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Abstract
Full Text

S. D. EIDELMAN

ON THE THEORY OF GENERAL BOUNDARY-
VALUE PROBLEMS FOR PARABOLIC SYS-
TEMS
(Presented by Academician I. N. Vekua on 17 IX 1962)

The note consists of two parts. In the first part a solution is given of the gen-
eral boundary-value problem for a half-space under substantially more general
assumptions on the solvability condition than in (1).

The general boundary-value problem in a half-space was studied by T. Ya.
Zagorskii (4). The results obtained by him differ from ours.

The second part of the note is devoted to the exposition of the results of an
investigation of boundary-value problems for systems with variable coefficients
and boundary conditions in the case of one spatial coordinate.

1. We consider the problem of finding a solution 𝑢(𝑡, 𝑥) of the parabolic
system

𝑑𝑢
𝑑𝑡 = ∑

|𝑘|=2𝑏
𝐴𝑘𝐷𝑘𝑢 ≡ 𝐴(𝐷)𝑢 (1)

in the domain Π{0 < 𝑡 ≤ 𝑇 , −∞ < 𝑥𝑠 < ∞, 𝑠 = 1, 2, … , 𝑛 − 1, 𝑥𝑛 > 0},
satisfying the conditions

𝑢(+0, 𝑥) = 0, 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛), −∞ < 𝑥𝑠 < ∞,
𝑠 = 1, 2, … , 𝑛 − 1, 𝑥𝑛 > 0; (2)

lim
𝑥𝑛→+0

𝐵 ( 𝜕
𝜕𝑡 , 𝐷) 𝑢 = lim

𝑥𝑛→+0
⎛⎜
⎝

𝑁
∑
𝑗=1

∑
2𝑏𝑘0+|𝑘|=𝑟𝑖

𝑏(𝑘0,𝑘)
𝑖𝑗

𝜕𝑘0

𝜕𝑡𝑘0
𝐷𝑘𝑢𝑗⎞⎟

⎠𝑖=1,2,…,𝑏𝑁

= 𝑓(𝑡, 𝑥′); (3)

0 < 𝑡 ≤ 𝑇 , 𝑥′ = (𝑥1, 𝑥2, … , 𝑥𝑛−1), −∞ < 𝑥𝑠 < ∞, 𝑠 = 1, 2, … , 𝑛−1,
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𝐷𝑘 = (−𝑖𝜕/𝜕𝑥1)𝑘1 ⋯ (−𝑖𝜕/𝜕𝑥𝑛)𝑘𝑛 , 𝑘 = (𝑘2, 𝑘2, … , 𝑘𝑛).

Consider the problem of finding, for 𝑥𝑛 > 0, a solution 𝑣(𝑥𝑛; 𝑝, 𝜎′) of the system
of ordinary differential equations

𝐴 (𝑝, 𝜎′; −𝑖 𝑑
𝑑𝑥𝑛

) 𝑣 ≡ (𝐴 (𝜎′, −𝑖 𝑑
𝑑𝑥𝑛

) − 𝑝𝐸) 𝑣 = 0, (4)

satisfying the boundary conditions

𝐵 (𝑝, 𝜎′; −𝑖 𝑑
𝑑𝑥𝑛

) 𝑣∣
𝑥𝑛=0

= 𝑔(𝑝, 𝜎′); (5)

𝑔(𝑝, 𝜎′) = 1
(2𝜋)𝑛𝑖 ∫

∞

0
𝑒−𝑝𝜏 𝑑𝜏 ∫ 𝑒−𝑖(𝜎′,𝜉′)𝑓(𝜏, 𝜉′) 𝑑𝜉′

and belonging to the space 𝐿2(0, ∞); 𝜎′ = (𝜎1, … , 𝜎𝑛−1) is an arbitrary real
vector, 𝑝 = 𝑎0 + 𝑖𝑝1, 𝑎0 is a certain positive constant, −∞ < 𝑝1 < ∞. Denote
by 𝐻𝑟, 𝑟 = 𝑏𝑁 , the 𝑟-dimensional subspace of solutions of system (4) belonging
to 𝐿2(0, ∞), and by {𝑣𝑖(𝑥𝑛; 𝑝, 𝜎′)}𝑖=1,2,…,𝑟 a basis of this subspace; then the
necessary and sufficient condition for unique solvability in 𝐻𝑟 of problem (4),
(5) for arbitrary 𝑔(𝑝, 𝜎′) consists in the fact that, for all indicated values of the
parameters 𝑝, 𝜎′,

det𝐵 (𝑝, 𝜎′; −𝑖 𝑑
𝑑𝑥𝑛

) 𝑉 (𝑥𝑛; 𝑝, 𝜎′)∣
𝑥𝑛=0

≠ 0; (6)

𝑉 (𝑥𝑛; 𝑝, 𝜎′) = (𝑣1(𝑥𝑛; 𝑝, 𝜎′), 𝑣2(𝑥𝑛; 𝑝, 𝜎′), … , 𝑣𝑟(𝑥𝑛; 𝑝, 𝜎′)).

Inequality (6) is precisely the solvability condition for problem (1)—(3) (condi-
tion P)

Any vector from 𝐻𝑟 can be obtained from the formula

𝑣(𝑥𝑛; 𝑝, 𝜎′) = ∫
Γ+

𝑒𝑖𝑥𝑛𝜎𝑛𝐴−1(𝑝, 𝜎)𝑀(𝜎𝑛) 𝑑𝜎𝑛 𝐶; (7)

𝑀(𝜎𝑛) = (𝐸, 𝜎𝑛𝐸, … , 𝜎2𝑏−1
𝑛 𝐸);

Γ+ is a contour in the upper half-plane of the complex 𝜎𝑛-plane, enclosing all
𝜎𝑛-roots of the equation det𝐴(𝑝, 𝜎) = 0 with Im𝜎𝑛 > 0, with a suitable choice
of the vector 𝐶 (with 2𝑟 coordinates).

If (7) is used, then condition (6) can be given the form (4,6)
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rank∫
Γ+

𝐵(𝑝, 𝜎)𝐴−1(𝑝, 𝜎)𝑀(𝜎𝑛) 𝑑𝜎𝑛 = 𝑟. (8)

With the aid of formula (7), the solution of problem (4), (5) is written in a
form not convenient for further investigations. Below, convenient formulas will
be obtained for the solution of problem (4), (5); in doing so, the fulfillment of
condition P in the case of the first boundary-value problem (3) is used. The
arguments remain valid for elliptic systems for which condition P is fulfilled (see
(6), (8), 𝑝 = 0, 𝜎′ ≠ 0) in the case of the first boundary-value problem.

Lemma 1∗. If condition P is fulfilled in the case of the first boundary-value
problem (3), then

𝐹1(𝑝, 𝜎′) = det∫
Γ+

𝑀 ′
1(𝜎𝑛)𝐴−1(𝑝, 𝜎)𝑀1(𝜎𝑛) 𝑑𝜎𝑛 ≠ 0, (9)

𝑀1(𝜎𝑛) = (𝐸, 𝜎𝑛𝐸, … , 𝜎𝑏−1
𝑛 𝐸)

for real 𝜎′ and 𝑝 from the half-plane Re 𝑝 ≥ 0, (𝑝, 𝜎′) ≠ 0.

Lemma 2 (on factorization) (2). If inequality (9) is fulfilled, then there exists
a matrix

𝐴+(𝑝, 𝜎) =
𝑏

∑
𝑗=0

𝐴+
𝑏−𝑗(𝑝, 𝜎′)𝜎𝑗

𝑛, 𝐴+
0 (𝑝, 𝜎′) = 𝐸,

whose 𝜎𝑛-roots of the equation det𝐴+(𝑝, 𝜎) = 0 coincide with the roots of the
equation det𝐴(𝑝, 𝜎) = 0 with Im𝜎𝑛 > 0, which divides the matrix 𝐴(𝑝, 𝜎) on
the right, i.e.

𝐴(𝑝, 𝜎) = 𝐴−(𝑝, 𝜎)𝐴+(𝑝, 𝜎),

𝐴−(𝑝, 𝜎) being a matrix polynomial in 𝜎𝑛. Moreover, 𝐴+
𝑏−𝑗(𝑝, 𝜎′), 𝑗 = 0, … , 𝑏,

are analytic functions of (𝑝, 𝜎′) for the values of these arguments indicated in
Lemma 1.

Using Lemma 2, the vectors from 𝐻𝑟 can be represented as follows:

𝑣(𝑥𝑛; 𝑝, 𝜎′) = ∫
Γ

𝑒𝑖𝑥𝑛𝜎𝑛𝐴−1
+ (𝑝, 𝜎)𝑀1(𝜎𝑛) 𝑑𝜎𝑛 𝐶. (10)

Then condition P takes the form
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𝐹(𝑝, 𝜎′) = det∫
Γ

𝐵(𝑝, 𝜎)𝐴−1
+ (𝑝, 𝜎)𝑀1(𝜎𝑛) 𝑑𝜎𝑛 ≠ 0; (11)

𝑝 = 𝑎0 + 𝑖𝑝1, 𝑎0 is some positive constant, −∞ < 𝑝1 < ∞,
𝜎′ is an arbitrary real vector.

The solution of problem (4), (5) is determined by the formulas

𝑊(𝑥𝑛; 𝑝, 𝜎′) = ∫
Γ

𝑒𝑖𝑥𝑛𝜎𝑛𝑄(𝑝, 𝜎) 𝑑𝜎𝑛;

𝑄(𝑝, 𝜎) = 𝐴−1
+ (𝑝, 𝜎)𝑀1(𝜎𝑛) [∫

Γ
𝐵(𝑝, 𝜎)𝐴−1

+ (𝑝, 𝜎)𝑀1(𝜎𝑛) 𝑑𝜎𝑛]
−1

,

and the desired F.M.S. is

𝐺(𝑡, 𝑥) = 1
(2𝜋)𝑛𝑖 ∫ 𝑒𝑖(𝑥′,𝜎′) 𝑑𝜎′ ∫

𝑎0+𝑖∞

𝑎0−𝑖∞
𝑒𝑝𝑡 𝑑𝑝 ∫

Γ
𝑒𝑖𝑥𝑛𝜎𝑛𝑄(𝑝, 𝜎) 𝑑𝜎𝑛. (12)

* For the case of elliptic systems with two independent variables, Lemma 1 was proved by A. I. Volpert (7).

Using the study, described in (1), of the domain of analyticity 𝑄(𝑝, 𝜎), the
generalized homogeneity of its columns, and, on this basis, replacing the contour
of integration with respect to 𝑝 in the complex 𝑝-plane in the proper way, one
can prove that, for the p.f.m.s. 𝐺(𝑡, 𝑥) defined by formula (12), Theorem 1 (1)
is valid, and

𝑢(𝑡, 𝑥) = ∫
𝑡

0
𝑑𝜏 ∫ 𝐺(𝑡 − 𝜏, 𝑥 − 𝜉′)𝑓(𝜏, 𝜉′) 𝑑𝜉′

gives a solution of problem (1)—(3), if 𝑓(𝜏, 𝜉′) satisfies the conditions stated in
Theorem 2 (2).

2. Consider, in the cylinder 𝒢1 = 𝑉1 × [0, 𝑇 ], the parabolic system

𝐿(𝑢) ≡ 𝜕𝑢
𝜕𝑡 − ∑

|𝑘|=2𝑏
𝐴𝑘(𝑡, 𝑥)𝐷𝑘𝑢 − ∑

|𝑘|≤2𝑏−1
𝐴𝑘(𝑡, 𝑥)𝐷𝑘𝑢

≡ 𝜕𝑢
𝜕𝑡 − 𝐴0(𝑡, 𝑥; 𝐷)𝑢 − 𝐴1(𝑡, 𝑥; 𝐷)𝑢 = 0.

(13)
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Let 𝑉 , 𝑉 ⊂ 𝑉1 be a convex bounded domain with smooth boundary 𝑆; on the
lateral surface Γ0 of the cylinder 𝒢 = 𝑉 × [0, 𝑇 ] let a boundary operator be
given,

𝐵(𝑡, 𝑥; 𝐷) = ⎛⎜
⎝

∑
|𝑘|=𝑟𝑖

𝑏(𝑘)
𝑖𝑗 (𝑡, 𝑥)𝐷𝑘 + ∑

|𝑘|≤𝑟𝑖−1
𝑏(𝑘)

𝑖𝑗 (𝑡, 𝑥)𝐷𝑘⎞⎟
⎠𝑖=1,2,…,𝑏𝑁

𝑗=1,2,…,𝑁
= 𝐵0(𝑡, 𝑥; 𝐷) + 𝐵1(𝑡, 𝑥; 𝐷), 𝑟𝑖 ≤ 2𝑏 − 1.

We state one auxiliary proposition needed for the construction, in the domain
𝒢, of a solution of system (13) satisfying the conditions

𝑢∣𝑡=+0 = 0; lim
𝑥→𝜉∈𝑆, 𝑥∈𝑉

𝐵(𝑡, 𝑥; 𝐷)𝑢 = 𝑓(𝑡, 𝜉). (14)

We shall assume that, for problem (13), (14), condition 𝑃 is fulfilled, having the
form

∣det∫
Γ

𝐵0(𝜏, 𝜉; 𝜁 + 𝜇𝜈(𝜉))𝐴−1
0+(𝜏, 𝜉; 𝑝; 𝜁 + 𝜇𝜈(𝜉))𝑀1(𝜇) 𝑑𝜇∣ ≥

≥ 𝛿1 (|𝜁|2 + |𝑝|2)𝑚/2 ; (15)

𝑚 =
𝑏𝑁
∑
𝑖=1

𝑟𝑖 − 𝑁𝑏(𝑏 − 1)
2 ;

(𝜏, 𝜉) is any point of Γ0; 𝜈(𝜉) is the inward normal to 𝑆 at the point 𝜉; 𝜁 is any
real vector orthogonal to 𝜈(𝜉); 𝑝 = 𝑎0 + 𝑖𝑝1; 𝑎0 is a certain positive constant,
−∞ < 𝑝1 < ∞; Γ is a closed contour in the 𝜇-plane enclosing all 𝜇-roots of the
equation

det𝐴0+(𝜏, 𝜉; 𝑝, 𝜁 + 𝜇𝜈(𝜉)) = 0;
𝛿1 is an absolute positive constant.

Using the results of § 1, one can find the p.f.m.s. of the problem

𝜕𝑢
𝜕𝑡 = 𝐴0(𝜏, 𝜉; 𝐷)𝑢; 𝑢∣𝑡=+0 = 0; lim𝑥→𝑧

(𝑥,𝜈(𝜉))>0
𝐵(𝜏, 𝜉; 𝐷)𝑢 = 𝑓(𝑡, 𝑧);

(𝑧, 𝜈(𝜉)) = 0; (𝜏, 𝜉) ∈ Γ0, (16)

𝐺𝜈(𝜉)(𝑡, 𝑥; 𝜏 , 𝜉), for whose columns, when (𝑥, 𝜈(𝜉)) > 0, the estimates
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∣𝐷𝑚𝐺𝜈(𝜉)
𝑗 (𝑡, 𝑥; 𝜏 , 𝜉)∣ ≤ 𝐶𝑚𝑡− 𝑛−1+2𝑏−𝑟𝑗+|𝑚|

2𝑏 exp{−𝑐 ( |𝑥|
𝑡1/2𝑏 )

𝑞
} ; 𝑞 = 2𝑏

2𝑏 − 1.
(17)

Definition (4 6). A special solution matrix (s.m.s.) of system (13) ℰ(𝑡, 𝜏 , 𝑥, 𝜉),
corresponding to problem (14), is a matrix whose columns are, in 𝒢, solutions of
(13) and which, in a neighborhood of the point (𝜏, 𝜉) ∈ Γ0, has as its principal
part (with respect to the order of singularity)

𝐺𝜈(𝜉)(𝑡 − 𝜏, 𝑥 − 𝜉; 𝜏, 𝜉).

Theorem 1. Let the coefficients of (13) in 𝔊 satisfy the conditions:
1) 𝐴𝑘(𝑡, 𝑥) with |𝑘| = 2𝑏 satisfy the Hölder condition in 𝑡 with exponent

1 − 𝑟𝑗 + 1
2𝑏 + 𝜀;

2) 𝐴𝑘(𝑡, 𝑥) have |𝑘| − (𝑟𝑗 + 1) continuous derivatives with respect to 𝑥, Hölder-
continuous in 𝑥; for |𝑘| < 𝑟𝑗 + 1, 𝐴𝑘(𝑡, 𝑥) are continuous and Hölder-continuous
in 𝑥. Then system (13) has a c.f.s. ℰ(𝑡, 𝜏 , 𝑥, 𝜉) corresponding to problem (14),
for which the estimates (17) are valid in 𝔊, |𝑚| ≤ 2𝑏 − 1.
If the orders of the boundary operators 𝑟𝑖 coincide, 𝑟𝑖 = 𝑟, 𝑖 = 1, 2, … , … , 𝑏𝑁 ,
then, by means of the potential

𝑣(𝑡, 𝑥) = ∫
𝑡

0
𝑑𝜏 ∫

𝑆
ℰ(𝑡, 𝜏 , 𝑥, 𝜉) 𝜇(𝜏, 𝜉) 𝑑𝜉𝑆,

the solution of problem (13), (14) is reduced to the solution of a Volterra integral
equation of the second kind with a quasi-regular kernel.

Theorem 2. If: 1) the coefficients of (13) satisfy the conditions of Theorem
1; 2) the coefficients of the boundary condition are given in the boundary strip
Γ0, are Hölder-continuous in 𝑡 and 𝑥; 3) the boundary 𝑆 belongs to the class
𝐴(1,𝛼) ((9), p. 10); 4) 𝑓(𝑡, 𝑥′) is a continuous function, then problem (13), (14)
is solvable.

In the case 𝑛 = 1, the following method of solving problem (14) can be proposed;
in this case it has the form

𝑢∣𝑡=+0 = 0; lim
𝑥→+0

𝐵 (𝑡, 0, −𝑖 𝜕
𝜕𝑥) 𝑢(𝑡, 𝑥) = 𝜑(𝑡),

lim
𝑥→1−0

𝐵 (𝑡, 1, −𝑖 𝜕
𝜕𝑥) 𝑢(𝑡, 𝑥) = Ψ(𝑡). (18)

First one constructs the p.f.m.s. 𝐺(𝑡 − 𝜏, 𝑥 − 𝜉; 𝜏, 𝜉), 𝜉 = 0, 1, of problem (16)
(see (12)); from it the columns of the matrix 𝐺𝑗(𝑡−𝜏, 𝑥−𝜉; 𝜏, 𝜉) are determined
by the formulas

𝐺𝑗(𝑡 − 𝜏, 𝑥 − 𝜉; 𝜏, 𝜉) =
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= 1
2𝜋𝑖 ∫

𝑎0+𝑖∞

𝑎0−𝑖∞
𝑝− 𝑟̄−𝑟𝑗

2𝑏 𝑒𝑝(𝑡−𝜏) 𝑑𝑝 ∫
1

𝑒𝑖(𝑥−𝜉)𝜎 𝑄𝑗(𝑝, 𝜎; 𝜏, 𝜉) 𝑑𝜎;

𝑄𝑗 is from formula (12), ̄𝑟 = max𝑗 𝑟𝑗, and then a special matrix of solutions of
system (13), ℰ(𝑡, 𝜏 , 𝑥, 𝜉), is constructed, whose principal part in a neighborhood
of boundary points coincides with 𝐺(𝑡 − 𝜏, 𝑥 − 𝜉; 𝜏, 𝜉). The potential whose
kernel is ℰ(𝑡, 𝜏 , 𝑥, 𝜉) makes it possible to reduce the solution of problem (13),
(14) to the solution of a Volterra integral equation of the first kind (if not all
𝑟𝑗 coincide), which, with the aid of fractional differentiation operators (8,5 ), is
reduced to an equivalent system of Volterra integral equations of the second
kind with a quasi-regular kernel.

Theorem 3. If the coefficients of system (13) satisfy the conditions of Theorem
1 with 𝑟𝑗 = ̄𝑟, and Φ𝑖(𝑡), Ψ𝑖(𝑡) and the coefficients of the boundary conditions

𝐵𝑖 (𝜏, 𝜉; −𝑖 𝜕
𝜕𝑥) , 𝜉 = 0, 1,

satisfy the Hölder condition on the segment [0, 𝑇 ] with exponent

̄𝑟 − 𝑟𝑖
2𝑏 + 𝜀; 𝜀 > 0,

𝜑𝑖(0) = Ψ𝑖(0) = 0, if 𝑟𝑖 < ̄𝑟, then problem (13), (14) is solvable.

Received
13 IX 1962

CITED LITERATURE
1. S. D. Eidelman, DAN, 142, No. 4 (1962).

2. Ya. B. Lopatinskii, Scientific Notes of the Lviv Polytechnic Institute,
vol. 38, ser. phys.-math., No. 2 (1956).

3. V. P. Mikhailov, DAN, 132, No. 2 (1960).

4. T. Ya. Zagorskii, Mixed Problems for Systems of Differential Equations
with Partial Derivatives of Parabolic Type, Lviv, 1961.

5. V. P. Mikhailov, DAN, 126, No. 6 (1959); 129, No. 6 (1959).

6. Ya. B. Lopatinskii, Ukrainian Mathematical Journal, 5, No. 2 (1953).

7. A. I. Volpert, Proceedings of the Moscow Mathematical Society, 10, 41
(1961).

8. A. Zygmund, Trigonometric Series, 1939.

sovietrxiv.org/items/ru-196301.32767 Machine Translation

https://sovietrxiv.org/items/ru-196301.32767


9. K. Miranda, Partial Differential Equations of Elliptic Type, Moscow, 1957.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196301.32767 Machine Translation

https://sovietrxiv.org/items/ru-196301.32767

	Abstract
	Full Text
	S. D. EIDELMAN
	ON THE THEORY OF GENERAL BOUNDARY-VALUE PROBLEMS FOR PARABOLIC SYSTEMS
	CITED LITERATURE


