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Full Text
PHYSICAL CHEMISTRY
R. Sh. NIGMATULLIN

GENERAL EQUATION AND ELECTRICAL
ANALOG OF AN ELECTROLYTIC CELL
WITH A SPHERICAL STATIONARY MICRO-
ELECTRODE

(Presented by Academician A. N. Frumkin, 5 IV 1963)

The development of the theory of modern polarographic methods and electro-
chemical converters of electrical signals is associated with the study of the func-
tional relation between the e.m.f. applied to an electrolytic cell and the current
flowing (1).

Below, on the basis of the laws of diffusion kinetics, the dependence of the
current i(¢) on an e.m.f. &£(t) of arbitrary form is established for a cell with
a spherical stationary microelectrode. It is assumed that: 1) the oxidation-
reduction reaction at the electrode obeys the Tafel equation; 2) the capacitance
of the double electric layer C, is a prescribed function of the electrode potential;
3) ion migration is taken into account through the volume resistance of the
solutions R, (?). The paper also proposes an electrical model for investigating
processes in the circuit of such a cell.

Fig. 1

Let the oxidant A; and the reductant A, on the surface of a microelectrode
of radius a (Fig. 1) exchange n electrons: A; + n© = A,. Let A; in this
case always remain in the solution, while A, either also remains in the solution
(case I), or dissolves in the electrode material (II), or in its thin surface layer of
thickness a <« a (III), i.e. we consider, respectively, a solid electrode, a mercury
drop, or a solid electrode coated with a mercury film. In all these cases, finding
the relation between i(¢) and £(¢) reduces to solving a boundary-value problem
for a system of two parabolic equations:

Vo wn=n|Lcwn+lcmn] wo12 (1)
w7, - V8T2 AU rar”r’ v=1, )

wheret > 0,for C} :r>a; Cy: I—r>a, I-0<r<a, lI—a—a <r <aq;

Cy(ry _O) = Cu = const (V = 1’ 2)7 (2)
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a) i(t) =i4(t) + 7

[€aCo(E)],  b)  &(t) = Ri(t) + E4(t).  (6)

where C, and C, are the concentrations of A; and A,; C; and C, are their initial,
equilibrium values; i, is the faradaic current; & is the electrode potential (with
the opposite sign), measured relative to a macroelectrode of the same material;
& = anF/RT, § = —fnF/RT, f = 1 — a, iy = nFSkC’CS. The remaining
notation is standard.

Fig. 2

The problem is solved as follows. From (1)—(4), by the operational method ),
we find the dependence of the boundary concentrations C,,(a,t) on the current
i(t). Substituting C,(a,t) into the Tafel equation (5), we establish the relation
between £, and i4. Next, using Kirchhoff’ s laws (6), we obtain the desired
dependence:

iy expal d [t
ta _ HXPAC {ul_dt/ Fl(t—T)id(T)dT]
)

(N Uy .
_eXPBgd +d/tF(t— iy (r)d “
" Usg I | 5 T)ig(7)dT |,
where
id:i_%[gdc()(gd)]7 gd:€—R0i, Uy:nFSCV (1/21,2)7
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and Fy(t) is different for the three cases:

I & 2
=2 1 —expd erfcVé), Fjl= = (364 - — o exp(—d) |
2 D2( ) 2 D, 5 mz::l n
m_ @ |5, 1 s 2 m 2 51 - _ tDy, 5 =
Fy _FQ 5"‘3_;@(_1) COS/J’me><p<_'u’m6)‘|7 0= a2’ 0=

U, are the positive roots of the equation tgu,, = t,,-

The nonlinear integral equation of Volterra type that has been found establishes
the dependence between the current i(¢) and an arbitrary (within the class of
functions of bounded variation) emf £(¢). In the general case, the solution of
(7) cannot be expressed in closed form, i.e., in quadratures, through functions
characterizing the original equation, without the use of infinite processes. Since
the accuracy of electrochemical measurements rarely exceeds 1—5%, i.e., is lower
than the accuracy of electrical analog computers, the question of an electrical
model of equation (7) naturally arises.

Proceeding from the analogy between the processes of diffusion and potential
equalization in RC' circuits with distributed parameters, one can show that the
operational “diffusion resistance”

fu(p) = p/ooo F,(t)exp(—pt)dt = (—=1)"nFS [Cv(a’iiz)_V]

is equivalent to the electrical resistance of a two-terminal network Z,(p), com-
posed in the general case of a homogeneous RC-cable and an active resistance
(see Table 1).

The derivative convolution of the functions F, () and 4,(¢) in (7) corresponds
to the voltage at the output of a certain linear four-terminal network when the
input voltage follows the law of variation i,(t). Using (4), it is easy to show
that, as such a four-terminal network, one may take an operational amplifier in
which negative feedback is provided through a circuit with resistance Z,(p). The
results obtained make it possible to construct a structural model of equation (7)
from RC-cables and standard blocks of analog computers: amplifiers, nonlinear
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converters, as well as differentiating, multiplying, and summing devices (Fig.
2).

Fig. 3. Oscillopolarograms of Cd*" in KCl, obtained on the model for three
values of Ry: 16.2; 273 and 1000 ohms (C; = 107 g-ion-cm ™3, E = 0.5tz, T =
298°K, S =3-10"2 cm?, D; =0.72-107° cm? - sec™ )

Equations for the voltages in the model circuit:

Uy exp(OK 3, Upe) | 7 d [t
KJ‘IZO - 7'1\]‘441 M % - E/ Fyp (ta — Tan)Ungi(Tar) ATy
0
exp(0K y5Unse) [ d [t
- Tj 5t a / Faaltar = 1) UnTaa) A7 |
0
(8)
where
d
UMi:UM_E [ﬂUMeq/}M(HKM,YUMG)] , Unme =Em — KnrUrs

Fy=Ryn (1 —expdiy erfc\/é}m> , Flo =Ry, (1 — exp &} 5 erfe (5}\42> ,

1 )
Fiio = Rilpy | 3032 + 5 Z - exp(—u%ﬁ%\}m)} )
m=1

Mz,

1 > 2
FUL = RIIL |68 + = — Z —(—=1)™cos fi,y, exp(—u%ﬁ}é}?)} ,

3 m=1 ,U,?Qn

S — Bk (ROY2 (N=0, LILIL v=1,2), 6=1b""1, 9 =1sec.
Comparing the equations of the original system (7) and of the model (8), by
known methods (°) it is easy to introduce similarity constants and to find simi-
larity invariants.

* The concentration transformed according to Laplace—Carson is
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e,(a,p) = p / T Ot esp(—ptydt (v =1,2).

The proposed electrical analog of the cell makes it possible to obtain (), i4(t),
&,4(t), as well as the time dependence of the change in the boundary concen-
trations of the oxidant and reductant for specified £(t) and cell parameters.
The corresponding voltages in the circuit are taken (relative to ground) from
terminals 2-6 (Fig. 2).

Table 1
Electrical analog and operational
Operational “diffusion resistance” resistance of the two-terminal
1. (p) network Z,,(p)
1
filp) = — - A Semi-infinite RC-cable. R,;; > 0—
VpDy + = active resistanfe.
a
Z, =
VPP + 1/Ryp
) B =t /Tan™
1(p) = E— B Semi-infinite RC-cable. RY,, > 0—
VpDy + 2 active resistanlce.
a
7 =
VPP + 1/ Ry
Bz = Cara/Tar™
p) = V Short-circuited segment of an
1 RC-cable (length [). RIL, < 0 active

\/@ cth(ﬁ@) . Dy negative resistancel. Zi =
VB cth(|RE| /pBar) +1/Raso

|RI| = 7ol
Mp) = - G Segment of an RC-cable (length [),
pD,y th(D21 /pDQ) open at the end.

1
ZII _
? V/ PBara th<R}\I412 A% pﬁM2>

* ru and ¢, are the distributed resistance and capacitance of the RC-cable
(v=1,2).

For the special case of semi-infinite linear diffusion (D,t < a?) and reversible
processes (i, — 00), the model was implemented.* The circuit used operational
amplifiers from the IPT-5 integrator, a multiplication unit, and BN-3 universal
functional converters. The external emf was specified by an NGPK-3 generator.
As the semi-infinite RC-cable there was used an equivalent6, in the working
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frequency region, chain RC-line made up of a finite number of links. On the
model, with an accuracy of 1.5-9%, the influence of R, on the potential shift
and the peak current of the polarographic wave (Fig. 3) under application of a
linearly varying emf was studied.

In conclusion, I consider it a pleasant duty to express my gratitude to Academi-
cian A. N. Frumkin and Corresponding Member of the Academy of Sciences of
the USSR V. G. Levich for their unfailing attention to the work and valuable
discussion.
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