homogeneous function of degree 𝑙 − 𝑛 + 1 in 𝛼, positive for
𝛼𝜈 > 0, and 𝑄 is given by an expression of type (8). From (9), by the change
of variables (4)

𝜂𝑖 = [𝐴1(𝛼) + 𝐴2(𝛼) + 𝐴3(𝛼)]−1𝐴𝑖(𝛼), 𝑖 = 1, 2, 3;

𝜌 = [
3

∑
𝑖=1

𝐴𝑖(𝛼)]
−1 𝑙

∑
𝜈=1

𝛼𝜈𝑚2
𝜈 (10)

and by (2𝑙−𝑛−3)-fold integration by parts with respect to 𝜌, we obtain the fol-
lowing integral representation for any strongly connected vertex-part diagram:

𝐹(𝑧) = ∫
1

0
∫

1

0
∫

1

0
𝑑𝜂1 𝑑𝜂2 𝑑𝜂3 ∫

∞

𝜌0(𝜂)
𝑑𝜌 𝑓(𝜂, 𝜌)

𝜂𝑧 − 𝜌 + 𝑖𝜃 𝛿(1 − 𝜂1 − 𝜂2 − 𝜂3), (11)

where

𝜌0(𝜂) = max
𝑧∈𝐺

𝜂𝑧, 𝜂𝑧 = 𝜂1𝑧1 + 𝜂2𝑧2 + 𝜂3𝑧3, (12)

and 𝑓(𝜂, 𝜌) is a certain generalized function (the integral (11) should be un-
derstood as the limit, as 𝜀 → +0, of integrals over the whole space of vari-
ables 𝜂 and 𝜌 of the same integrand multiplied by an infinitely smooth function
𝜑𝜀(𝜂, 𝜌), equal to 1 in the domain of integration (11) and vanishing outside an
𝜀-neighborhood of this domain). The maximum (12) can be calculated explicitly
if one observes that it is attained on a part of the boundary of the domain 𝐺𝐸,
specified by the parametric equations (7). It is equal to

𝜌0(𝜂) = Φ(𝜂)
3

∑
𝑖=1

𝑚2
𝑖

𝜂𝑖
≡ 𝜌(𝜂), if ∣𝑚1

𝜂1
− 𝑚2

𝜂2
∣ ≤ 𝑚3

𝜂3
≤ 𝑚1

𝜂1
+ 𝑚2

𝜂2
; (13�)

𝜌0(𝜂) = 𝜂1(𝑚2 + 𝑚3)2 + 𝜂2(𝑚1 + 𝑚3)2 + 𝜂3(𝑚1 − 𝑚2)2, if 𝑚3
𝜂3

> 𝑚1
𝜂1

+ 𝑚2
𝜂2

;
(13�)
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𝜌0(𝜂) = 𝜂1(𝑚2 + 𝑚3)2 + 𝜂2(𝑚1 − 𝑚3)2 + 𝜂3(𝑚1 + 𝑚2)2, if 𝑚2
𝜂2

> 𝑚1
𝜂1

+ 𝑚3
𝜂3

;
(13�)

𝜌0(𝜂) = 𝜂1(𝑚2 − 𝑚3)2 + 𝜂2(𝑚1 + 𝑚3)2 + 𝜂3(𝑚1 + 𝑚2)2, if 𝑚3
𝜂3

> 𝑚1
𝜂1

+ 𝑚2
𝜂2

;
(13�)

here (as also in Sec. 2) 𝑚1 = 𝑚2 = 𝑚, 𝑚3 = 𝑀 , and the function Φ(𝜂) is equal
to

Φ(𝜂) = 𝜂1𝜂2 + 𝜂1𝜂3 + 𝜂2𝜂3. (14)

In the special case of the diagram 𝐷 (Fig. 1), it is not difficult to find the
explicit form of the weight function 𝑓(𝜂, 𝜌) in the representation (11): 𝑓𝐷(𝜂, 𝜌) =
Φ−1(𝜂)𝛿(𝜌 − 𝜌(𝜂)) (𝜌(𝜂) is specified by formula (13�)).

The representation (11), with (13) taken into account, is a certain refinement of
the representation found by Nakanishi (4) (in (4) the exact value of 𝜌0(𝜂) is not
determined). The kernel of this representation, (𝜂𝑧 − 𝜌)−1, gives an example of
a three-parameter family of functions analytic in 𝐺, with parameters 𝜌 and 𝜂
from the domain of integration in (11), such that for every point of the boundary
𝜕𝐺 of the domain 𝐺 one can find a certain function of this family,

having a singularity at this point.* Hence, in particular, it follows that the
domain 𝐺 is the natural domain of holomorphy in the space of the three complex
variables (2). From (11), by the change of variables

𝜂1 = 𝜆𝜉, 𝜂2 = 𝜆(1 − 𝜉), 𝜌 = 𝜆𝛾 + (1 − 𝜆)𝑧3 (15)

and by integration with respect to 𝜆 and 𝜂3, we obtain the integral representation
of the vertex part as a function of two variables 𝑧1 and 𝑧2 (with 𝑧3 fixed), derived
by Deser et al. (3) on the basis of an incorrect Dyson representation for the double
commutator (see also (4)).

The usual one-dimensional dispersion relations can be obtained both from the
integral representation (11) and (more simply) directly, by applying Cauchy’s
theorem, starting from the domain of analyticity 𝐺 obtained in Sec. 2.

4. Starting from the results on majorization of scattering diagrams (8), one
can derive, analogously to Sec. 3, integral representations for scattering
amplitudes. We shall give the result of such an investigation for the case
of nucleon–nucleon scattering. In this case the domain 𝐺𝑁𝑁 , in which
𝑄 < 0 for all strongly connected diagrams of this process, is the triangle
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𝑠 = (𝑝1+𝑝2)2 < 4𝑀2, 𝑡 = (𝑝1+𝑝3)2 < 4𝑚2, 𝑢 = (𝑝2+𝑝3)2 < 4𝑚2 (16)

in the plane 𝑠 + 𝑡 + 𝑢 = 4𝑀2 (we take all external lines to be incoming). The
contribution of strongly connected diagrams to the nucleon–nucleon scattering
amplitude can be represented in the form**

𝑇 (𝑠, 𝑡) = ∫
1

0
𝑑𝛼 {∫

∞

4𝑚2
𝑑𝜌 𝑓1(𝛼, 𝜌)

𝛼𝑡 + (1 − 𝛼)𝑢 − 𝜌 + ∫
∞

𝜌0(𝛼)
𝑑𝜌 𝑓2(𝛼, 𝜌)

𝛼𝑠 + (1 − 𝛼)𝑢 − 𝜌+

+ 𝑓3(𝛼, 𝜌)
𝛼𝑠 + (1 − 𝛼)𝑡 − 𝜌} , (17)

where

𝜌0(𝛼) = 4[𝑀2𝛼 + 𝑚2(1 − 𝛼)]. (18)

To obtain (17), it is necessary to divide the region of integration with respect
to 𝛼 in the Feynman integral into parts, in each of which, among the three
(dependent) variables 𝑠, 𝑡, and 𝑢, there is a pair such that the coefficients of
these variables in the form 𝑄(𝛼, 𝜌) are nonnegative in the given part of the
integration region.***

In conclusion, the authors express their deep gratitude to A. A. Logunov for a
useful discussion of the present work.

United Institute
for Nuclear Research

Received
2 VIII 1962

REFERENCES
1 A. A. Logunov, A. N. Tavkhelidze et al., DAN, 135, 801 (1960).
2 A. A. Logunov, I. T. Todorov, N. A. Chernikov, Problems in the Theory
of Majorization of Feynman Diagrams. Preprint, Joint Institute for Nuclear
Research, D-578, Dubna, 1960.
3 S. Deser, W. Gilbert, E. Sudarshan, Phys. Rev., 115, 731 (1959).
4 N. Nakanishi, Suppl. Progr. Theor. Phys., No. 18, 1 (1961).
5 R. Karplus, Ch. Sommerfield, E. Wichmann, Phys. Rev., 111, 1187 (1958);
114, 376 (1959).

sovietrxiv.org/items/ru-196301.33401 Machine Translation

https://sovietrxiv.org/items/ru-196301.33401


6 T. T. Wu, Phys. Rev., 123, 678 (1961).
7 A. A. Logunov, I. T. Todorov, N. A. Chernikov, The Surface of Singular Points
of a Feynman Diagram. Preprint, Joint Institute for Nuclear Research, R-889,
Dubna, 1962.
8 A. A. Logunov, I. T. Todorov, N. A. Chernikov, ZhETF, 42, 1285 (1962).
9 N. Nakanishi, Progr. Theor. Phys., 26, 337 (1961).

* If 𝑧 = 𝑥 + 𝑖𝑦 ∈ 𝜕𝐺 and 𝑦 ≠ 0, then it is necessary to choose 𝜂 so that 𝜂𝑦 = 0
and 𝜂𝑥 = 𝜌(𝜂).
** A representation of this type was first obtained (by another method) by
Nakanishi (9).

*** The possibility of such a partition of the integration region was noted by D.
Ya. Petrina (private communication).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196301.33401 Machine Translation

https://sovietrxiv.org/items/ru-196301.33401

	Abstract
	Full Text
	LIU I-CHENG, I. T. TODOROV
	INTEGRAL REPRESENTATION OF THE VERTEX PART IN PERTURBATION THEORY
	REFERENCES


