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Abstract
Full Text

THEORY OF ELASTICITY

Corresponding Member of the USSR Academy of Sciences E. I. GRIGOLYUK,
P. P. CHULKOV

ON A GENERAL THEORY OF THREE-
LAYER SHELLS WITH LARGE DEFLECTION

In the article [1] a system of nonlinear equations for three-layer shells of non-
symmetric construction was proposed within the framework of the theory of
shallow shells, and the displacements of the middle surfaces of the load-bearing
layers along the lines of curvature and the deflection were adopted as the ba-
sic variables (the compressibility of the package as a whole was not taken into
account).

In [2] an analogous system is reduced to three equations in terms of the deflection
function, the stress function, and the shear function; in this case a lightweight
core was assumed and the intrinsic moments of the load-bearing layers were not
taken into account.

It is shown below that the general nonlinear equilibrium equations of shallow
three-layer shells of nonsymmetric construction with a rigid core and with al-
lowance for the intrinsic moments of the load-bearing layers can be represented
in the form of two equations in terms of the force function and the displacement
function; their structure is in many respects analogous to the structure of the
corresponding equations of single-layer shallow shells.

We formulate the assumptions and hypotheses on which the results of the work
are based. The total thickness of the package of the shell wall is constant and
negligibly small in comparison with its other dimensions. The load-bearing lay-
ers have constant, but different, thicknesses and are made of different isotropic
materials; for them the Kirchhoff-Love hypotheses are established. The mate-
rial of the core is transversely isotropic. Transverse compression of the core is
not taken into account. The tangential displacements of points of the core are
approximated by linear functions of the transverse coordinate. The strains are
assumed elastic.

1. As the reference surface we take the middle surface of the core, referred
to orthogonal coordinates z; (i = 1,2). The normal coordinate z > 0 if it
is measured in the direction of the outward normal, i.e., toward the first
load-bearing layer.

Let k;; (i,j = 1,2) denote the curvatures and torsion of the coordinate lines;
hy, hy, 2c the thicknesses of the first and second load-bearing layers and of the
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core, respectively; F, and v, (kK = 1,2,3) the Young’ s moduli and Poisson’
s ratios of the materials of the load-bearing layers and the core; G the shear
modulus of the core material for the planes x;2; w the normal displacements of
points of the shell; u;, (i = 1,2) the tangential displacements of points of the
reference surface; 2a; (i = 1,2) the absolute shear of the bonding planes of the
load-bearing layers and the core; d;; the Kronecker symbol.

On the basis of the adopted hypotheses, the tangential displacements of points
of the package are written as follows:

0
ui+ai—(zfc)—w, c<z<c+hy,

ox;
z
uf = ui—&—gai, —c<z<g, (1)
ow
w, —a;, —(z+¢)=—, —h,—c<z<—c.
7 7 ( )amiv 2 — —

The longitudinal strains and shear angles will be:

for the load-bearing layers

eh=c; Fa;+(zFo)xy (k=12 14,j=12); (2)
for the core
S —e i+ 3% 00 ) (3)
Cij = Cij T 7 %ijs €z = 7. oz, 1,7=1,2),
where
1 [0u; Ou; Ow Ow
=5 e e 2kt —— | 4
il T 5 [axj * Ox; + 2k Ox; Ox; )
o = L[0a; 99 __ 0w
92 0y 0wy )] Xij = Ox;0x;

According to Hooke’ s law, the stresses are equal to:

in the load-bearing layers

E
afj =1 7’“}/2 [(1 — Vk)efj + Vkekéij] , ek = ek +eb, (k=1,2); (5)
in the core
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;0
o7, = [(1 — 1/3)63~ + 1/3635”»] 5 0-7;33 =G (C;Z + a;”) ; 63 = 6:1))1‘1'6%2-
(6)

The equilibrium equations of a shell subjected to an external normal pressure ¢
have the form (1):

OH,  OH, .
Gt g =Q i=12) (7)

oTy; 0T, 0
or,  Ozy

2M 2M 2M 3 3 2
0 11+26 12“1‘8 22+6Q1+8Q2_2Ti3’

oz? dz, 01, 0z3 Oxy Oz,

where

c cthy -¢
— 3 1 2
H,; _/ olzdz+c l/ o3 dz—/ . o3 dz] , (8)
_c c —c—hgy

c+hy —c
— 1 2
Mij—/ Jij(z—c)dz—i—Z o5;(z+c)dz.

c—hy

The first four equations of system (7), within the accuracy of the initial as-
sumptions, are identically satisfied by introducing the stress function F' and the
displacement function x according to the formulas

0? 2wy
o= <5ijA B 5%‘8%> r v (1 B 5A> ©

0 2w,
a; = ~ o, (1 + A) cx- 9)

£

Expressing ¢,; in terms of F' and x, and using the strain compatibility equation,
we have
2w,

B

AAF — B (,ul — A) AAcy =
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92 52 52 0w O%w 9w ’
. 2y | 9 —9_- — T a2 a2 v O
= B(1-b°) lax% (kgw) 283718372 (ypw) + ox3 (k1) oz} dx} - (83718372) 1 '
(10)

The fifth equation of the system (7) gives

2

Aw 0°F
Be? (BA M) AAx — W(kn + X11)+
2

0*F 0*F
m(ku + X12) — WU%Q + X22) —q = 0. (11)
197 1

+2
Here

9> o _ Eyhy | Byhy | 2By
1—v?  1—-vi 1-—0v¥

N U
B(1—v2)’

\a — 2E5c
57 B(1—13)

2G h h
=25 = =52 b= w4 Ay + s,

4
wp =4M A+ A5 (g - )‘3> ) Wy = A3(Aqty + Agty) + 20 Mgt + 1),

1
w3 = g/\gp‘ltl(yl —v3) + Aaty(vg — vy) |+

4 2 4 2
+A1 A3 |:(V1 —v3) (gtl - §t2> + (V3 — 1) <§t2 - ghﬂ )

2

4 A
w=3 (Al/\Q + 33> (At + Apt3)+

4 tit
+§/\3 {(Altl — Aoto)? + 4N N, (t% — % + t%)] ; (12)

P = MA(2 1 + o) (Vg —vy) + A Ag(1+t9) (g — vy +
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FAA3(1 + 1) (vy — v3),
2 1
= AN A (1+ by + ) + 22 (§ —5As Mty + >\2t2) +

4
Jrg()\lt% + Apt3) — (At — Agty)?

If the thickness of the core greatly exceeds the thickness of each of the load-
bearing layers, then the intrinsic moments of the load-bearing layers may be
neglected; in this case equation (11) takes the form

0%F 2
Be?(wy + wy) AAy + 87%0611 +X11) — 2@(’%2 + X12)+
0*F
+—o—5 (kag + X22) +¢=0. (13)
Oxy

In addition, we note that the term

2wy

B (,ul —A 3 > AAcy,

appearing in equation (10), is in many cases negligibly small.

2. Equations (10)—(11), without any additions, are also suitable for not-too-
shallow shells of zero Gaussian curvature. For a shell with Gaussian cur-
vature different from zero, these equations are applicable if its stress state
is characterized by the influence of the edge effect.
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