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(Presented by Academician S. L. Sobolev on 13 VIII 1962)
In the strip (0 <t <t 0< 2 <2% —oc0 <uy,...,u, < oo0) let us consider the

system of equations

Ouy (t,x) Ou, (t,x)

5 = b u)—p =+ fi(t z,u),
OQuy(t,z) Ouy(t, x)
T—Azﬁvxv“)T‘f’fz(t»%u)a (1)
LG

where uy, Uy, u = , f1, fo are column matrices; A\, Ay are diagonal matrices,

L)
with the diagonal elements of \; nonnegative, and positive for = 2%, while

)

the diagonal elements of A, are nonpositive, and negative for z = 0, with initial
conditions

u(0,2) = p(x) (2)

and boundary conditions

t
uy (£, 2%) = @y (1, u (£, 2°)) + / B (t, 7, u(r, %)) dr,
0

Uy (£,0) = aq(t,uq (t,0)) —|—/O B (t, 7, u(r,0)) dr. (3)

Analogous systems of linear equations were studied in papers (}~2). In studying
classical and generalized solutions we shall need compatibility conditions:

$1 (xo) = a,(0, @2(330))7
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©2(0) = a5(0, 1 (0)); (4)

MO GG + 1020060 = B A00.667)
t=0, ug=@,(z°
(5)
)\2(0,0,(,0(0))90&(0) + f2(0507(10<0)) = % + 62(070’90(0))

t=0, u;=¢,(0)

To replace the corresponding boundary-value problem by a difference one, we
construct a grid with step A in z and k in ¢. Then the difference system is
written as follows:

i15 ig gt iy, i ij
up T =Ny (e — A Juy + R

uy™ = A uy 4 (ey + w N uF + kfY (6)

i i
i+lv i+l i+1p i+10 __ i+l i+1p
uit=alt kY /T w =gt k)Y
p=0 p=0

where » = kh™1; ¢, &, are unit matrices.

0

- The matrix

For a matrix A = [a,,[ the norm [A| is equal to max, Zz B

A(t, z,u) satisfies the Lipschitz condition (A € Lip), if for every a > 0 there is
a K such that

At 2, u) — A(E 2, 0)| < K (|t 8+ |o — 2] + [u—1])

for |ul, |u| < a. If in the rectangle IT* = I1,. (0 < t < t*, 0 < 2 < 20) the integral
relation

0

dt,

0 t* t* z
A e
e L\ Ot ox o 0 0 0

holds for u, A, f € Lip, where v is any continuously differentiable row matrix,
then we shall say that u is a generalized solution of system (1).

Theorem 1. If A\, f, ¢, a, B have first partial derivatives satisfying the Lipschitz
condition, and the compatibility conditions (4)—(5) are fulfilled, then there ex-
ists a t* > 0 such that in IT* there exists a classical solution of the boundary-value
problem (1)—(3), and moreover du/dt, du/dz € Lip.
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Theorem 2. If A\, f,p,a,8 € Lip and the compatibility conditions (4) are
fulfilled, then there exists a t* > 0 such that in II* there exists a generalized
solution of the boundary-value problem (1)—(3), and moreover u € Lip.

The proofs of these theorems are based on the following lemmas.

Lemma 1. If \, f, ¢, o, § € Lip and the compatibility conditions (4) are fulfilled,
then there exist U;, U, and 2 > 0 such that, if for the mesh the relations »|\¥/| <
1, 0 <a <A™, a < »|A\i] are fulfilled in II,1, then |u¥| < U, |Aju¥| <
Uy, |Ayu¥| < U, in ., where t* = min{t!,#?}, Aju¥ = (v —w¥)kL,
AQ’uij —_ (ui,j+1 _ uij)hfl.

Lemma 2. If A\, f, p, a, 8 have first partial derivatives satisfying the Lipschitz
condition, and the compatibility conditions (4)—(5) are fulfilled, then there ex-
ist Uy and t3 > 0 such that, if for the mesh the relations »|A\¥| < 1, 0 <
a < # N7t a < »|A\| are fulfilled in II,2, then [A2u%| < Uy, |AjAyub| <
Us, |A2ui| < Uy in I1,., where t* = max{t?,#3}.

Lemma 3. If A\, f € Lip and a sequence u? of solutions of system (6) for
meshes whose step tends to zero converges uniformly in IT* to u, and |A;u?| <
U,, |AyuP| < U,, then u is a generalized solution of system (1).

Theorem 3. If A\ f,p,«,8 € Lip and the compatibility conditions (4) are
tulfilled, then the generalized solution of the boundary-value problem (1)—(3) is
unique.

Theorem 4. If \, A\, f, f., ¢, o, a, ., B, B, € Lip, the compatibility conditions
(4) are fulfilled, the generalized solution exists in II*, |]A — A_| = O(e), ..., |5 —
B.] = O(e), then, for sufficiently small €, from the existence of the generalized
solution u, in II* it follows that |u — u | = O(e).

Theorem 5. Let u be a classical solution in IT* of the boundary-value problem
(1)—(3), du/dt, du/dx € Lip. If A, f,¢,a, 8 € Lip, then for sufficiently small h
there is a C such that from »|\*¥| <1 it follows that

u(t;, x;) —u| < Ch.
Theorem 6. Let u be a generalized solution in II* of the boundary-value
problem (1)—(3). If A, f, ¢, @, 8 € Lip, then for sufficiently small h there is a C
such that from »|A¥| < 1 it follows that

u(t;, z;) —u| < Ch'/2.

The author considers it his pleasant duty to express gratitude to A. D. Myshkis
for his constant attention to the present work.
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