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COMPLETE CONTINUITY AND STRONG
CONTINUITY OF URYSOHN INTEGRAL
OPERATORS

(Presented by Academician A. N. Kolmogorov on 4 IIT 1963)

It is well known that Urysohn integral equations and Urysohn integral operators
play an important role in nonlinear analysis. In studying their properties it is
often necessary to consider such function spaces in which these operators act
and are continuous or completely continuous. It is especially often required
that they be completely continuous. Therefore the question of conditions for
complete continuity of a Urysohn operator is important. In papers (173) this
problem was considered under various conditions in the spaces C, L”, and, in
particular, in the Orlicz spaces L%,. L. A. Ladyzhenskii in paper () gave rather
broad sufficient conditions for complete continuity of a Urysohn operator in the
space C. In the present article the author continues the study of this question.

1. Let G be a bounded closed subset of a finite-dimensional Euclidean space,
and let C' be the space of all continuous functions on G. Let C' = C+C+
-4 C, i.e. C is the space of continuous vector-functions, whose norm is
defined by the formula

ol = max ;]

where o(t) € (01 (t), ..., 0,,(t)) € C.

It is assumed that the functions K (s,t,uy, ..., u,,) (j=1,2,...,m) are defined
for s,t € G, —00 < u; < 0o, and satisfy the conditions:

I;. For each s € G the functions Kj(s, tyUypy.ee, Uy,) are continuous in uq, ..., u
for almost all ¢ € G and are measurable in ¢ for each s and each (uq,...,u,,).

m
The operator

%@(S) = (‘7(190(5)"""7(771@(5))’ (1)

where
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X ip(s) = /C;Kj[s,t,wl(t),...,gom(t)] dt (j=1,...,m),

will be called a Urysohn operator.

It is easy to see that, in order to prove complete continuity of the operator X
in C, it suffices to consider only one X'}, i.e. an operator acting from C' into C.
Below only an operator of the form

Kip(s) = /G K[s.t,1(0), s o (B)] dt

will be considered.

2. Suppose that

I, K(s,t,—uj,Ug,...,u,,) = —K(s,t,uq,tg,...,u,,)

for

=00 < Uy een y Uy, < OO

Lemma 1. Suppose that conditions I; and I, are satisfied. If for every ¢ € C,
ol < @, where « is some positive number,

Kp(s) = /GK{s,t,wl(t),...,@m(t)}dt <00, sEG,

then for every s € G the inequality

/ sup | K[s,t, Uy, ..., u,,]| dt < 00
G |usl<a
(i=1,...,m)

holds.
With the aid of this lemma one proves

Theorem 1. Suppose that conditions I;, I, are satisfied and the operator X
acts from C into C. If X is bounded, then it is weakly continuous and the
function K(t,s,uq, ..., u,,) satisfies the condition:

117, For every o > 0 there exists a 8 > 0 such that

/ sup |K(s,t,uy,...,u,,)| dt < B, seq.
G
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If I, I, are satisfied, then from the compactness of the operator X, acting from
C into C, there follows the complete continuity and the strengthened continuity
of X.

In the following lemma we consider properties of the function K (s,t,uy,...,u,,)
when the operator X is compact.

Lemma 2. If conditions I; and I, are satisfied, the operator X acts from C into
C and is compact, then it satisfies condition II; and the following condition:

115*. For every € > 0 and every s € GG there exists a 6 > 0 such that

/Sup |K(s+h,tug, ... u,)— K(s,t,uq,...,u,,)| dt <e for |h| < 0.
G

From Theorem 1 and Lemma 2 there immediately follows

Theorem 2. If I, I, are satisfied, then the necessary and sufficient condition
for compactness of the operator X is that both conditions 11, I, be satisfied.

Remark. It is easy to see that condition II, may be replaced by a formally
stronger one; that is, if X is compact, then K(s,t, uq, ..., u,,) satisfies II; and

IT).  lim sup /sup|K(s+h,t,u1,...,um)—K(s,t,ul,..‘,um)|dt:0.
[R]—=0 s, s+heG Jo

3. Suppose that K(s,t, uq,...,u,,) satisfies I; and

Iy, K(s,t,0,uqg,...,u,,) =0.
Putting
K(U(s,t,ul,...,u - K(s,t,ug,...,u,,), if u; >0,
" —K(s,t,—uy,...,u,,), ifu, <0,
we easily verify that the function K (s,t,u;, ..., u,,) also satisfies condition I,.

* Condition I1; was introduced by L. A. Ladyzhenskii in (2) for m = 1.

** Condition I, was also given by L. A. Ladyzhenskii in (?) for m = 1.
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Let X be the operator defined by the function K" (s, ¢, uy,...,u,,). For each
@(t) € C put

() = max{py(1),0}, @\ (t) = max{—e,(t),0},

KW[s,t,01(t), ..., o ()] dt

K[s,t, 077 (1), 05(t), v, 0 (1)) dt

T~

— [ K[s,t, 07 (1), 00(1), ooe s i (1)]

— HptH) () = Hpt)(s).

Q

Therefore, from the boundedness and compactness of X there follow, respec-
tively, the boundedness and compactness of X (1); consequently, if the operator
X is bounded, then the function K(l)(s,t,ul, vy u,,) satisfies II;, and there-
fore the function K(s,t,uqy,...,u,,) for 0 < u; < o, Ju| < a (i = 2,...,m)
also satisfies condition II;; if X" is compact, then K(l)(s,t, Uy, ..oy U, ) satisfies
IT,,I1,, and therefore the function K(s,t,uy,...,u,,) for 0 < u; < a, |u;| <
a (i =2,...,m) also satisfies conditions II;,II,. In a similar way one can prove
that from the boundedness of the operator X there follows condition II; for
—a<u <0, |yl <a (i =2,..,m), and from the compactness of X there
follow conditions II;, II, for —a < wu; <0, |y < a (i =2,...,m).

Now suppose that the function K(s,t,uq,...,u,,) is arbitrary, but satisfies I;.

Putting

Ki(s,t5uq, ey ty,) = K(S, tuq, .y uy,) — K (8,650, ug, ..., 1y, ),

Ko (8,t5Ugy ooy ty,) = K(8,850,Uq, ooy u,,) — K(8,50,0,ug, ..., Uy, ),
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we obtain that

m
K(s,t, gy, tly,) = ZKj(s,t,uj, vy y,) + K (8,850, ...,0).

Jj=1
It is obvious that each function K(s,t;u;, ..., u,,) satisfies not only I;, but also
I;; therefore the following holds.

Theorem 3. If the operator X acts from C into C' and is bounded, then it is
weakly continuous and satisfies condition II;.

Theorem 4. If the operator X acts from C into C, then a necessary and suffi-
cient condition for the compactness of X is the satisfaction of both conditions
I1,,I1,. From the compactness of the operator X there follows its complete and
strengthened continuity.

4. Finally, let us consider the question of complete continuity of the Ham-
merstein integral operator. Suppose that K(s,t) is defined for s,t € G, and
f(t,uq, ..., u,,) is defined for t € G, —o00 < u; < 00 (i = 1,...,m) and satisfies
the Carathéodory conditions (see (3)). Put

ay,(t) = sup f(t,uq, ... u,,).
[u;|<a
i=1,....m

Theorem 5. If for every a > 0 there exist positive numbers a; < a5 such that

ay < aq(t) < ay, (2)

then a necessary and sufficient condition for the complete continuity of the
operator

RFe(s) = [ K(5.0) flt.01(0), e (0] de
G
is the fulfillment of the following two conditions:

II,. Forevery s€ G

/ |K (s,t)| dt < 0.
G

I,. For every £ > 0 there exists § > 0 such that
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/ﬂK@+h¢y—K@¢ﬂﬁ<g
G

for every s € G, whenever |h| < 4.

If f(t,u) = u, then the operator K f becomes linear and «a, (t) = «; thus condi-
tion (2) is naturally fulfilled. Consequently, a necessary and sufficient condition
for the complete continuity of the operator

M@:éK@W@ﬁ

is the fulfillment of the conditions II,, IT,.
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