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Let X be a random variable whose distribution density (with respect to some
measure) p(z;a) depends in a known way on a parameter a, which is also a ran-
dom variable with unknown distribution function. A number of problems lead
to the need for consistent estimation of E(a | ) from independent observations
of X according to Robbins’ scheme (=%, In the present note two theorems are
given on the possibility of such estimation.

Theorem 1. Suppose that the parameter set A is compact and that the following
conditions are satisfied:

1°. p(z;a) is continuous in = uniformly with respect to a € A.

2°. For every function g(a) continuous on A and every € > 0, there exists a

finite set of points z, ..., x, and constants cy,cy, ..., c, such that
I
¢o + Zcip(%ﬁ a)—gla)| <e (1)
i—1
fora € A.

Then, for all x, consistent estimation of E(a | x) is possible in Robbins scheme.

The proof of this theorem is based on results (®) on the estimation of an unknown
distribution density.

If X assumes only a finite number of values z, ..., z;
P{X = z;;a} = p,;(a), then the situation is as follows.

Theorem 2. Suppose that:
1°. The parameter set A contains some nondegenerate interval A.

2°. The p;(a) are continuous on A, i =1,...,s.
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Then, for at least one i, consistent estimation of E(a | ;) in Robbins scheme
is impossible.

Proof of Theorem 2.

1. Suppose first that the system of functions v = {1, p;(a), ..., ps(a)} is such
that every proper subsystem + is linearly independent on A. Consider the
following system of s — 1 functions:

1

! = {Lpi(0). . p,1(a).api(a)},

(2)
1
1 = {Lpi(0), - p, 1 (0),ap, 4 (a).
Suppose that one of these systems (we may always assume that it is 751) ) consists
of functions linearly independent on A. Then, by the known theorem on a
sufficient number of functionals (%), p. 136), in the space C(A) of continuous
functions on A there exists a linear functional ¥ such that

¥(1)=0,  ¥(p(a)=0,...,  ¥(py,,(a))=0,  ¥(ap,(a))#0. (3)

By Riesz s theorem ((6), p. 203), every linear functional on C(A) is defined by
a signed measure B, Var B < oc:

¥(p(a)) = [ pla)dB(a). (W
A
Consider the Hahn decomposition of the signed measure B:

B=DB*— B,

where BT and B~ are already ordinary (unnormalized) measures on A. In view
of (3),
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We may assume that (6) holds for the measures B* and B~ with BT(A) =
B~ (A) =1.

Since
s—1
ps(@) =1= p,(a),
i=1
we have

/A po(a) dB*(a) = /A py(@) dB~(a).

Thus, on the parameter set A, two prior distributions B and B~ have been con-
structed such that the corresponding unconditional distributions of X coincide,
but

/ opy(a) dB* () £ / dpy (@) dB ().
A

A

It is clear that in this case consistent estimation of E(« | x;) in the Robbins

scheme is impossible.
2. Suppose now that all the systems 7§1>’ ,'ygl are composed of functions
linearly dependent on A; then identically on A we have:

c11pr(@) + -+ ey o 1P 1 (@) + crap; (@) = ¢ g,
: (7)

Co11P1(Q) + o F ey g g P (@) F e qap, (@) = ¢y .

)

We shall regard (7) as a system of equations in p, (), ...,ps_; (). Its determi-
nant is

€1y e C1,5-1
Dla)=| - , ®)
Cs_11 Tt C 91 T Co1 X
D(a) =c¢;co 0+ 9)

If the leading coefficient of D(«) is zero, then for some r,

1<r<s—1, Cr1P1 (a) +oeet Cr,sflpsfl(oo =Cr o) (10)

which is excluded by assumption.
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Therefore, for o € A different from the zeros of D(a),

pia) = i=1,..,5—1. (11)

Here the degree of D(«) is equal to (s — 1), and the degree of D,(«) is not
greater than (s — 2).

Let us consider the systems

7§2> = {Lpl (O‘)v 7p572(a)’ps(a)7 apl(a)}v

A = {1 p1(a), ., py_s(a), py(@), ap,(a)}.

If one of the systems 71(2), i = 1,...,s — 1, consists of linearly independent

functions, then Theorem 2 is proved (see item 1); otherwise, from the system

dy1py(@) + -+ dy s 1ps(@) +diap; () = dy o,

(13)
dsfl,lpl (O[) + ot dsfl,sflps(a) + dsflaps(a) = d571’07
we shall have, for « € A that are not zeros of the polynomial
_ dy +dyo dy s 1
D(a) = : (14)
d571 1 d571 s—1 + dsfla
(D(c) has degree (s — 1) for the same reason as D(a)),
D, (o)
ps(o) = = , 15
(@) Ble) (15)
where the degree of D, (a) is not greater than (s — 2).
But from (11) we have
s—1
Z D;(a) D.(a)
= a
=1-= === 16
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where the degree of D (a) is equal to (s — 1).

The contradiction between (15) and (16) proves Theorem 2 under the sole as-
sumption of item 1.

3. Let us now abandon the assumption that every proper subsystem = con-
sists of linearly independent functions. Obviously, we can always choose
from the functions 1, p;(«), ..., p,(«) a system of functions

7= 1{1,p;, (@), ,p; ()}

so that every proper subsystem of the system 7 consists of linearly inde-
pendent functions.

Indeed, let p; () be the first, in order, among the functions p,(a),...,p,(a)
that is linearly independent with 1 (in the event that no such function is found,
Theorem 2 is true in a trivial way); let p; («) be the first among the remaining

functions that is linearly independent with {1,p; ()}, and so on up to D -

To the system {1,p; («),...,p;  (a)} weadd any one of the remaining functions
that is linearly independent of {p; (@),...,p; (@)}, and denote it by p; ().
Such a function must exist, for otherwise, as is easy to see, the system 7 cannot
consist of linearly independent functions. To this system 7 all the arguments of
items 1-2 are applicable.
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