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Abstract
Full Text

MATHEMATICS
S. N. KRUZHKOV

ON SOME PROPERTIES OF SOLUTIONS OF
ELLIPTIC EQUATIONS
(Presented by Academician L. S. Pontryagin on 22 XI 1962)

In this paper estimates are obtained for the modulus of continuity, Harnack’s
inequality, and a Liouville-type theorem for solutions of a certain class of elliptic
equations admitting degeneracies. For the investigation we use the method
proposed by Moser in (1,2). We note that related questions are studied in (1−11)
and others.

1. The following two lemmas are consequences of embedding theorems (see
(12−14) and others).

Lemma 1. Let, in the ball 𝐾𝜌{|𝑥| ≤ 𝜌}, 𝑥 = (𝑥1, … , 𝑥𝑛), the functions 𝜇(𝑥) ≥
𝜆(𝑥) ≥ 0, 𝜇 ∈ 𝐿𝑠, 𝜆−1 ∈ 𝐿𝑡, with 1/𝑠 + 1/𝑡 ≤ 2/𝑛; let

∫
𝐾𝜌

(𝜆𝑢2
𝑥 + 𝜇𝑢2) 𝑑𝑥 < ∞, 𝑢𝑥 = grad 𝑢.

Then

(𝜌−𝑛 ∫
𝐾𝜌

𝜇|𝑢|2𝑘 𝑑𝑥)
1/𝑘

≤ 𝑐𝑀1/𝑘(𝜌)𝑃 (𝜌) (𝜌2−𝑛 ∫
𝐾𝜌

𝜆𝑢2
𝑥 𝑑𝑥 + 𝜌−𝑛 ∫

𝑁
𝜇𝑢2 𝑑𝑥) ,

(1)
where

𝑀(𝜌) = (𝜌−𝑛 ∫
𝐾𝜌

𝜇𝑠 𝑑𝑥)
1/𝑠

, 𝑃 (𝜌) = (𝜌−𝑛 ∫
𝐾𝜌

𝜆−𝑡 𝑑𝑥)
1/𝑡

,

1 ≤ 𝑘 = 1 + (2/𝑛 − 1/𝑠 − 1/𝑡)
(1 + 1/𝑡 − 2/𝑛) ≤ 𝑛

𝑛 − 2,

the set 𝑁 ⊆ 𝐾𝜌, mes 𝑁 ≥ 𝑐0𝜌𝑛, and the constant 𝑐 depends only on 𝑐0 and 𝑛
(everywhere we assume 𝑛 ≥ 3).

In what follows, 𝜆(𝑥) and 𝜇(𝑥) are bounds for the eigenvalues of the matrix 𝑎(𝑥)
(see (3), (4)). Denote by 𝑊 1

2 (𝑎, Ω) the closure of the space 𝐶∞(Ω) in the norm

‖𝑢‖ = (∫
Ω

[(𝑢𝑥, 𝑎𝑢𝑥) + 𝜇𝑢2] 𝑑𝑥)
1/2

,
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by
∘

𝑊 1
2(𝑎, Ω) the closure of the space 𝐶∞

0 (Ω) in the norm

‖𝑢‖ = (∫
Ω

(𝑢𝑥, 𝑎𝑢𝑥) 𝑑𝑥)
1/2

,

and by 𝑐 constants depending on 𝑛.

Lemma 2. Let, in 𝐾𝜌, the function ℎ(𝑥) ∈ 𝐿𝑝, with 1/𝑝 + 1/𝑡 ≤ 2/𝑛. Then

for 𝑢(𝑥) ∈
∘

𝑊 1
2(𝑎, 𝐾𝜌) the inequality

∫
𝐾𝜌

|𝑢2ℎ| 𝑑𝑥 ≤ 𝑐𝜌2𝑃(𝜌) (𝜌−𝑛 ∫
𝐾𝜌

|ℎ|𝑝 𝑑𝑥)
1/𝑝

∫
𝐾𝜌

𝜆𝑢2
𝑥 𝑑𝑥 (2)

is valid.

We shall first consider solutions of elliptic equations of the form

𝐿𝑢 =
𝑛

∑
𝑖,𝑗=1

𝜕
𝜕𝑥𝑖

(𝑎𝑖𝑗(𝑥) 𝜕𝑢
𝜕𝑥𝑗

) +
𝑛

∑
𝑖=1

𝑏𝑖(𝑥) 𝜕𝑢
𝜕𝑥𝑖

= 0, 𝑏 = (𝑏1, … , 𝑏𝑛); (3)

𝑎 = ‖𝑎𝑖𝑗‖, 𝜆(𝑥)𝜉2 ≤ (𝜉, 𝑎𝜉) ≤ 𝜇(𝑥)𝜉2, 𝑎 = 𝑎′; (4)

everywhere in what follows we assume that in some ball 𝐾𝑅 the functions 𝜆(𝑥)
and 𝜇(𝑥) satisfy the conditions of Lemma 1 and that (𝑏2/𝜆) ∈ 𝐿𝑝(𝐾𝑅), with
1/𝑠+1/𝑡 < 2/𝑛 (then 𝑘 > 1 in (1)) and 1/𝑝+1/𝑡 ≤ 2/𝑛. Depending on whether
the local behavior of a solution is being considered or a Liouville-type theorem
is being established, we shall assume, with respect to 𝑏𝑖(𝑥), respectively, that
the following condition A or B is fulfilled:

A. For 𝑟 ⩽ 𝑟0: 1)

𝑐
𝑚

∑
𝑖=1

𝑟2𝑃(𝑟) [𝑟−𝑛 ∫
𝐾𝑟

(𝑏2
𝑖 /𝜆)𝑝 𝑑𝑥]

1/𝑝

⩽ 1
4,

where 0 ⩽ 𝑚 ⩽ 𝑛;

2)
𝑛

∑
𝑖=𝑚+1

𝜕𝑏𝑖
𝜕𝑥𝑖

⩾ 0,
𝑛

∑
𝑖=𝑚+1

𝑏𝑖𝑥𝑖 ⩽ 0, 𝜕𝑏𝑖
𝜕𝑥𝑖

∈ 𝐿𝑝(𝐾𝑟), 𝑖 ⩾ 𝑚+1, 1
𝑝+1

𝑡 ⩽ 2
𝑛

(cf. (11)).

B. 1/𝑝 + 1/𝑡 = 2/𝑛, and for 𝑟 ⩾ 𝑅0: 1)

𝑐𝑟2
𝑚

∑
𝑖=1

𝑃(𝑟) [𝑟−𝑛 ∫
𝐾𝑟

(𝑏2
𝑖 /𝜆)𝑝 𝑑𝑥]

1/𝑝

⩽ 1
4,
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where 0 ⩽ 𝑚 ⩽ 𝑛; 2) the same as in A 2).

Definition 1. A function 𝑢(𝑥) ∈ 𝑊 1
2 (𝑎, Ω) is called a generalized solution of

equation (3) in the domain Ω, if for every function 𝜑(𝑥) ∈
0

𝑊 1
2(𝑎, Ω)

∫
Ω

(𝜑𝑥, 𝑎𝑢𝑥) 𝑑𝑥 = ∫
Ω

𝜑(𝑏, 𝑢𝑥) 𝑑𝑥. (5)

Definition 2. A function 𝑣(𝑥) ∈ 𝑊 1
2 (𝑎, Ω) is called a generalized subsolution

of equation (3) in Ω, if for every function 𝜑(𝑥) ∈
0

𝑊 1
2(𝑎, Ω), 𝜑(𝑥) ⩾ 0,

∫
Ω

(𝜑𝑥, 𝑎𝑣𝑥) 𝑑𝑥 ⩽ ∫
Ω

𝜑(𝑏, 𝑣𝑥) 𝑑𝑥. (6)

Lemma 3. Let 𝑣(𝑥) be a nonnegative subsolution in 𝐾𝜌+𝜎, and suppose that
either condition A or condition B is satisfied. Then

∫
𝐾𝜌

𝜆𝑣2
𝑥 𝑑𝑥 ⩽ 𝑐

𝜎2 ∫
𝐾𝜌+𝜎

𝜇𝑣2 𝑑𝑥. (7)

For the proof one must put in (6) 𝜑 = 𝜂4(𝑟)𝑣(𝑥), where 𝜂 = 1 for 0 ⩽ 𝑟 ⩽ 𝜌,
𝜂 = 0 for 𝑟 ⩾ 𝜌 + 𝜎, and 𝜂(𝑟) is linear for 𝜌 ⩽ 𝑟 ⩽ 𝜌 + 𝜎. Combining (1) for
𝑢 = 𝑣, 𝑁 = 𝐾𝜌, and (7), we have

(𝜌−𝑛 ∫
𝐾𝜌

𝜇𝑣2𝑘 𝑑𝑥)
1/𝑘

⩽ 𝑐𝑀1/𝑘(𝜌)𝑃 (𝜌) (1 + 𝜌2

𝜎2 ) (𝜌 + 𝜎)−𝑛 ∫
𝐾𝜌+𝜎

𝜇𝑣2 𝑑𝑥. (8)

Since everywhere below 𝑟 ⩽ 𝜌 < 𝜌 + 𝜎 ⩽ 4𝑟, it follows that 𝑀(𝜌) ⩽ 𝑐𝑀 ,
𝑃(𝜌) ⩽ 𝑐𝑃 , where 𝑀 = 𝑀(4𝑟), 𝑃 = 𝑃(4𝑟).
Lemma 4. Let 𝑣(𝑥) be a nonnegative subsolution in 𝐾4𝑟; then

vrai max
𝐾𝑟

𝑣2(𝑥) ⩽ 𝑐′𝑀1/(𝑘−1)𝑃 𝑘/(𝑘−1)𝑟−𝑛 ∫
𝐾2𝑟

𝜇𝑣2 𝑑𝑥, 𝑐′ = 𝑐′(𝑛, 𝑠, 𝑡). (9)

Proof. Noting that 𝑓(𝑣) = 𝑣𝑚 is a nonnegative subsolution for 𝑚 ⩾ 1, put
𝜌𝜈 = 𝑟(1 + 2−𝜈), 𝜈 = 0, 1, …, 𝜎𝜈 = 𝜌𝜈−1 − 𝜌𝜈 = 𝑟 ⋅ 2−𝜈,

𝑞𝜈 = (𝜌−𝑛
𝜈 ∫

𝐾𝜌𝜈

𝜇𝑣2𝑘𝜈 𝑑𝑥)
1/𝑘𝜈

= ⎡⎢
⎣

(𝜌−𝑛
𝜈 ∫

𝐾𝜌𝜈

𝜇 (𝑣𝑘𝜈−1)2𝑘 𝑑𝑥)
1/𝑘

⎤⎥
⎦

1/𝑘𝜈−1

.

By virtue of inequality (8) for 𝑣𝑘𝜈−1 , 𝜈 ⩾ 1,

𝑞𝜈 ⩽ 𝑐(𝜈+1)/𝑘𝜈−1𝑀1/𝑘𝜈𝑃 1/𝑘𝜈−1𝑞𝜈−1, 𝜈 = 1, 2, … ,
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whence (9) follows, if one takes into account that

lim
𝜈→∞

𝑞𝜈 ⩾ vrai max
𝐾𝑟

𝑣2(𝑥).

Lemma 5. Let 𝑢(𝑥) be a nonnegative solution in 𝐾4𝑟, and suppose

mes 𝑁{𝑥 ∈ 𝐾2𝑟; 𝑢(𝑥) ⩾ 1} ⩾ 𝑐𝑟𝑛;

then for 𝑥 ∈ 𝐾𝑟

𝑢(𝑥) ⩾ 𝛾(𝑛, 𝑠, 𝑡, 𝑄) = exp [−𝑐′𝑄(2𝑘−1)/2(𝑘−1)] , where 𝑄 = 𝑀𝑃. (10)

For the proof, consider 𝑤 = 𝑔(𝑢 + 𝜀), where 𝑔(𝑢) = ln+ 𝑢−1; similarly to how
Lemma 3 was proved, we establish the inequality:

∫
𝐾2𝑟

𝜆𝑤2
𝑥 𝑑𝑥 ≤

≤ 𝑐𝑟−2 ∫
𝐾4𝑟

𝜇 𝑑𝑥 ≤ 𝑐𝑟𝑛−2𝑀.

If we apply Lemma 1 to 𝑤 with 𝑘 = 1, noting that 𝑤(𝑥) = 0 for 𝑥 ∈ 𝑁 , we
obtain the estimate

𝑟−𝑛 ∫
𝐾2𝑟

𝜇𝑤2 𝑑𝑥 ≤ 𝑐𝑀2𝑃 .

Since 𝑤 = 𝑔(𝑢 + 𝜀) ≥ 0 and 𝑔″ ≥ 0, 𝑤(𝑥) is a nonnegative subsolution. To
complete the proof it remains to apply Lemma 4 to 𝑤 and let 𝜀 tend to 0.

Lemma 6. Let 𝑢(𝑥) be a solution in the ball 𝐾8𝑟. Then

osc
𝐾𝑟

𝑢 ≤ 𝜂 osc
𝐾4𝑟

𝑢, where 𝜂 = 1 − 𝛾/2.

By Lemma 4, applied to |𝑢|, 𝑢(𝑥) is bounded in 𝐾4𝑟; we may assume that
𝑀0 = vrai max(±𝑢) in 𝐾4𝑟. The proof of Lemma 6 follows from applying
Lemma 5 to that one of the functions 1±(𝑢/𝑀0) which is ≥ 1 on a set 𝑁 ⊂ 𝐾2𝑟
with mes 𝑁 ≥ 1

2 mes 𝐾2𝑟.

2. Estimate of the modulus of continuity of the solution.
Theorem 1. Let 𝑢(𝑥) be a generalized solution of equation (3) in 𝐾𝑟0

, and let
condition A be satisfied; let 𝜆(𝑥) = 𝜇(𝑥)/𝜇0 and 𝑄(𝑟) ≤ 𝜘 for 0 < 𝑟 ≤ 𝑟0. Then,
for 𝑟 ≤ 𝑟0/2,

osc
𝐾𝑟

𝑢 ≤ 8 (𝑟/𝑟0)𝛼 osc
𝐾𝑟0/2

𝑢,

where 𝛼 depends only on 𝑛, 𝑠, 𝑡, 𝜘.
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Theorem 1 follows easily from Lemma 6.

Remark 1. It is obvious that if the hypotheses of Theorem 1 are satisfied
uniformly in an 𝑟0-neighborhood of any point 𝑥 ∈ Ω′ ⊂ Ω, 𝑑(Ω′, 𝜕Ω) ≥ 𝛿 > 0,
then 𝑢(𝑥) satisfies the Hölder condition in Ω′. In particular, it suffices to require
uniform ellipticity (𝜇(𝑥) = 𝜇1, 𝑠 = 𝑡 = ∞) and 𝑏𝑖 ∈ 𝐿𝑞(Ω), 𝑞 ≥ 𝑛 (cf. (5)); for
𝑞 = 𝑛, condition A 1) is satisfied by virtue of the absolute continuity property
of the Lebesgue integral: for 𝜀 > 0 there exists 𝑟0 > 0 such that, for 𝑟 ≤ 𝑟0,

∫
𝐾(𝑥0,𝑟)

|𝑏|𝑛 𝑑𝑥 ≤ 𝜀,

where 𝐾(𝑥0, 𝑟) = {𝑥; |𝑥 − 𝑥0| ≤ 𝑟} ⊂ Ω.

Remark 2. If 𝜆(𝑥) ≢ 𝜇(𝑥)/𝜇0, but 𝑄(𝑟) does not grow too strongly as 𝑟 → 0,
then one can also estimate the modulus of continuity of the solution, namely:
let

𝑐′𝑄(2𝑘−1)/2(𝑘−1) ≤ ln 𝜓(𝑟)
(see (10)), and let 𝜓(𝑟) not decrease as 𝑟 → 0. Then, by Lemma 6,

osc
𝐾𝑟

𝑢 ≤ (1 − 1
2𝜓(𝑟)) osc

𝐾4𝑟
𝑢;

it is not hard to see that from the condition

∫
0

𝑑𝑟
𝑟𝜓(𝑟) = ∞

there follows the continuity of 𝑢(𝑥) at the origin.

3. Harnack inequality.
Theorem 2. Let 𝑢(𝑥) be a positive solution of equation (3) in 𝐾3𝑟0

, 𝜆(𝑥) =
𝜇(𝑥)/𝜇0, and for 𝑥0 ∈ 𝐾𝑟0

, 0 < 𝑟 ≤ 2𝑟0,

𝑄(𝑥0, 𝑟) = 𝜇0 (𝑟−𝑛 ∫
𝐾(𝑥0,𝑟)

𝜇𝑠 𝑑𝑥)
1/𝑠

(𝑟−𝑛 ∫
𝐾(𝑥0,𝑟)

𝜇−𝑡 𝑑𝑥)
1/𝑡

≤ 𝜘 < ∞,

𝑐𝜇2
0𝑟2 [𝑟−𝑛 ∫

𝐾(𝑥0,𝑟)
(𝑏2/𝜇)𝑝 𝑑𝑥]

1/𝑝

[𝑟−𝑛 ∫
𝐾(𝑥0,𝑟)

𝜇−𝑡 𝑑𝑥]
1/𝑡

≤ 1
4.

Then in 𝐾𝑟0/2
max 𝑢 ≤ 𝑐1 min 𝑢,

where 𝑐1 depends only on 𝑛, 𝑠, 𝑡, 𝜘.

For Theorem 2 there is a remark analogous to Remark 1. In the case when
𝜇(𝑥) = 𝜇1 = const and 𝑏𝑖 ∈ 𝐿𝑞, 𝑞 > 𝑛, Theorem 2 was established by L. P.
Kuptsov.
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4. A Liouville-type theorem
Theorem 3. Let 𝑢(𝑥) be a generalized solution in the whole space (i.e., (5) is
satisfied in every ball); let condition B be satisfied and

lim
𝑟→∞

𝑄(𝑟) = 𝜒 < ∞.

Then, for
𝑎 < 𝑎0(𝑛, 𝑠, 𝑡, 𝜒) = [− ln(1 − 1

2 𝛾(𝑛, 𝑠, 𝑡, 𝜒))]/ ln 4
(see (10)), it follows from the inequality

|𝑢(𝑥)| ≤ 𝐴𝑟𝑎 in 𝐾𝑟 (𝑟 > 𝑅1)

that 𝑢 = const.

Proof. Let 𝜒1 > 𝜒,

[1 − 1
2 𝛾(𝑛, 𝑠, 𝑡, 𝜒1)] = 𝜂1 < 4−𝑎, 𝑄(𝑟) ≤ 𝜒1 for 𝑟 > 𝑅2(𝜒1) ≥ max(𝑅1, 𝑅0).

Fix 𝑟0 > 𝑅2 and put 𝑅 = 4𝑚𝑟0, where 𝑚 is an arbitrary natural number. By
Lemma 6,

osc
𝐾𝑟0

𝑢 ≤ 𝜂𝑚
1 osc

𝐾𝑅
𝑢 ≤ 2𝐴𝑟𝑎

0(𝜂14𝑎)𝑚; 𝜂14𝑎 < 1.

Letting 𝑚 → ∞, we obtain that 𝑢 = const in any ball 𝐾𝑟0
.

5. Behavior of the solution in a neighborhood of an isolated
singular point
Definition 3. A function

𝑢(𝑥) ∈ 𝑊 1
2 (𝑎, 𝐾𝑅 ∖ 𝐾𝜌), 0 < 𝜌 < 𝑅,

is called a generalized solution of equation (3) in 𝐾0
𝑅, where 𝐾0

𝑅 is the ball 𝐾𝑅
with its center removed, if the integral identity (5) is satisfied for every

𝜑(𝑥) ∈
0

𝑊 1
2(𝑎, 𝐾𝑅)

that is equal to zero in some neighborhood of the origin.

Theorem 4. Let 𝑢(𝑥) be a generalized solution in 𝐾0
𝑟0

, 𝜆(𝑥) = 𝜇(𝑥)/𝜇0, condi-
tion A be satisfied, and

∫
𝐾𝜌

𝜇2 𝑑𝑥 ≤ ̃𝑐 𝜌2, 0 < 𝜌 ≤ 𝑟0;

let 𝑄(𝑟) ≤ 𝜒 < ∞, and for 𝑛 = 2 let 𝜇 ≤ 𝜇1, while for 𝑛 = 3 let 𝜇 ∈ 𝐿3 in 𝐾𝑟0
.

Then 𝑢(𝑥) is bounded in 𝐾𝑟0/2, and for 𝑟 ≤ 𝑟0/2

osc
𝐾𝑟

𝑢 ≤ 8(𝑟/𝑟0)𝑎 osc
𝐾𝑟0/2

𝑢, 𝑎 = 𝛼(𝑛, 𝑠, 𝑡, 𝜒).
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For 𝑛 = 2, the example

𝑎𝑖𝑗 = 𝛿𝑖𝑗 ln2 𝑟, 𝑏𝑖 = 0, 𝑢 = 1/ ln 𝑟

shows that the assertion of Theorem 4 will be false if the condition 𝜇(𝑥) ≤ 𝜇1
is replaced by the condition 𝜇(𝑥) ∈ 𝐿𝑝, where 𝑝 is an arbitrary number.

6. Equations of a more general form
By introducing new variables (see (15)), Theorems 1 and 2 are carried over to
the case of the equation

𝐿𝑢 + 𝑐(𝑥)𝑢 = 𝑓(𝑥),
and, for 𝑓 ≠ 0, for positive solutions an inequality of the form (see (8))

max 𝑢 ≤ 𝑐1(min 𝑢 + 𝑐2)

is valid. This device, applicable also to equations of higher order, is given here
for the case of elliptic equations of the second order: let

ℒ𝑢 +
𝑛

∑
𝑖=1

𝑏𝑖
𝜕𝑢
𝜕𝑥𝑖

+ 𝑐𝑢 = 𝑓,

where
ℒ𝑢 =

𝑛
∑
𝑖,𝑗=1

𝜕
𝜕𝑥𝑖

(𝑎𝑖𝑗
𝜕𝑢
𝜕𝑥𝑗

)

or
ℒ𝑢 =

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗
𝜕2𝑢

𝜕𝑥𝑖𝜕𝑥𝑗
;

then the function 𝑤 = 𝑦𝑢 + 𝑧 satisfies the equation

ℒ𝑤 +
𝑛

∑
𝑖=1

𝐷𝑖𝑤 + 𝑘0
𝜕2𝑤
𝜕𝑦2 + 𝜕2𝑤

𝜕𝑧2 + 𝑦𝑐 𝜕𝑤
𝜕𝑦 = 𝑦𝑓 𝜕𝑤

𝜕𝑧 , (11)

where
𝐷𝑖𝑤 = 𝑏𝑖𝜕𝑤/𝜕𝑥𝑖 = 𝑦𝑏𝑖𝜕2𝑤/𝜕𝑥𝑖𝜕𝑦,

and 𝑘0 > 0 is a constant. Equation (11), in turn, can be reduced to an equation
containing only highest-order derivatives.
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