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(Presented by Academician A. N. Kolmogorov on 8 V 1963)

Let r be a natural number (r > 4); let Q(pq, fto,..., 1) be a positive
definite quadratic form with integer coefficients; let D be its determinant;
let My, M,,..., M, be natural numbers; let by, b,,..., b, be integers; and let

Qq,Qy,...,q, be arbitrary real numbers. Denote also by Q(uq, tig, ..., i)
the quadratic form conjugate to the form @, and, if all the numbers
oy My, agM,, ..., o, are rational, let H denote their least common denomina-

tor. Consider the following function of z (z > 0):

Alz) = Zexp [2m' iaiuil ,
=1

where the summation is over all systems (41, fto, ..., ft,.) satisfying the conditions
Q(:uﬂv:uQanu’T) SI” (1)

w; =b; (mod M;) (i=1,2,...,7). (2)

(For the special case a; = ayg ==, =b; =by, = =b,=0, M; = M, =

-« = M, = 1, this function is the number of integer points of the ellipsoid (1);
in the general case we count the nodes of the “lattice” (2) with certain weights.)
The principal term of this function corresponds to the “volume” of the ellipsoid
(1). Define the remainder function by the relation

B 72 exp [27Ti Z:Zl ozibi]
VDM, M, ..M, T(r/2+1)

P(z) = A(z) z"/?6, (3)
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where § = 1 if all the numbers a; M1, ..., a,.5,7 are integers, and 6 = 0 otherwise.
This note is devoted to the question of estimating the order of growth of the
function (3).

Using the methods of Landau (1), Walvisch (?), and Jarnik (*°), one can reduce
the problem of estimating (3) to the problem of estimating a sum of the form

> L

0<k<zx

where

logk +2
Lr/2-1298 +

Ik = Lr/2—1 (4)
in the general case, and
I = gr/-121 8k 12 (5)
iy,
in the case when at least one of the numbers a4, a, ..., @, is irrational; here R,

denotes the minimum of the expression

— ([ m m,
Q (]\41 — Oélk, ceey M — O{rk>

r

for all systems (mq,msy, ...,m,.) of integers. Using expression (4), we obtain the
theorem:

Theorem 1. For all systems (aq, ay, ..., @,.)

P(z) =0 (a"/*71). (6)

In the case where all ay, a,, ..., @, are rational numbers, the following holds:

Theorem 2 (Walfish (3)). Suppose there exist relatively prime integers n, k
(k> 0, H| k), for which

k
Spx = Z exp {2m’%Q(a1M1 +by, ., anpr +b,)+

ay,ag;,...,a,=1

+2mi Z a;(a; 0 +b;)| #0.
i1
Then
P(z) = Q(27/271). (7)
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In the contrary case (i.e., if S, , = 0 for all admissible n, k)

P(I) =0 (Ir/471/10) .

Relation (7) can also be easily obtained from the following result, which is of
independent interest (see (5)):

[ PRy = s e g > kL 4 Ofp(a)

k n#O

(p(x) = 22 for 1 > 5; @(x) = z3log” z for r = 5).
Using expression (5) for small k and (4) for the remaining ones, we obtain the
theorem:

Theorem 3. If at least one of the numbers a4, oy, ..., @, is irrational, then

P(z) =0 (2"/*71). (8)

This result cannot be improved without further restrictions on the numbers
Qq, Qg ..., oy, as the following theorem shows:

Theorem 4. Let ¢(x) be a positive function tending monotonically to zero
as = tends to infinity. Then there exists a system (aq,ay, ..., «,) for which (8)
holds and

P(z) =Q(2"?p(x)).

Taking into account the arithmetic properties of the systems (aq, aq, ..., a,.) and
using (4) and (5) more precisely, one can improve estimate (8).

Theorem 5. Let v = v(ay, ay, ..., «,.) denote the upper bound of the set of all
numbers S for which the inequality

. 1
l,;f}%?ff(%z»ﬂ@ <18

is satisfied for infinitely many natural numbers k, v < oo, and
ro1 2v+1
f=l-—c] ——.
4 2/ ~v+1-2/r

Then
P(z) = O (z7+¢)

for any arbitrarily small positive €.

This estimate can be further improved by excluding a certain “small” number
of systems (o, @y, ..., ;).
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Theorem 6. For almost all systems («q,aq,...,«,.) (in the sense of Lebesgue
measure in Euclidean space E,.) and for every € > 0, one has

P(z)=0 (:c’"/4 log® e :c) .

The estimate of the main sum with terms of type (5), in view of the inequality

R, >c¢ max (o;M;k)* = cP?
i=1,2,...,7

(the positive constant ¢ does not depend on k), reduces to estimating the sum

1
Jfr/471/2 log xT Z W (9)
0<k<yz Pk

Let ¢(z) be a monotone positive function for which the series

> s
n=1 gp(

converges; let C' and D be real numbers, 0 < C < D, and let W(C, D) be the
set of all points of the space E, for which C < «; < D (i =1,2,...,7). Further,
for each set of integers n > 0, m; > 0,...,m, > 0, denote by M(n;m4,...,m,)
the set of all (ay, @y, ..., a,.) € W(C, D) for which

2D
|m; oy m1a1|_2n (1=2,3,...,7).

We shall say that the set 9(n;mq, ..., m,) belongs to the class [n; ky, kg, ..., k,]
(ky, ks, ..., k, are arbitrary nonnegative integers) if

2k <my < 28D (1=1,2,..,7).

In the proof of Theorem 6, the following lemma is used in an essential way to
estimate the sum (9).

Lemma. There exists a set (C, D) C W(C, D) of Lebesgue measure zero with
the following property: for every (aq,ay,...,«,) € W(C,D) —N(C, D), there
exists ng such that, for n > ng, the system (aq, ay, ..., @, ) belongs to no more
than

2k + 1) [ [ o(k; +1)
i=1
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sets M(n; my, ..., m,.) of the class [n; ky, ks, ..., k,].

Remark 1. Theorems 5 and 6 improve estimates for the abscissae of conver-
gence of certain Dirichlet series (see (3)).

Remark 2. The results obtained can be generalized in the corresponding way
to the case of rational My, My, ..., M, by, by, ..., b,.
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