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Abstract
Full Text
MATHEMATICS
Ya. S. BUGROV

ON THE EXTENSION OF FUNCTIONS
(Presented by Academician S. L. Sobolev, 7 I 1963)

1. In this note we consider the question of extending functions defined on the
subspace 𝑅𝑛−1 = {−∞ < 𝑥𝑖 < ∞, 𝑖 = 1, … , 𝑛 − 1} to the upper half-space
𝑅0

𝑛 = {𝑥𝑛 > 0, −∞ < 𝑥𝑖 < ∞, 𝑖 = 1, … , 𝑛 − 1}. In order to avoid cumbersome
notation, we shall restrict ourselves to the case 𝑛 = 3, although all the arguments
carry over to the case of arbitrary 𝑛.

Definition. Let 𝑟𝑖 = ̄𝑟𝑖 + 𝛼𝑖, ̄𝑟𝑖 ≥ 0 integers, 0 < 𝛼𝑖 ≤ 1 (𝑖 = 1, 2, 3). A
function 𝑓(𝑥, 𝑦, 𝑧) is said to belong to the class 𝑆(𝑟1,𝑟2,𝑟3)

𝑝 𝐻(𝑅3) = 𝑆(𝑟1,𝑟2,𝑟3)
𝑝 𝐻

(1 ≤ 𝑝 ≤ ∞) if: a) 𝑓 ∈ 𝐿𝑝(𝑅3) with norm

‖𝑓‖𝐿𝑝(𝑅3) = (∫
𝑅3

|𝑓|𝑝 𝑑𝑥 𝑑𝑦 𝑑𝑧)
1/𝑝

< ∞;

b) all possible generalized derivatives (in the sense of Sobolev) 𝜕𝑘1+𝑘2+𝑘3𝑓/𝜕𝑥𝑘1𝜕𝑦𝑘2𝜕𝑧𝑘3

exist for 𝑘𝑖 = ̄𝑟𝑖 (𝑖 = 1, 2, 3); c) for the derivatives indicated above the following
relations hold:

sup
ℎ

∥Δ2
ℎ 𝜕 ̄𝑟1𝑓/𝜕𝑥 ̄𝑟1

ℎ𝛼1
∥

𝐿𝑝(𝑅3)
= 𝑀 (𝑟1)

𝑝 (𝑓),

⋯

sup
ℎ,𝑘,𝑙

∥
Δ2,2,2

ℎ,𝑘,𝑙 𝜕 ̄𝑟1+ ̄𝑟2+ ̄𝑟3𝑓/𝜕𝑥 ̄𝑟1𝜕𝑦 ̄𝑟2𝜕𝑧 ̄𝑟3

ℎ𝛼1𝑘𝛼2 𝑙𝛼3
∥

𝐿𝑝(𝑅3)
= 𝑀 (𝑟1,𝑟2,𝑟3)

𝑝 (𝑓),

where
Δ2

ℎ𝜓 = 𝜓(𝑥 + 2ℎ, 𝑦, 𝑧) − 2𝜓(𝑥 + ℎ, 𝑦, 𝑧) + 𝜓(𝑥, 𝑦, 𝑧),
Δ2,2

ℎ,𝑘𝜓 = Δ2
ℎ[Δ2

𝑘𝜓], … ,
Δ2,2,2

ℎ,𝑘,𝑙𝜓 = Δ2
ℎ[Δ2

𝑘(Δ2
𝑙 𝜓)]

(ℎ is the increment in the variable 𝑥, 𝑘 in the variable 𝑦, 𝑙 in the variable 𝑧).

We introduce the norm in the space 𝑆(𝑟1,𝑟2,𝑟3)
𝑝 𝐻 as follows:

‖𝑓‖𝑆(𝑟1,𝑟2,𝑟3)
𝑝 𝐻 = ‖𝑓‖𝐿𝑝(𝑅3) + 𝑀 (𝑟1)

𝑝 (𝑓) + ⋯ + 𝑀 (𝑟1,𝑟2,𝑟3)
𝑝 (𝑓) < ∞.

It is clear from the definition that for 𝑛 = 1 the class 𝑆(𝑟1)
𝑝 𝐻 ≡ 𝐻(𝑟1)

𝑝 (for the
definition of the class 𝐻(𝑟1)

𝑝 , see (1a), p. 268).
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The functional classes 𝑆(𝑟1,𝑟2,𝑟3)
𝑝 𝐻 were first introduced and studied by S. M.

Nikol’skii. In the papers (1�, �) the classes 𝑆(𝑟1,𝑟2,𝑟3)
𝑝 𝑊 were also considered,

where 𝑟𝑖 (𝑖 = 1, 2, 3) are integers.

One says that 𝑓 ∈ 𝑆(𝑟1,𝑟2,𝑟3)
𝑝 𝑊 if 𝑓 ∈ 𝐿𝑝(𝑅3) and the generalized derivatives

𝜕𝑟1𝑓
𝜕𝑥𝑟1

, 𝜕𝑟2𝑓
𝜕𝑦𝑟2

, 𝜕𝑟3𝑓
𝜕𝑧𝑟3

, 𝜕𝑟1+𝑟2𝑓
𝜕𝑥𝑟1𝜕𝑦𝑟2

, … , 𝜕𝑟1+𝑟2+𝑟3𝑓
𝜕𝑥𝑟1𝜕𝑦𝑟2𝜕𝑧𝑟3

are also integrable to the 𝑝-th power over 𝑅3, and

‖𝑓‖𝑆(𝑟1,𝑟2,𝑟3)
𝑝 𝑊 = ‖𝑓‖𝐿𝑝(𝑅3) + ∥𝜕𝑟1𝑓

𝜕𝑥𝑟1
∥
𝐿𝑝(𝑅3)

+ ⋯ + ∥ 𝜕𝑟1+𝑟2+𝑟3𝑓
𝜕𝑥𝑟1𝜕𝑦𝑟2𝜕𝑧𝑟3

∥
𝐿𝑝(𝑅3)

< ∞.

S. M. Nikol’skii proved (1�) that the trace of a function 𝑓 from the class
𝑆(𝑟1,𝑟2,𝑟3)

𝑝 𝐻 (for 𝑧 = 0) belongs to the class 𝑆(𝑟1,𝑟2)
𝑝 𝐻. We shall prove the

converse assertion—

namely, from the membership of the function 𝜑(𝑥, 𝑦) in the class 𝑆(𝑟1,𝑟2)
𝑝 𝐻 it

follows that it can be extended into the upper half-space in such a way that the
extended function will belong to the class 𝑆(𝑟1,𝑟2,𝑟3)

𝑝 𝐻(𝑅0
3) for any 𝑟3.

2. Theorem 1. Let a system of functions 𝜑0(𝑥, 𝑦), … , 𝜑𝑠−1(𝑥, 𝑦) be given,
belonging to the class 𝑆(𝑟1,𝑟2)

𝑝 𝐻(𝑅2) (1 ≤ 𝑝 ≤ ∞, 𝑟1 > 0, 𝑟2 > 0). Then in
the half-space 𝑅0

3 one can construct a function 𝑓(𝑥, 𝑦, 𝑧) having the following
properties:

a) 𝑓 ∈ 𝑆(𝑟1,𝑟2,𝑟3)
𝑝 𝐻(𝑅0

3) for any 𝑟3 > 0, and the norm of 𝑓 is estimated in
terms of the norms of the functions 𝜑𝑘 (𝑘 = 0, 1, … , 𝑠 − 1);

b) 𝜕𝑘𝑓(𝑥, 𝑦, 0)/𝜕𝑧𝑘 = 𝜑𝑘(𝑥, 𝑦) (𝑘 = 0, 1, … , 𝑠 − 1).

(2,1)

Proof. We shall seek the function 𝑓(𝑥, 𝑦, 𝑧) in the form

𝑓(𝑥, 𝑦, 𝑧) = exp(−𝑧)
𝑠1−1
∑
𝑗=0

[𝜓𝑗(𝑥, 𝑦) cos 𝛽𝑗𝑧 + 𝜂𝑗(𝑥, 𝑦) sin 𝛽𝑗𝑧] , (2,2)

where 𝛽𝑖 ≠ 𝛽𝑗 (𝑖 ≠ 𝑗) and 𝛽𝑗 > 0 (𝑗 = 0, 1, … , 𝑠1 − 1) for 𝑠 = 2𝑠1; 𝛽𝑗 > 0
(𝑗 = 1, 2, … , 𝑠1 − 1), 𝛽0 = 0 for 𝑠 = 2𝑠1 − 1.

In view of the fact that 𝛽0 = 0 when 𝑠 = 2𝑠1−1, the function 𝜂0(𝑥, 𝑦) may always
be taken to be identically zero. Thus, for 𝑠 = 2𝑠1 − 1 we have 2𝑠1 − 1 unknown
functions 𝜓𝑗, 𝜂𝑗. From formula (2,2), taking account of the equalities (2,1), in
order to determine the functions 𝜓𝑗, 𝜂𝑗 we obtain the system of equations:
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𝑠1−1
∑
𝑗=0

𝜓𝑗 = 𝜑0,

𝑠1−1
∑
𝑗=0

[−𝜓𝑗 + 𝛽𝑗𝜂𝑗] = 𝜑1,

⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯

𝑠1−1
∑
𝑗=0

[{(𝑘
0) − (𝑘

2)𝛽2
𝑗 + (𝑘

4)𝛽4
𝑗 − ⋯} 𝜓𝑗 + {(𝑘

1)𝛽𝑘−2
𝑗 − (𝑘

3)𝛽𝑘−4
𝑗 + ⋯} (−1)𝑘1𝛽𝑗𝜂𝑗] = 𝜑𝑘 (𝑘 = 2𝑘1),

(2,3)

𝑠1−1
∑
𝑗=0

[{−(𝑘
0) + (𝑘

2)𝛽2
𝑗 − ⋯} 𝜓𝑗 + {(𝑘

𝑘)𝛽𝑘−1
𝑗 − ( 𝑘

𝑘 − 2)𝛽𝑘−3
𝑗 + ⋯} (−1)𝑘1𝛽𝑗𝜂𝑗] = 𝜑𝑘 (𝑘 = 2𝑘1+1)

(𝑘 = 0, 1, … , 𝑠 − 1).

Denote by Δ the determinant of the system (2,3), the 𝑗-th columns of which
can be written as

1, −1, (1 − 𝛽2
𝑗 ), …

…
⎧{
⎨{⎩

[(𝑘
0) − (𝑘

2)𝛽2
𝑗 + (𝑘

4)𝛽4
𝑗 − ⋯] for 𝑘 = 2𝑘1,

[−(𝑘
0) + (𝑘

2)𝛽2
𝑗 − ⋯] for 𝑘 = 2𝑘1 + 1

⎫}
⎬}⎭

…

for 𝑗 ≤ 𝑠1 − 1;

0, 𝛽𝑗−𝑠1
, −2𝛽𝑗−𝑠1

, …

…
⎧{
⎨{⎩

(−1)𝑘1𝛽𝑗−𝑠1
[(𝑘

1)𝛽𝑘−2
𝑗−𝑠1

− (𝑘
3)𝛽𝑘−4

𝑗−𝑠1
+ ⋯] for 𝑘 = 2𝑘1,

(−1)𝑘1𝛽𝑗−𝑠1
[(𝑘

𝑘)𝛽𝑘−1
𝑗−𝑠1

− ( 𝑘
𝑘−2)𝛽𝑘−3

𝑗−𝑠1
+ ⋯] for 𝑘 = 2𝑘1 + 1

⎫}
⎬}⎭

…

for 𝑠1 ≤ 𝑗 ≤ 2𝑠1 − 1.
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In order that Δ ≠ 0, it is necessary that all 𝛽𝑖 be distinct. Choosing the numbers
𝛽𝑖 so that Δ ≠ 0 (𝛽𝑖 ≠ 𝛽𝑗, 𝑖 ≠ 𝑗), we obtain a solution of the posed problem.

In the general case it is obvious that

𝑓(𝑥, 𝑦, 𝑧) = exp(−𝑧)
𝑠−1
∑
𝑖=0

𝜓𝑖(𝑧)𝜑𝑖(𝑥, 𝑦), (2.4)

where 𝜓𝑖(𝑧) are bounded functions and are a linear combination of the trigono-
metric functions cos 𝛽𝑖𝑧, sin 𝛽𝑖𝑧 with coefficients that ensure the fulfillment of
conditions (2.1).

Let us give the solution of system (2.3) in the simplest cases:

1) 𝑠 = 1, 𝑓(𝑥, 𝑦, 𝑧) = exp(−𝑧)𝜑0(𝑥, 𝑦);
2) 𝑠 = 2, 𝑓(𝑥, 𝑦, 𝑧) = exp(−𝑧)[(cos 𝑧 + sin 𝑧)𝜑0(𝑥, 𝑦) + 𝜑1(𝑥, 𝑦) sin 𝑧]. (2.5)

Here we have put 𝛽0 = 1.

3) 𝑠 = 3 (𝛽0 = 0, 𝛽1 = 1),

𝑓(𝑥, 𝑦, 𝑧) = exp(−𝑧)[(2 − cos 𝑧 + sin 𝑧)𝜑0(𝑥, 𝑦)+

+(2 − 2 cos 𝑧 + sin 𝑧)𝜑1(𝑥, 𝑦) + (1 − cos 𝑧)𝜑2(𝑥, 𝑦)].

Now from formula (2.4) it is clear that, with respect to the variable 𝑧, the func-
tion 𝑓(𝑥, 𝑦, 𝑧) is infinitely differentiable. Therefore, if 𝜑𝑘(𝑥, 𝑦) ∈ 𝑆(𝑟1,𝑟2)

𝑝 𝐻(𝑅2)
(𝑘 = 0, 1, … , 𝑠 − 1), then 𝑓 ∈ 𝑆(𝑟1,𝑟2,𝑟3)

𝑝 𝐻(𝑅0
3) for any 𝑟3 > 0. Conditions (2.1),

generally speaking, are satisfied in the sense of convergence in the 𝑝-mean. Let
us show this for the function (2.5). We have

(∬
𝑅2

|𝑓(𝑥, 𝑦, 𝑧) − 𝜑0(𝑥, 𝑦)|𝑝 𝑑𝑥 𝑑𝑦)
1/𝑝

= (∬
𝑅2

|[exp(−𝑧)(cos 𝑧 + sin 𝑧) − 1]×

×𝜑0(𝑥, 𝑦) + exp(−𝑧) sin 𝑧 ⋅ 𝜑1(𝑥, 𝑦)|𝑝 𝑑𝑥 𝑑𝑦)1/𝑝 ≤ 𝑐𝑧‖𝜑1‖𝐿𝑝(𝑅2)+

+𝑐 (∬
𝑅2

| exp(−𝑧)(cos 𝑧 − 1) + exp(−𝑧) − 1|𝑝|𝜑0|𝑝 𝑑𝑥 𝑑𝑦)
1/𝑝

+

+𝑐𝑧‖𝜑0‖𝐿𝑝(𝑅2) ≤ 𝑐𝑧 (‖𝜑0‖𝐿𝑝(𝑅2) + ‖𝜑1‖𝐿𝑝(𝑅2)) → 0 as 𝑧 → 0.
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Further, since

𝜕𝑓
𝜕𝑧 = exp(−𝑧)[−2 sin 𝑧 ⋅ 𝜑0(𝑥, 𝑦) + (cos 𝑧 − sin 𝑧)𝜑1(𝑥, 𝑦)],

then, as above,

(∬
𝑅2

∣𝜕𝑓
𝜕𝑧 − 𝜑1∣

𝑝
𝑑𝑥 𝑑𝑦)

1/𝑝

≤ 𝑐𝑧 (‖𝜑0‖𝐿𝑝(𝑅2) + ‖𝜑1‖𝐿𝑝(𝑅2)) → 0

as 𝑧 → 0, and the theorem is proved.

Remark 1. The theorem is also true in terms of 𝑆(𝑟1,𝑟2,𝑟3)
𝑝 𝑊 .

Remark 2. In the case of extension to the whole space 𝑅3, it is necessary in
formula (2.2), instead of the factor exp(−𝑧), to take the factor exp(−𝑧2). For
example, for 𝑠 = 3

𝑓(𝑥, 𝑦, 𝑧) = exp(−𝑧2)[(3 − 2 cos 𝑧)𝜑0(𝑥, 𝑦) + (1 − cos 𝑧)𝜑2(𝑥, 𝑦)+

+ sin 𝑧 ⋅ 𝜑1(𝑥, 𝑦)].

3. Let us show that for 𝑛 = 2, 𝑝 = 2 the corresponding extension is carried out
in the form of a solution of a certain differential equation. Let

𝐿(𝑟,𝑠)𝑢 ≡ (−1)𝑟+1 𝜕2𝑟𝑢
𝜕𝑥2𝑟 + (−1)𝑠+1 𝜕2𝑠𝑢

𝜕𝑦2𝑠 + (−1)𝑠+𝑟+1 𝜕2𝑠+2𝑟𝑢
𝜕𝑥2𝑟𝜕𝑦2𝑠 = 0, (3.1)

where 𝑟, 𝑠 are natural numbers (see (16)).
We pose the following problem for equation (3,1): to find in the upper half-plane
𝑅0

2 = {𝑦 > 0, −∞ < 𝑥 < ∞} a bounded solution of equation (3,1) under the
condition that

𝜕𝑘𝑢(𝑥, 0)
𝜕𝑦𝑘 = 𝜑𝑘(𝑥) (𝑘 = 0, 1, … , 𝑠 − 1), lim

𝑦→+∞
𝑢(𝑥, 𝑦) = 0. (3,2)

We note that conditions (3,2) are understood in the sense of mean-square con-
vergence. Applying the Fourier method of separation of variables, the solution
of problem (3,1)—(3,2) (for 𝑠 = 1) can be written in the form

𝑢(𝑥, 𝑦) = 1√
2𝜋 ∫

∞

−∞
Φ0(𝜆) exp(−𝜘𝑦)𝑒𝑖𝜆𝑥 𝑑𝜆,
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where Φ0 is the Fourier transform of the function 𝜑0(𝑥), 𝜘 = |𝜆|𝑟(1 + 𝜆2𝑟)−1/2.

Theorem 2. If the function 𝜑0(𝑥) ∈ 𝑆(𝑟1)
2 𝐻 ≡ 𝐻(𝑟1)

2 (𝑅1), (𝑟1 > 0), then the
solution of the boundary-value problem (3,1)—(3,2) for 𝑠 = 1 belongs to the
class 𝑆(𝑟1,𝑟2)

2 𝐻[𝑅2(0, 1)] for any 𝑟2 > 0, and

∫
∞

−∞
|𝑢(𝑥, 𝑦) − 𝜑0(𝑥)|2 𝑑𝑥 → 0 as 𝑦 → +0,

where 𝑅2(0, 1) = {0 < 𝑦 < 1, −∞ < 𝑥 < ∞}.

Remark. If 𝜑0 ∈ 𝑊 (𝑟1)
2 (𝑅1), 𝑟1 is an integer, then 𝑢 ∈ 𝑆(𝑟1,𝑟2)

2 𝑊[𝑅2(0, 1)] for
any integer 𝑟2.

4. For 𝑠 = 2 the solution of the boundary-value problem has the form

𝑢(𝑥, 𝑦) = 1√
2𝜋 ∫

∞

−∞
exp(−𝑣0𝑦) [Φ0(𝜆)(cos 𝑣0𝑦 + sin 𝑣0𝑦) + Φ1(𝜆) sin 𝑣0𝑦

𝑣0
] 𝑒𝑖𝜆𝑥 𝑑𝜆,

(4,1)

where Φ0, Φ1 are the Fourier transforms of the functions 𝜑0 and 𝜑1, respectively,

𝑣0 = |𝜆|𝑟/2(1 + 𝜆2𝑟)−1/4.

Theorem 3. If the functions 𝜑0, 𝜑1 belong to the class 𝑆(𝑟1)
2 𝐻(𝑅1), 𝑟1 >

0 (𝑆(𝑟1)
2 𝑊(𝑅1), 𝑟1 an integer), then the solution (4,1) belongs to the class

𝑆(𝑟1,𝑟2)
2 𝐻[𝑅2(0, 1)] (𝑆(𝑟1,𝑟2)

2 𝑊[𝑅2(0, 1)]) for any 𝑟2 > 0.
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