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Abstract
Full Text

MATHEMATICS
S. N. KRUZHKOV

ON SOME PROPERTIES OF SOLUTIONS OF
ELLIPTIC EQUATIONS

(Presented by Academician L. S. Pontryagin on 22 XI 1962)

In this paper estimates are obtained for the modulus of continuity, Harnack’ s
inequality, and a Liouville-type theorem for solutions of a certain class of elliptic
equations admitting degeneracies. For the investigation we use the method
proposed by Moser in (1'2). We note that related questions are studied in (1711)
and others.

1. The following two lemmas are consequences of embedding theorems (see
(12714) and others).

Lemma 1. Let, in the ball K {|z| < p}, = (24, ...,2,), the functions u(z) >
ANz)>0,p€ Ly, NP e L, with 1/s+ 1/t < 2/n; let

/ (Au2 + pu?) dz < oo, u, = gradu.
K
Then

1/k
p / plul®de | <MY (p)P(p) | p>" / A2 dx 4 p" / pu? dz |,
K K N

P P (1)

1/s 1/t
M(p) = (p” / usdfﬂ) ., Plp)= (p” / Atdx) ;

(2/n—1/s—1/t) N

(1+1/t—2/n) — n—2’

the set NV C K,, mes N > ¢yp", and the constant ¢ depends only on ¢, and n
(everywhere we assume n > 3).

where

1<k=1+

In what follows, A(x) and u(z) are bounds for the eigenvalues of the matrix a(x)
(see (3), (4)). Denote by Wi (a,) the closure of the space C*°(Q) in the norm

ol = ( )+ i -
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by W% (a, ) the closure of the space C§°(2) in the norm

ful = ( [ e i) "

and by ¢ constants depending on n.

Lemma 2. Let, in K, the function h(z) € L,, with 1/p + 1/t < 2/n. Then

p’
for u(x) € Wj(a, K,) the inequality

1/p
/ [uh| dx < cp®P(p) p‘"/ |h|P da / AuZ dx (2)
K, K K,

o
is valid.

We shall first consider solutions of elliptic equations of the form

Lu= Z o, (a”(x)ﬁxj) +;bz($)aixz =0, b= (bl?“'7bn)a (3)

ij=1

a=lagl,  AM2)€ < (&af) <p(@)€?, a=a; (4)

everywhere in what follows we assume that in some ball K5 the functions A(x)
and p(x) satisfy the conditions of Lemma 1 and that (b*/)) € L,(Kp), with
1/s4+1/t <2/n (then k > 1in (1)) and 1/p+1/t < 2/n. Depending on whether
the local behavior of a solution is being considered or a Liouville-type theorem
is being established, we shall assume, with respect to b;(z), respectively, that
the following condition A or B is fulfilled:

A. For r < ry: 1)

1/p

U 1

2 -n 2 P < =

c;r P(r)|r l{ (b7 /N) dx} <7

where 0 < m < n;
2)

", Ob, n ob, 1
L >0, > bz, <0, LeL(K,), i>m+l, -
it 0 immtl Ox; D

(cf. (11)).
B.1/p+1/t =2/n, and for r > R,: 1)

sovietrxiv.org/items/ru-196301.26671 Machine Translation

~+ | =

N
Slw


https://sovietrxiv.org/items/ru-196301.26671

where 0 < m < n; 2) the same as in A 2).

Definition 1. A function u(z) € W}(a,Q) is called a generalized solution of
0

equation (3) in the domain €, if for every function ¢(x) € Wi(a,Q)

/Q (¢eran)do = [ olbu,) da. (5)

Q

Definition 2. A function v(z) € W} (a,) is called a generalized subsolution

0
of equation (3) in €, if for every function p(z) € Wi(a,Q), p(x) > 0,

(s av,)de < | o (b,v,) de. (6)
/ /

Q

Lemma 3. Let v(z) be a nonnegative subsolution in K,
either condition A or condition B is satisfied. Then

/ M2 dr < %/ pv? dx. (7)
K, Ko

For the proof one must put in (6) ¢ = n*(r)v(z), where n = 1 for 0 < 7 < p,
n =0 for r > p+ o, and n(r) is linear for p < r < p + 0. Combining (1) for
u=v, N =K, and (7), we have

and suppose that

(p”/K pv** d:c) : < eMYE(p)P(p) (1 + 52) (p+ J)”/K p? dz. (8)

pto

Since everywhere below r < p < p 4+ o < 4r, it follows that M(p) < cM,
P(p) < ¢P, where M = M(4r), P = P(4r).

Lemma 4. Let v(x) be a nonnegative subsolution in K,,; then

vra}(mava(x) < c’Ml/(’“’l)Pk/(k’”r’”/ po? de, ¢ =c(n,s,t). (9)
K

T 2r

Proof. Noting that f(v) = v™ is a nonnegative subsolution for m > 1, put
Py = 7’(1 4+ 27”), V= 0, 1, ey O, =Py — P, =T" 271/7

1/kv
a=|nrn" / p**” da =|lm" /
K K

Pv

1/k 1/kv—1
#(vky*l)% dm) ]

Pv

By virtue of inequality (8) for o U >,

9y g C<V+1>/ku71 Ml/kvPl/kuile—la v = 17 27 st
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whence (9) follows, if one takes into account that

lim g, > vrai maxv?(z).
K

vV—00 .

Lemma 5. Let u(x) be a nonnegative solution in K,,., and suppose
mes N{z € K,y ;u(x) > 1} > cr™;
then for x € K,

u(z) = y(n,s,t,Q) = exp [—c'QZ1/2k=D] = where Q = MP.  (10)

For the proof, consider w = g(u + €), where g(u) = In" u~!

Lemma 3 was proved, we establish the inequality:

; similarly to how

Aw? dx <
K,

< cr‘2/ pdr < cer"2M.
K4r
If we apply Lemma 1 to w with & = 1, noting that w(z) = 0 for x € N, we
obtain the estimate
r‘”/ pw? dx < eM?P.
KZ’V‘

Since w = g(u +¢) > 0 and g” > 0, w(x) is a nonnegative subsolution. To
complete the proof it remains to apply Lemma 4 to w and let € tend to 0.

Lemma 6. Let u(z) be a solution in the ball Kg,. Then

c;?cugnoscu, where n =1 — /2.

r ar

By Lemma 4, applied to |u|, u(z) is bounded in K,,; we may assume that
M, = vraimax(4u) in K,,. The proof of Lemma 6 follows from applying
Lemma 5 to that one of the functions 1+ (u/M,) which is > 1 on a set N C K,
with mes N > %mes K,,.

2. Estimate of the modulus of continuity of the solution.

Theorem 1. Let u(x) be a generalized solution of equation (3) in K, , and let
condition A be satisfied; let N(z) = p(x)/pg and Q(r) < » for 0 <r < r,. Then,
forr <ry/2,

oscu < 8(r/ry)" osc u,

s r0/2

where o depends only on n, s, t, x.
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Theorem 1 follows easily from Lemma 6.

Remark 1. It is obvious that if the hypotheses of Theorem 1 are satisfied
uniformly in an ry-neighborhood of any point z € Q" C §, d(£2',00Q) > ¢ > 0,
then u(z) satisfies the Holder condition in . In particular, it suffices to require
uniform ellipticity (u(z) = py, s =t =o00) and b; € L,(2), ¢ > n (cf. (5)); for
g = n, condition A 1) is satisfied by virtue of the absolute continuity property
of the Lebesgue integral: for € > 0 there exists r, > 0 such that, for r < r,

/ b dx < e,
K(I()v’r)

where K (xy,7) = {z; |t — x| <r} C Q.

Remark 2. If \(x) £ p(x)/pg, but Q(r) does not grow too strongly as r — 0,
then one can also estimate the modulus of continuity of the solution, namely:
let

C/Q(2k71)/2(k71) <In 'Q/J(T‘)

(see (10)), and let 1(r) not decrease as r — 0. Then, by Lemma 6,

1
oscu < [1——— | oscu;
K, 20(r) ) Ky,

it is not hard to see that from the condition
dr
[ ==
there follows the continuity of u(z) at the origin.

3. Harnack inequality.

Theorem 2. Let u(z) be a positive solution of equation (3) in K, , A(z) =
(@) /1o, and for xy € K, , 0 <1 < 27,

1/s 1/t
Q(xg,7) = g (r”/ w d:z:) (r"/ wt dm) < u < oo,
K(zo,r) K(zq,7)
1/p
cudr? lr"/ (b2 /)P dx} lr"/
K(zq,r) K(

Then in K,

1/t
1
—td <z,
cra] <!

'TCHT)
maxu < ¢; minu,

where ¢, depends only on n,s,t, ».

For Theorem 2 there is a remark analogous to Remark 1. In the case when
p(x) = p; = const and b; € L,, ¢ > n, Theorem 2 was established by L. P.
Kuptsov.
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4. A Liouville-type theorem

Theorem 3. Let u(z) be a generalized solution in the whole space (i.e., (5) is
satisfied in every ball); let condition B be satisfied and

lim Q(r) = x < oc.

T—00

Then, for
a< aO(nasat7X) = [_ 11'1(1 - %’Y(nasatv)())]/lnzl

(see (10)), it follows from the inequality
lu(z)] < Ar® in K, (r > R;)
that u = const.

Proof. Let x; > x,
[1 - %7(”7 Svtv Xl)] = 771 < 470‘3 Q(T) S Xl fOI‘ T > R2(X1) 2 maX(RlvRO)'

Fix ry > R, and put R = 4™r,, where m is an arbitrary natural number. By
Lemma 6,

oscu < ni*oscu < 2Ar8(n4%)™; 4 < 1.

K, Kp

0

Letting m — oo, we obtain that u = const in any ball K, .
5. Behavior of the solution in a neighborhood of an isolated
singular point
Definition 3. A function
u(x) € Wy(a, Kp\ K,), 0<p<R,

is called a generalized solution of equation (3) in K%, where K is the ball K
with its center removed, if the integral identity (5) is satisfied for every

0
@(x) € W%<G7KR)
that is equal to zero in some neighborhood of the origin.

Theorem 4. Let u(z) be a generalized solution in KSO, Az) = p(x)/pg, condi-
tion A be satisfied, and

/ prdr <ép?,  0<p<rg;
K

let Q(r) < x < oo, and for n =2 let yu < iy, while for n =3 let p € Ly in K, .
Then u(x) is bounded in K, /,, and for r <r;/2

<8 a = t,y).
ggeu < (r/ro) 2o a a(n, s,t,x)
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For n = 2, the example

aij:(;ijlnzr, b, =0, u=1/Inr

shows that the assertion of Theorem 4 will be false if the condition p(z) < uy
is replaced by the condition pu(z) € L,,, where p is an arbitrary number.

6. Equations of a more general form

By introducing new variables (see (15)), Theorems 1 and 2 are carried over to
the case of the equation
Lu+ c(z)u = f(x),

and, for f # 0, for positive solutions an inequality of the form (see (8))
maxu < ¢;(minu + ¢,)

is valid. This device, applicable also to equations of higher order, is given here
for the case of elliptic equations of the second order: let

"\ Ou
Lu + bj=— +cu=f,
; ox;

where

or

then the function w = yu + z satisfies the equation

0w JPw ow ow

n
£w+2Diw+koa—y2+@+yca—y:ny, (11)

1=

where

D,,, = b;0w/dz; = yb;0%w/dx,dy,
and k, > 0 is a constant. Equation (11), in turn, can be reduced to an equation
containing only highest-order derivatives.

Moscow State University
named after M. V. Lomonosov
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