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Abstract
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CYBERNETICS AND CONTROL THEORY
N. A. GORBOVITSKAYA

EQUIVALENT TRANSFORMATIONS OF AU-
TOMATA OF CERTAIN TYPES
(Presented by Academician P. S. Novikov on 22 II 1963)

1°. Let us first consider circuits made up of functional elements in an arbitrary
complete finite basis (1). A circuit 𝐵 is called a subcircuit of a circuit 𝐴 if all
elements and vertices of the circuit 𝐵 belong to 𝐴, and the poles of the circuit
𝐵 are all the poles of the circuit 𝐴 belonging to 𝐵 and all vertices at which the
circuit 𝐵 is connected with the remaining part of the circuit 𝐴.

Fig. 1

Let 𝐵 and 𝐶 be circuits between whose input poles (inputs), and also between
whose output poles (outputs), some one-to-one correspondence has been estab-
lished. The circuits 𝐵 and 𝐶 are called equivalent under the given correspon-
dence between their poles if they realize one and the same system of functions.
Let 𝐵 and 𝐶 be equivalent circuits and let 𝐵 be a subcircuit of a circuit 𝐴.
Replacing in 𝐴 the subcircuit 𝐵 by 𝐶, taking account of the correspondence be-
tween their poles, we obtain a circuit 𝐴′, equivalent to 𝐴. We shall say that the
pair of equivalent circuits 𝐵 and 𝐶 defines the following rule 𝐵 ↔ 𝐶 of equiv-
alent transformation of circuits: in any circuit containing the circuit 𝐵 as a
subcircuit, this subcircuit may be replaced by the circuit 𝐶, and conversely.

Theorem 1. For circuits made up of functional elements in an arbitrary com-
plete finite basis, there exists a finite system of rules in this basis such that any
two equivalent circuits can be transformed into one another by means of this
system of rules.

Such a system of rules includes three basic subsystems:

Subsystem I is determined by the rules for the corresponding formulas. For
example, let the basis consist of elements realizing conjunction, disjunction,
and negation. Then subsystem I is determined by a complete system of rules
for formulas composed of conjunctions, disjunctions, and negations.
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Thus, the rules for formulas

1) (𝑥&𝑦) ∨ 𝑧 = (𝑥 ∨ 𝑧)&(𝑦 ∨ 𝑧); 2) 𝑥&𝑦 = ̄𝑥 ∨ ̄𝑦

determine the rules for transforming the circuits in Fig. 1a and 1b.

Subsystem II consists of rules that discard“branches”not leading to the output
poles of the circuit (see the example in Fig. 1c).

Subsystem III makes it possible to carry out a“splitting”of the circuit so that the
circuit contains no vertices (with the exception of the input poles of the circuit)
to which several inputs of elements would be connected (see the example in Fig.
1�—for pole 3).

The system may also contain certain rules connected with the necessity of pre-
serving the number of poles.

Fig. 2

2∘. Let us now turn to the consideration of certain types of automata. These
automata are constructed from generalizations of“flip-flops”and certain logical
elements. Introduce the following operators on sequences 𝑋 = (𝑥𝑖

0, 𝑥𝑖
1, … , 𝑥𝑖

𝑡, …):
1. The operator of digitwise addition of two sequences modulo 2 (notation

𝑋1 + 𝑋2).

2. The shift operator 𝐷: if 𝑋 = (𝑥0, 𝑥1, 𝑥2, …), then

𝐷[𝑋] = (0, 𝑥0, 𝑥1, …);

the 𝑚-fold application of this operator will be denoted 𝐷𝑚[𝑋].
3. The operator 𝑍𝐾 of periodic summation: if 𝑋 = (𝑥0, 𝑥1, 𝑥2, …), then

𝑍𝐾[𝑋] = (𝑧0, 𝑧1, 𝑧2, …), where 𝑧𝑡 = 𝑥𝑡 + 𝑥𝑡−𝐾 + 𝑥𝑡−2𝐾 + ⋯ + 𝑥𝜏 , 𝜏 ≡ 𝑡
(mod 𝐾), 0 ≤ 𝜏 < 𝐾. For example,

𝑍3[𝑋] = (𝑥0, 𝑥1, 𝑥2, 𝑥3 + 𝑥0, 𝑥4 + 𝑥1, 𝑥5 + 𝑥2, 𝑥6 + 𝑥3 + 𝑥0, …).

For the operators under consideration the following relations hold:
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1. 𝑍2𝐾[𝑋] = 𝑍𝐾[𝑍𝐾][𝑋].
2. 𝑍𝐾[𝑋1 + 𝑋2] = 𝑍𝐾[𝑋1] + 𝑍𝐾[𝑋2].
3. 𝑍𝐾[𝐷[𝑋]] = 𝐷[𝑍𝐾[𝑋]].
4. 𝑍𝐾1

[𝑍𝐾2
[𝑋]] = 𝑍𝐾2

[𝑍𝐾1
[𝑋]].

5. 𝐷𝐾[𝑍𝐾[𝑋]] = 𝑋 + 𝑍𝐾[𝑋].
6. 𝑍𝐾[𝑋] = 𝑍𝑚𝐾[𝑋] + 𝐷𝐾[𝑍𝑚𝐾[𝑋]] + 𝐷2𝐾[𝑍𝑚𝐾[𝑋]] + ⋯

⋯ + 𝐷(𝑚−1)𝐾[𝑍𝑚𝐾[𝑋]], where 𝑚 ≥ 1.
7. 𝐷𝐾−1[𝑍𝐾[𝑋]] = 𝑍1[𝑋] + 𝑍𝐾[𝑋] + 𝐷[𝑍𝐾[𝑋]] + 𝐷2[𝑍𝐾[𝑋]] + ⋯

⋯ + 𝐷𝐾−2[𝑍𝐾[𝑋]].
8. 𝑍1[𝑍𝐾[𝑋]] = 𝑍1[𝑍1[𝑋]] + 𝐷[𝑍𝐾[𝑋]] + 𝐷3[𝑍𝐾[𝑋]] + ⋯ + 𝐷𝐾−2[𝑍𝐾[𝑋]],

(1)

where 𝐾 is odd, 𝐾 > 1.
Consider the elements that transform input sequences into output sequences:

1. An element realizing the operator of digitwise addition modulo 2 (Fig. 2,
I).

2. The identity element, whose output state coincides with the state of its
input at the same instant (Fig. 2, II).

3. A delay—an element realizing the shift operator (Fig. 2, III).

4. Elements realizing the constants 0 and 1 (Fig. 2, IV).

5. An element realizing the operator 𝑍𝐾 of periodic summation (Fig. 2, V).
This element can be represented in the form of a circuit with feedback (a
“loop”in (6)) from an element realizing the operator of addition modulo
2 and 𝐾 delays (Fig. 3). We shall call it a feedback element of order 𝐾,
or simply an element of order 𝐾.

The greatest odd divisor of the order of a feedback element will be called the
principal part of the order of this element. Elements for which the principal
parts of the orders coincide will be called of the same type. Elements without
feedback will be called elements of zero order. The collection of elements from
which circuits are built will be called a basis. We shall consider

bases consisting of elements 1–4 and of some set of elements of type 5.

We shall consider circuits1 in such bases. For these circuits, all the data in §1
concerning the definition of subcircuits and rules are preserved in full. Only
the definition of equivalence of circuits is somewhat changed: the requirement
that both circuits realize one and the same function is replaced by the require-
ment that the output sequences of both circuits coincide when identical input
sequences are applied.* Let us consider two special types of circuits.
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Fig. 3

Figure 2: Fig. 3

3°. A finite basis 𝑀 will be called an A-basis if: 1) the basis 𝑀 , together with
each element of order 𝐾 = 2𝑝𝐾

0 , where 𝐾0 is odd, contains all elements of orders
𝐾𝑞 = 2𝑞𝐾

0 , where 𝑞 = 0, 1, 2, … , 𝑝 − 1; 2) the main parts of any two nonidentical
elements of the basis 𝑀 are mutually prime; 3) the basis 𝑀 contains an element
of order 1.

Fig. 3

Lemma 1. For any A-basis 𝑀 there exists a finite system of rules, all circuits
of which are circuits in the basis 𝑀 , such that every chain consisting of two
consecutively connected elements of the basis 𝑀 of odd orders 𝐾1 and 𝐾2 can
be transformed, by means of these rules, into an equivalent circuit in which each
chain contains elements of only one order 𝐾 (and also, possibly, elements of
zero order).

Theorem 2. For any A-basis 𝑀 there exists a finite system of rules, all circuits
of which are circuits in the basis 𝑀 , such that any two equivalent circuits in this
basis can be transformed into one another by means of this system of rules.

This finite system of rules decomposes into 5 subsystems:

The I subsystem is defined by rules for formulas composed of variables and the
constants 0 and 1, joined by addition modulo 2, and by identity functions. For
example, the formula 𝑥 + 𝑥 = 0 defines the rule in Fig. 4a.

The II subsystem is defined by relations (1) (where relation 6 is not used). For
example, relation 5 defines the rule in Fig. 4b.

The III subsystem contains rules for absorption of the constant 0 by one-input
elements (see the example in Fig. 4c) and absorption of the identity element by
any other element (see the example in Fig. 4d).

The IV and V subsystems are analogous to the II and III subsystems of §1 (with
the output of the element realizing the constant 1 playing the role of the input
pole of the circuit).

This system of rules makes it possible to reduce any circuit to a “canonical
circuit,”i.e., to a“sum modulo 2”of chains, each of which contains elements of
only one order 𝐾 and no more than 𝐾 −2 delays, as well as chains of delays (the
number of delays in such chains is not bounded) and of the identity element. The
canonical circuit contains no graphically coincident chains, i.e., chains consisting
of one and the same number of identical elements issuing from one and the same
pole.

Any two equivalent circuits can be transformed into one another if they reduce
to one and the same canonical circuit. The proof of the uniqueness of the
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Fig. 4

Figure 3: Fig. 4

canonical circuit for equivalent circuits is based on Lemma 2.

Lemma 2. Let a canonical circuit be given, all chains of which contain elements
of some odd order 𝐾 > 1. If a sequence of ones is applied to the input of this
circuit, then the proper period 𝑝 of the output sequence will be a multiple of some
divisor of the number 𝐾.

* It is important to note that the circuits themselves do not contain“feedbacks.”

4°. We shall call a finite basis 𝑀 a 𝐵-basis if the basis 𝑀 contains an element
whose order is equal to the least common multiple of the orders of all elements
with feedback belonging to 𝑀 .

Theorem 3. For any 𝐵-basis 𝑀 there exists a finite system of rules, all circuits
of which are circuits in the basis 𝑀 , such that any two equivalent circuits in this
basis can be transformed into one another by means of this system of rules.*

Fig. 4

This system of rules differs from the system of rules of Theorem 2 only by the
rules of subsystem II (here relations 1, 7, and 8 are not used). These rules
make it possible to reduce any equivalent circuits to one and the same canonical
circuit, which is the “sum modulo 2”of chains containing elements of order 𝑁
(𝑁 is the common least multiple of all orders of the elements with feedback of
the basis 𝑀) and no more than 𝑁 − 1 delays, as well as chains consisting only
of delays (the number of delays in such chains is not bounded) and the identity
element.

Remark. If one does not require that all circuits in the rules be circuits in the
given basis 𝑀 , but permits the construction of circuits in the rules in a basis 𝑀 ′,
enlarged with respect to 𝑀 by only one element (for example, by an element
whose order is equal to the least common multiple of the orders of all elements
of the set 𝑀), then the following is true.

Theorem 4. For any finite basis 𝑀 there exists a finite system of rules in the
basis 𝑀 ′ such that any two equivalent circuits in the basis 𝑀 can be transformed
into one another by means of this system of rules.

I express my deep gratitude to O. B. Lupanov for his guidance.
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* An analogous result is valid for a finite basis 𝑀 ′ having the following properties:
1. together with each element of order 𝐾 = 2𝑝𝐾0, where 𝐾0 is odd, the basis
𝑀 ′ contains all elements of orders 𝐾𝑞 = 2𝑞𝐾0, where 𝑞 = 0, 1, 2, … , 𝑝−1. 2. For
the least common multiple 𝑁 of the principal parts of the orders of all elements
with feedback belonging to 𝑀 ′, the basis 𝑀 ′ contains an element of order 𝑁 .

Note: Figure translations are in progress. See original paper for figures.
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