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Abstract
Full Text
S. N. SLUGIN

THE METHOD OF STEEPEST DESCENT
IN A HILBERT MODULE OVER A FINITE-
DIMENSIONAL COMPLEX 𝐾-SPACE
(Presented by Academician S. L. Sobolev on 16 IV 1963)

1. The set 𝑉 of all 𝑚-dimensional vectors 𝑣 = {𝜆𝑛} = ∑𝑚
𝑛=1 𝜆𝑛𝑒𝑛 with

complex coordinates is naturally converted into a 𝐾2-space (1), where by
convergence in the 𝐾-space (2) 𝑍 of all 𝑚-dimensional vectors with real
coordinates one means (𝑜)-convergence, coinciding with coordinatewise
convergence; the unit 1 = {1} = ∑𝑚

𝑛=1 𝑒𝑛. For 𝑣 = {𝜆𝑛}, 𝑤 = {𝜇𝑛} the
product 𝑣𝑤 = {𝜆𝑛𝜇𝑛}, and the quotient 𝑣/𝑤 = {𝜈𝑛}, where 𝜈𝑛 = 𝜆𝑛/𝜇𝑛
for 𝜇𝑛 ≠ 0 and 𝜈𝑛 = 0 for 𝜇𝑛 = 0. The functional 𝐽 , defined by the
equality

𝐽 (
𝑚

∑
𝑛=1

𝜆𝑛𝑒𝑛) =
𝑚

∑
𝑛=1

𝜆𝑛,

is (𝑜)-linear and strictly positive in 𝑍.

2. Let 𝑋 be an 𝑀𝑉 -module (1,3). Since in 𝑋, by definition, products 𝑣𝑥
always exist for |𝑣| ≤ 𝜆1, and 𝑍 is an extended 𝐾-space of bounded
elements, 𝑋 is an absolute 𝑀𝑉 -module (1,3). Let 𝑋 simultaneously be a
Banach space, and suppose that for all 𝑛 the inequalities

‖𝑥𝑒𝑛‖ ≤ ‖𝑥‖. (1)

hold. Define the structural norm

|𝑥| =
𝑚

∑
𝑛=1

‖𝑥𝑒𝑛‖𝑒𝑛.

Then the inequalities

|𝑥| ≤ ‖𝑥‖1, ‖𝑥‖ ≤ 𝐽|𝑥|,

hold, whence follows the equivalence of boundedness of a set (or convergence of
a direction (4)) in 𝑋 in the sense of a Banach space and boundedness of a set
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(or, respectively, convergence of a direction) in the structural norm. From the
coincidence of the meanings of convergence of directions follows the fact that 𝑋
is an absolute module of type 𝐵𝐾2(1,3). We shall call 𝑋 a Banach module
over 𝑉 .

3. If 𝑋 is an 𝑀𝑉 -module and a Hilbert space (complex) with scalar product
[𝑥, 𝑦], and if for all 𝑛 the equalities

[𝑥, 𝑦𝑒𝑛] = [𝑒𝑛𝑥, 𝑦𝑒𝑛],

hold, then, introducing the structural product (previously called in (1,3)
“scalar”)

(𝑥, 𝑦) =
𝑚

∑
𝑛=1

[𝑥, 𝑦𝑒𝑛] 𝑒𝑛,

we embed 𝑋 in an absolute module of type 𝐻𝐾2 (1, 3) and call it a Hilbert
module over 𝑉 . The equalities hold

[𝑥, 𝑦] = 𝐽(𝑥, 𝑦), [𝑒𝑛𝑥, 𝑦] = [𝑥, 𝑦𝑒𝑛].

Since |𝑥𝑒𝑛| ≪ |𝑥|, ‖𝑦‖2 = 𝐽(|𝑦|2), the inequalities (1) hold, and the Hilbert
module is a Banach module.

In what follows, depending on the meaning of the norm or product, we shall
also denote 𝑋 by one of the symbols 𝐵, 𝐵𝑉 or 𝐻, 𝐻𝑉 .

If 𝑥 is disjoint from 𝑦 in 𝐻𝑉 , i.e. |𝑥| |𝑦| in 𝑍, then (3) 𝑥 ⟂ 𝑦 in 𝐻𝑉 , and,
consequently, 𝑥 ⟂ 𝑦 in 𝐻.

4. Let 𝑈 be an operation taking 𝑋 = 𝐵𝑉 into the Banach module 𝑌 over 𝑉 .
Introduce the 𝑘𝑛-section of the operation 𝑈 :

𝑈𝑘𝑛(𝑥) = 𝑒𝑘𝑈(𝑒𝑛𝑥)

and the “projector with renumbering”in the space 𝑉 :

Π𝑘𝑛 (∑
𝑖

𝜆𝑖𝑒𝑖) = 𝜆𝑛𝑒𝑘.

A linear transformation 𝐴 ∼ (𝑢𝑘𝑛) in the space 𝑉 can be written as

𝐴 = ∑
𝑘𝑛

𝑢𝑘𝑛Π𝑘𝑛.
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Let 𝑈 be a linear (bounded) operation taking 𝑋 = 𝐵 into the given Banach
space 𝑌 . Then all sections 𝑈𝑘𝑛 are also linear (bounded) in the same sense,

𝑢𝑘𝑛 = ‖𝑈𝑘𝑛‖ ≤ ‖𝑈‖,

and the operation 𝑈 is regular, taking 𝑋 = 𝐵𝑉 into the Banach module 𝑌 , with
(𝑜)-linear majorant 𝐴:

𝑈 ≪ 𝐴 = ∑
𝑘𝑛

𝑢𝑘𝑛Π𝑘𝑛.

The estimate for 𝑈 is preserved also in the case when 𝑌 is a Banach module
over a finite-dimensional 𝐾2-space of another dimension.

5. An operation 𝑈 for which

𝑈(𝑣𝑥) = 𝑣𝑈(𝑥)

for all 𝑥 in the domain of definition of the given operation and all 𝑣 ∈ 𝑉 , will
be called (𝑣)-homogeneous. For its sections the equalities hold

𝑈𝑘𝑛(𝑥) = 𝛿𝑘𝑛𝑒𝑘𝑈(𝑥) = 𝛿𝑘𝑛𝑈(𝑒𝑘𝑥), 𝛿𝑘𝑛 = 0 (𝑘 ≠ 𝑛), 𝛿𝑛𝑛 = 1.

In particular, for the identity operation 𝐼 ,

𝐼𝑘𝑛𝑥 = 𝛿𝑘𝑛𝑒𝑘𝑥.

If 𝑈 is invertible and (𝑣)-homogeneous, then 𝑈−1 is also (𝑣)-homogeneous. If
the operation 𝑈 is linear (bounded) in 𝐵 and (𝑣)-homogeneous, then a majorant
for 𝑈 is the operation of multiplication by an element of 𝑍:

|𝑈|(𝑧) ≤ 𝑢 ⋅ 𝑧, 𝑢 =
𝑚

∑
𝑛=1

𝑢𝑛𝑛𝑒𝑛 ∈ 𝑍.

6. If 𝑋 = 𝑌 = 𝐻𝑉 , the operator 𝑈 is self-adjoint in 𝐻, then 𝑈 ∗
𝑘𝑛 = 𝑈𝑛𝑘

in 𝐻, and the matrix (𝑏𝑘𝑛), where 𝑏𝑘𝑛 = [𝑈𝑘𝑛𝑥, 𝑥], is self-adjoint for all
𝑥. Construct the matrix (𝑐𝑘𝑛) by deleting from the matrix (𝑏𝑘𝑛) all rows
and columns with those numbers 𝑙𝑖 for which the projections 𝑥𝑒𝑙𝑖

= 0
and, consequently, 𝑏𝑙𝑖𝑛 = 𝑏𝑘𝑙𝑖

= 0 for all 𝑘, 𝑛. If 𝑈 is positive definite
in 𝐻, then (𝑐𝑘𝑛) corresponds to a positive definite quadratic form and
Δ = det(𝑐𝑘𝑛) ≠ 0, since Δ is the Gram determinant of the system of
elements 𝐶𝑒𝑛𝑥 (𝑥 ≠ 0, 𝑛 ≠ 𝑙𝑖), where 𝐶 =

√
𝑈 in 𝐻; the system {𝐶𝑒𝑛𝑥}

(𝑛 ≠ 𝑙𝑖) is linearly independent by virtue of the invertibility of the operator
𝐶 and the pairwise disjointness in 𝐻𝑉 of the elements 𝑒𝑛𝑥 ≠ 0 for 𝑛 ≠ 𝑙𝑖.

sovietrxiv.org/items/ru-196301.25902 Machine Translation

https://sovietrxiv.org/items/ru-196301.25902


7. If 𝑈 = 𝑈 ∗ in 𝐻 and is (𝑣)-homogeneous, then 𝑈 = 𝑈 ∗ also in 𝐻𝑉 , the
matrix (𝑏𝑘𝑛) becomes diagonal,

𝑏𝑛𝑛 = [𝑈𝑥, 𝑥𝑒𝑛], (𝑈𝑥, 𝑥) = ∑
𝑛

𝑏𝑛𝑛𝑒𝑛 ∈ 𝑍.

8. Let, in the equation 𝑈𝑥 = 𝑓 , the operator 𝑈 be bounded and positive
definite in 𝐻. We shall construct a minimizing sequence {𝑥𝑝} for the
quadratic functional 𝐹(𝑥) = [𝑈𝑥, 𝑥] − 2 Re[𝑥, 𝑓] in the form

𝑥𝑝+1 = 𝑥𝑝 − 𝑣𝑝𝑦𝑝, 𝑦𝑝 = 𝑈𝑥𝑝 − 𝑓,

where 𝑣𝑝 = {𝜀𝑛𝑝}𝑛. The expression 𝐹(𝑥0 − 𝑣𝑦0) − 𝐹(𝑥0) is a function of the
coordinates 𝜆𝑗 (𝑗 ≠ 𝑙𝑖) of the vector 𝑣:

Φ = ∑
𝑘𝑛

𝑐𝑘𝑛𝜆𝑛𝜆𝑘 − ∑
𝑘

𝑑𝑘𝜆𝑘 − ∑
𝑘

𝑑𝑘𝜆𝑘,

where 𝑘, 𝑛 ≠ 𝑙𝑖, 𝑑𝑘 = [𝑦0, 𝑦0𝑒𝑘], 𝑐𝑘𝑛 = [𝑈𝑒𝑛𝑦0, 𝑦0𝑒𝑘]. The point of minimum is
determined by the equations

𝜕Φ
𝜕𝜆𝑗

≡ ∑
𝑛

𝑏𝑗𝑛𝜆𝑛 − 𝑑𝑗 = 0 (𝑗, 𝑛 ≠ 𝑙𝑖),

the system is solvable. Thus, an algorithm of the method of steepest descent in
the Hilbert module over 𝑉 is constructed:

𝑥𝑝+1 = 𝑥𝑝 −
𝑚

∑
𝑛=1

𝜀𝑛𝑝𝑒𝑛𝑦𝑝, 𝑦𝑝 = 𝑈𝑥𝑝 − 𝑓 (𝑝 = 0, 1, …); (2)

the coefficients 𝜀𝑛𝑝 are found from the system of equations:

𝜀𝑙𝑖𝑝 = 0 when 𝑦𝑝𝑒𝑙𝑖
= 0

(if such 𝑙𝑖 exist),

∑
𝑛

[𝑈𝑒𝑛𝑦𝑝, 𝑦𝑝𝑒𝑘]𝜀𝑛𝑝 = [𝑦𝑝, 𝑦𝑝𝑒𝑘] (𝑘, 𝑛 ≠ 𝑙𝑖). (3)

Since any product of the form 𝜀𝑦 ≡ 𝑒1𝑦, where 𝜀 is a number, is one of the
products of the form 𝑣𝑦, where 𝑣 ∈ 𝑉 , it follows that 𝐹(𝑥1) ⩽ 𝐹( ̄𝑥0 − 𝜀𝑦0), and
the first approximation 𝑥1, obtained by formula (2), is energetically (5) closer
to the solution 𝑥∗ of the equation 𝑈𝑥 = 𝑓 :
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‖𝐶(𝑥1 − 𝑥∗)‖ ⩽ ‖𝐶( ̄𝑥1 − 𝑥∗)‖ (𝐶 =
√

𝑈)

in comparison with the first approximation ̄𝑥1 = 𝑥0 − 𝜀0𝑦0 (where [𝑈𝑦0, 𝑦0]𝜀0 =
[𝑦0, 𝑦0]), which is obtained by the method of steepest descent (4) in the Hilbert
space 𝐻. Using this (cf. (4), Ch. 15, § 1), we establish that 𝑥𝑝 → 𝑥∗,

‖𝐶(𝑥𝑝 − 𝑥∗)‖ ⩽ 𝑞𝑝‖𝐶(𝑥0 − 𝑥∗)‖, ‖𝑥𝑛
𝑝 − 𝑥∗‖ ⩽ 𝑞𝑝‖𝑦0‖/𝑚, (4)

where 𝑞 = (𝑀 − 𝑚)/(𝑀 + 𝑚); 𝑀 ⩾ 𝑚 are the bounds of the operator 𝑈 in 𝐻.

9. If, moreover, the operator 𝑈 is (𝑣)-homogeneous, then system (3) assumes
the simplest form:

[𝑈𝑦𝑝, 𝑦𝑝𝑒𝑛]𝜀𝑛𝑝 = [𝑦𝑝, 𝑦𝑝𝑒𝑛] (𝑛 ≠ 𝑙𝑖),

the coefficients 𝜀𝑛𝑝 here are real. In this case the estimates (4) of convergence
of the method can be strengthened:

‖𝑒𝑛𝐶(𝑥𝑝 − 𝑥∗)‖ ⩽ 𝑞𝑝
𝑛‖𝑒𝑛𝐶(𝑥0 − 𝑥∗)‖,

‖(𝑥𝑝 − 𝑥∗)𝑒𝑛‖ ⩽ 𝑞𝑝
𝑛‖𝑦0𝑒𝑛‖/𝑚𝑛 (𝑛 = 1, … , 𝑚), (5)

where 𝑞𝑛 = (𝑀𝑛 − 𝑚𝑛)/(𝑀𝑛 + 𝑚𝑛); 𝑀𝑛 ⩾ 𝑚𝑛 are the bounds of the operator
𝑈 in the subspace 𝐻𝑛 ⊂ 𝐻 of all 𝑥 that coincide with their projections 𝑥𝑒𝑛.
Obviously, 𝑀 ⩾ 𝑀𝑛 ⩾ 𝑚𝑛 ⩾ 𝑚, 𝑞𝑛 ⩽ 𝑞.

Below we shall establish conditions sufficient for carrying out a stationary pro-
cess (7) of approximations, which is a modification of algorithm (2).

10. If the additive operation 𝐴 maps some 𝐾-space 𝑍 into itself, is positive
(in the sense of the structure) in it, and there also exists a posi-

a positive operation (𝐼 − 𝐴)−1, defined on all of 𝑍, then the series ∑∞
𝑝=0 𝐴𝑝𝑧

(𝑜)-converges for every 𝑧.

11. If in some space 𝑋 of type 𝐵𝐾 with norms 𝑥 ∈ 𝑍 (in particular, in 𝑋 = 𝐵𝑉 )
a regular operation 𝑇 has an (𝑜)-linear majorant 𝐴 ≥ 𝑇 , and moreover
(𝐼 − 𝐴)−1 > 0 in 𝑍, then the algorithm 𝑥𝑝+1 = 𝑇 𝑥𝑝 + 𝜓 (𝑏𝑘)-converges to
the solution 𝑥∗ of the equation 𝑥 = 𝑇 𝑥 + 𝜓 with rate

𝑥𝑝 − 𝑥∗ ≤ 𝐴𝑝(𝐼 − 𝐴)−1𝑎 → 0, (6)

where 𝑎 = 𝑥0 − 𝑇 𝑥0 − 𝜓.
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12. In what follows 𝑋 = 𝐻𝑉 and the operator 𝑈 = 𝑈 ∗ in 𝑋 = 𝐻. Hence fol-
lows the symmetry of the matrix (𝑢𝑘𝑛) (see above) and the self-adjointness
of the operators 𝑈𝑛𝑛. Denote 𝑒𝑘𝑛 = 𝑒𝑘 + (1 − 𝛿𝑘𝑛)𝑒𝑛. Compose the sets
𝑆𝑘𝑛 of all 𝑥 = 𝑥𝑒𝑘𝑛 with norm ‖𝑥‖ = 1. Introduce the notation:

𝑚′
𝑘𝑛 = inf

𝑆𝑘𝑛
[𝑈𝑥, 𝑥], 𝑚″

𝑘𝑛 = sup
𝑆𝑘𝑛

[𝑈𝑥, 𝑥], 𝑚𝑛 = 𝑚′
𝑛𝑛, 𝑀𝑛 = 𝑚″

𝑛𝑛;

𝑞𝑘𝑛 = max
𝜈=1,2

|𝑚(𝜈)
𝑘𝑛 | = sup

𝑆𝑘𝑛

|[𝑈𝑥, 𝑥]|, 𝑞𝑛 = 𝑞𝑛𝑛.

Then
𝑢𝑘𝑛 ≤ 𝑞𝑘𝑛 = 𝑞𝑛𝑘, 𝑢𝑛𝑛 = 𝑞𝑛 (𝑢𝑘𝑛 = ‖𝑈𝑘𝑛‖).

13. Introduce the operators

(𝑧𝑈)𝑥 =
𝑚

∑
𝑛=1

𝜀𝑛𝑒𝑛𝑈𝑥, 𝑇 = 𝐼 − 𝑧𝑈, 𝑇𝑛 = 𝑇𝑛𝑛,

where all real numbers 𝜀𝑛 ≠ 0. Then the equations 𝑈𝑥 = 𝑓 and 𝑥 = 𝑇 𝑥+𝜓
(where 𝜓 = 𝑧𝑓, 𝑧 = {𝜀𝑛}) are equivalent to one another. The estimates

‖𝑇𝑛‖ = max
𝜈

|1 − 𝜀𝑛𝑚(𝜈)
𝑛𝑛|, ‖𝑇𝑘𝑛‖ = |𝜀𝑘|𝑢𝑘𝑛 ≤ |𝜀𝑘|𝑞𝑘𝑛 (𝑘 ≠ 𝑛).

are valid.

14. Suppose that for the operator 𝑈 there is a possibility of such a choice
of real coefficients 𝜀𝑛 ≠ 0 and certain numbers 𝑤𝑘𝑛 ≥ 𝑢𝑘𝑛 for 𝑘 ≠ 𝑛
(for example, 𝑤𝑘𝑛 = 𝑞𝑘𝑛) that the transformation (𝐼 − 𝐴)−1 > 0, where
𝐴 ∼ (𝑎𝑘𝑛),

𝑎𝑛𝑛 = max
𝜈

|1 − 𝜀𝑛𝑚(𝜈)
𝑛𝑛|, 𝑎𝑘𝑛 = |𝜀𝑘|𝑤𝑘𝑛 (𝑘 ≠ 𝑛),

for example, 𝑎𝑘𝑛 = max𝜈 |𝛿𝑘𝑛 − 𝜀𝑘𝑚(𝜈)
𝑘𝑛 |. Then the algorithm

𝑥𝑝+1 = 𝑥𝑝 −
𝑚

∑
𝑛=1

𝜀𝑛𝑒𝑛(𝑈𝑥𝑝 − 𝑓) (7)

converges to 𝑥∗ with rate (6), where

𝑎 =
𝑚

∑
𝑛=1

|𝜀𝑛|‖(𝑈𝑥0 − 𝑓)𝑒𝑛‖𝑒𝑛.

15. If the operator 𝐻 is positive definite in 𝐻 and (𝑣)-homogeneous, then all
𝑇𝑘𝑛 = 0 for 𝑘 ≠ 𝑛, and therefore the choice of the indicated numbers 𝜀𝑛
becomes possible, for example, 𝜀𝑛 = 2/(𝑀𝑛+𝑚𝑛). In this case 𝑇 (𝑧) ≤ 𝑄⋅𝑧,
𝑄 = {𝑞𝑛}. We establish the estimates (5), valid also for the process (7) in
the case under consideration.
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