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Abstract
Full Text

MATHEMATICS
Ya. S. BUGROV

ON THE EXTENSION OF FUNCTIONS

(Presented by Academician S. L. Sobolev, 71 1963)

1. In this note we consider the question of extending functions defined on the
subspace R,, ; = {—o0 < z; < 00, i = 1,...,n — 1} to the upper half-space
RY ={z, >0, —c0 < z; <00, i=1,...,n—1}. In order to avoid cumbersome
notation, we shall restrict ourselves to the case n = 3, although all the arguments
carry over to the case of arbitrary n.

Definition. Let v, = 7, + «;, 7; > 0 integers, 0 < a; < 1 (i = 1,2,3). A
function f(z,y, ) is said to belong to the class S;,Tl’TQ’T‘”')H(Rg) = Sz(,rl’rz’r?’)H
(1<p<oo)ifia) fe Lp(RS) with norm

1/p
1Az, (ry) = (/ |fIP dx dydz) < o0;
R3

b) all possible generalized derivatives (in the sense of Sobolev) 9F1+*2FFs £ /§zk1 Gyk2§2Fs
exist for k; =7, (i = 1,2, 3); c¢) for the derivatives indicated above the following
relations hold: . B
A7 O™ f [0z

o =M, (),

sup
h

Lp(R3)

Ai,’iﬁ Hritratrs f/amfl ayi-z 9273
hoa oz ]os

_ (),

h.k,l

L,(R3)
where
A = h(x + 2h,y, 2) — 2¢(x + hyy, 2) + P(,y, 2),
A = ARARY ..,
Ay = ARAR(ARY)]
(h is the increment in the variable z, k in the variable y, [ in the variable z).

S(Tl sT2,T3
p

We introduce the norm in the space VH as follows:

£l ggrsimsirsr gy = 1l gy + ME™ (F) o M 727 (f) < oo

It is clear from the definition that for n = 1 the class Sy H = HY'") (for the
definition of the class Hy "), see (1a), p. 268).
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The functional classes SZ(,TI’TZ’T“”')H were first introduced and studied by S. M.

Nikol’ skii. In the papers (1, ) the classes Sé7'1’7'2’7'3)W were also considered,
where 7; (i = 1,2, 3) are integers.

One says that f € Sgl’TQ’T?’)W if f € L,(R3) and the generalized derivatives

arlf arzf 87’3]0 3r1+r2f ar1+r2+r3f
Oxm’  Oyr2’  OQz's’  QxmOym2’ T QxT10yT202"s
are also integrable to the p-th power over R;, and
arlf ar1+r2+r3f
If1 gorarararyyy = IfL (m +‘ = R | Iy < 00.
Sy tETEwW p(Ba) T 5pm L (Rs) Ox1 0y 02" L(Ry)

S. M. Nikol' skii proved (1) that the trace of a function f from the class

S;TI’TQ’TS)H (for z = 0) belongs to the class S,grl’mH. We shall prove the
converse assertion—

namely, from the membership of the function ¢(x,y) in the class S;,Tl’”)H it
follows that it can be extended into the upper half-space in such a way that the
extended function will belong to the class S;,rl’rz’TS)H (RY) for any rs.

2. Theorem 1. Let a system of functions ¢y(x,y),..., v, 1 (x,y) be given,
belonging to the class S;)Tl’”)H(RQ) (1 <p<oo, r;y >0, r9 >0). Then in
the half-space RJ one can construct a function f(z,y,z) having the following
properties:

a) f e S,‘,”“”)H(Rg) for any r5 > 0, and the norm of f is estimated in
terms of the norms of the functions ¢, (k=0,1,...,s —1);

b) 0% f(x,y,0)/02F = p(x,y) (k=0,1,...,5 —1).

(2.1)
Proof. We shall seek the function f(z,y, z) in the form
s;—1
f(xa Y, Z) = exp(—z) Z [{lpj(‘ra y) (e ﬁjz + nj(xv y) sin B]Z] ’ (272)
=0

where 8; # B; (i # j) and B; > 0 (j = 0,1,...,8; — 1) for s = 25y; 8; > 0
(j=1,2,...,81—1), By =0 for s =2s; — 1.

In view of the fact that 5, = 0 when s = 2s; —1, the function 7, (x, y) may always
be taken to be identically zero. Thus, for s = 2s; — 1 we have 2s; — 1 unknown
functions 1, n;. From formula (2,2), taking account of the equalities (2,1), in
order to determine the functions t;,7; we obtain the system of equations:
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s1—1
wj = %o

7=0

s1—1

[*wj Jrﬁjﬁj] = V15
=0

(k=0,1,...,5s—1).

Denote by A the determinant of the system (2,3), the j-th columns of which
can be written as

1, =1, 1-57),..
{[(’8)—(’5)/3?+(’Z)/3;-‘—-~-] for = 2k, }
G+ G- for k=2 +1 |

for j <s;—1;
0, Bj_sl, —QBj_sl,...

{ (—1)M B, [(0)8E2 — (BBt + ] for k =2k, }
. (_1);%5%51 [(Z)ﬁf:sll _ (kg)gﬁi + ] for k = 2k, + 1

for s; <j<2s; —1.
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In order that A # 0, it is necessary that all 3, be distinct. Choosing the numbers
B; sothat A#0 (8; # By, i # j), we obtain a solution of the posed problem.

In the general case it is obvious that

s—1

f(@,y,2) = exp(=2) > 1i(2)p; (2, y), (2.4)

=0

where 1), (z) are bounded functions and are a linear combination of the trigono-
metric functions cos 5,2, sin B,z with coeflicients that ensure the fulfillment of
conditions (2.1).

Let us give the solution of system (2.3) in the simplest cases:
1) s = ]-7 f(xa Y, Z) = EXp<*Z)g00<£L',y);
2) 5 =2, f(z,,2) = exp(—2)[(cos 2 + sin 2)py (2, y) + 1 (2, ) sin 2], (2.5)

Here we have put g, = 1.

3) s=3(8,=0, B, =1),
f(z,y,2) = exp(—2)[(2 — cos z + sin 2) gy (x, y)+

+(2—2cosz+sinz)p(z,y) + (1 — cos z)p,(x,y)].

Now from formula (2.4) it is clear that, with respect to the variable z, the func-
tion f(z,y, 2) is infinitely differentiable. Therefore, if ¢, (z,y) € Sérl’TZ)H(Rz)
(k=0,1,...,s—1), then f € Sz()rl’TQ’r‘“’)H(Rg) for any r4 > 0. Conditions (2.1),
generally speaking, are satisfied in the sense of convergence in the p-mean. Let
us show this for the function (2.5). We have

(//R |f(z,y,2) — oz, y) P do dy) ” = (//R |lexp(—2)(cos z + sin z) — 1]

2

. 1/p
<o0(@,y) + exp(—2)sinz - ¢, (2,9) [ drdy)"” < czloyly )+

4o (/R

+ezleolle, ) < ¢z (I9olL, iy + le1llL,r,) =0 asz—0.

1/p
|exp(—z)(cosz — 1) + exp(—=z) — 1|P|¢pq P dx dy) +

2
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Further, since

0
O — exp(—2)-2sinz - gy(a,) + (cos = —sin ) (x,9)],

then, as above,

=

as z — 0, and the theorem is proved.

1/p
p
dx dy) <cz <H<Po||Lp<R2> + H301HLP(R2)> -0

Remark 1. The theorem is also true in terms of S,(,TI’T2"T3)W.

Remark 2. In the case of extension to the whole space Rj, it is necessary in
formula (2.2), instead of the factor exp(—z), to take the factor exp(—z2). For
example, for s = 3

f(x,y, 2) = exp(—2)[(3 — 2cos 2)pg (2, y) + (1 — cos 2)py (7, y)+

+sinz - (z,y)].

3. Let us show that for n = 2, p = 2 the corresponding extension is carried out
in the form of a solution of a certain differential equation. Let

2 2s 25+2
ﬂ + (_1)s+1 0%u + (_1)S+T+1&
azZT 8y25 ax2ray25

L)y = (—1)7+! =0, (3.1)

where r, s are natural numbers (see (19)).

We pose the following problem for equation (3,1): to find in the upper half-plane
RY ={y >0, —00 < < oo} a bounded solution of equation (3,1) under the
condition that

k
815;”;’0) —ou(2) (k=0,1,05—1),  lim u(z,y)=0.  (3.2)

Y—+00
We note that conditions (3,2) are understood in the sense of mean-square con-

vergence. Applying the Fourier method of separation of variables, the solution
of problem (3,1)—(3,2) (for s = 1) can be written in the form

1 o .
) = o= [ @) exp(—m)ean
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where ®, is the Fourier transform of the function ¢y (z), % = |A|"(1 4+ A7)~ 1/2,

Theorem 2. If the function ¢, (z) € Sgl)H = Hérl)(Rl), (r; > 0), then the
solution of the boundary-value problem (3,1)—(3,2) for s = 1 belongs to the

class Séﬁ’”)H[RQ(O, 1)] for any ry > 0, and

/ lu(z, ) — po(@)P dz — 0 asy — +0,

where Ry(0,1) ={0 <y <1, —o0 <z < o0}

Remark. If ¢, € WéTl)(Rl), ry is an integer, then u € Sér"mW[RQ(O, 1)] for
any integer r,.

4. For s = 2 the solution of the boundary-value problem has the form

sin voy} S

(4,1)

u(z,y) = \/% /_Oo exp(—vyy) |:(I)0(>\)(COS vy + sinvyy) + @4 (N)

where @, ®, are the Fourier transforms of the functions ¢, and ¢, respectively,

vy = |>\|r/2(1 + )\27")71/4'

Theorem 3. If the functions ¢g,p; belong to the class SQTI)H(Rl)v o>
0 (Sgl)W(Rl), r; an integer), then the solution (4,1) belongs to the class
Sém,rz)H[RQ(O, 1)] (SéTl,T2>W[R2(O’ 1)]) fOI‘ aIly ’I"2 > O
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