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Abstract
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Mathematics
WANG TONG

THE INCREASING PROPERTY OF DIRECT
VALUES OF GENERALIZED POTENTIALS
FOR THE COMPARISON FUNCTION AND
THE PRINCIPAL FUNDAMENTAL SOLU-
TION OF A GENERAL SECOND-ORDER
ELLIPTIC EQUATION
(Presented by Academician I. G. Petrovskii on 22 V 1963)

Theorems on the increasing property of direct values of a potential play a large
role in mathematical physics (1). However, up to now these theorems have been
proved only for potentials of the Laplace operator (2). In the present work
the increasing property is established for the direct values of the double-layer
potential and the direct values of the conormal derivative of the single-layer
potential for the comparison function and the principal fundamental solution of
a general second-order elliptic equation. By the direct value of a double-layer
potential is meant this same potential, considered as a function of the points of
the surface on which its density is distributed. The direct values of the conormal
derivative of a single-layer potential are defined analogously.

1∘. Let, in the 𝑁 -dimensional Euclidean space 𝑅𝑁 , there be given an open
domain 𝑔, whose boundary is a closed surface Γ. In the domain 𝑔 we consider a
general uniformly elliptic equation of second order

𝑀𝑢 =
𝑁

∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥) 𝜕2𝑢(𝑥)
𝜕𝑥𝑖𝜕𝑥𝑗

+
𝑁

∑
𝑖=1

𝑏𝑖(𝑥)𝜕𝑢(𝑥)
𝜕𝑥𝑖

+ 𝑐(𝑥)𝑢(𝑥) = 𝑓(𝑥), (1)

i.e., such that at any points 𝑥 = (𝑥1 … 𝑥𝑁) ∈ 𝑔 one has

𝑎𝑖𝑗 = 𝑎𝑗𝑖,
𝑁

∑
𝑖,𝑗=1

𝑎𝑖𝑗𝜉𝑖𝜉𝑗 ≥ 𝛼
𝑁

∑
𝑖=1

𝜉2
𝑖 (2)

for arbitrary real 𝜉1, … , 𝜉𝑁 , where 𝛼 > 0 is a certain constant.

Suppose now that the surface Γ belongs to the class 𝐴(𝑛,𝛼), 𝑛 > 2, 0 < 𝜆 ≤ 1,
the coefficients of equation (1) belong to the class 𝐶(𝑛−1,𝜆)(𝑔 + Γ), and 𝑐 ≤ 0 in
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𝑔 + Γ. Then, by virtue of a result of Gevrey (see (3), p. 77), the coefficients of
equation (1) can be continued through Γ to the whole space 𝑅𝑁 so that equation
(1) is uniformly elliptic in the whole space, the coefficient 𝑐(𝑥) is nonpositive
everywhere and strictly negative outside some bounded domain.

Definition. The function 𝐺(𝑥, 𝑦) is called the principal fundamental so-
lution of equation (1), if it is a fundamental solution of equation (1)** in the
whole space 𝑅𝑁 and if there exist two constants 𝑎 > 0 and 𝑅 > 0 such that for
𝛾 ≥ 𝑅

𝐺(𝑥, 𝑦) = 𝑂(𝑒−𝑎𝛾), 𝜕𝐺(𝑥, 𝑦)
𝜕𝑥𝑖

= 𝑂(𝑒−𝑎𝛾), 𝑖 = 1, … , 𝑁,

where 𝛾 is the distance between the points 𝑥 and 𝑦.
* For the definition of these classes, see (3), p. 10.
** For the definition of a fundamental solution, see (3), p. 26.
It is known that under the conditions formulated above the principal fundamen-
tal solution 𝐺(𝑥, 𝑦) of equation (1) exists (4).
Consider the double-layer potential for 𝐺(𝑥, 𝑦):

𝑊(𝑥) = ∫
Γ

𝜇(𝑦)𝑃𝑦𝐺(𝑥, 𝑦) 𝑑𝑠𝑦, (3)

where 𝜇(𝑥) is the density of this potential,

𝑃𝑦𝐺(𝑥, 𝑦) = 𝜕
𝜕𝜈𝑦

𝐺(𝑥, 𝑦) = 1
𝑎(𝑦)

𝑁
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑦)𝜕𝐺(𝑥, 𝑦)
𝜕𝑦𝑖

cos(𝑛, 𝑦𝑖)

is the conormal derivative of 𝐺(𝑥, 𝑦), while 𝑛 is the exterior normal to Γ and

𝑎(𝑦) = ⎡⎢
⎣

𝑁
∑
𝑖=1

(
𝑁

∑
𝑗=1

𝑎𝑖𝑗(𝑦) cos(𝑛, 𝑦𝑗))
2
⎤⎥
⎦

1/2

.

The direct value 𝑊pr on Γ of the double-layer potential 𝑊(𝑥) is the function of
the points of the surface Γ

𝑊pr = 𝑊(𝑥)∣𝑥∈Γ = ∫
Γ

𝜇(𝑦) [𝑃𝑦𝐺(𝑥, 𝑦)]𝑥∈Γ 𝑑𝑠𝑦. (4)

We have succeeded in proving that the direct value 𝑊pr raises the smoothness
of 𝜇(𝑥) by almost one unit, i.e. the following holds.
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Theorem 1. If the density 𝜇(𝑥) belongs to the class 𝐶(𝑛−2,𝜆) on Γ, then the
direct value 𝑊pr of the double-layer potential belongs to the class 𝐶(𝑛−1,𝜆′) on
Γ, where 0 < 𝜆′ < 𝜆 is arbitrary; moreover, the norm 𝑊pr in 𝐶(𝑛−1,𝜆′)(Γ) is
estimated in terms of the norm of the density 𝜇(𝑥) in 𝐶(𝑛−2,𝜆)(Γ):

‖𝑊pr‖𝐶𝑛−1,𝜆′ = 𝑂(‖𝜇‖𝐶𝑛−2,𝜆), (5)

where the constant entering the 𝑂-term depends only on the norms of the co-
efficients of the equation ‖𝑎𝑖𝑗‖𝐶𝑛−1,𝜆(𝑔+Γ), ‖𝑏𝑖‖𝐶𝑛−1,𝜆(𝑔+Γ), ‖𝑐‖𝐶𝑛−1,𝜆(𝑔+Γ), on the
ellipticity constant 𝛼, on the choice of 𝜆′, and on the property of the surface Γ
*, but does not depend on the density 𝜇(𝑥).
Remark 1. Theorem 1 remains valid if in (4) 𝑃 takes the more general form:

𝑃𝑥𝑢(𝑥) = 𝛼(𝑥)𝜕𝑢(𝑥)
𝜕𝜈𝑥

+ 𝛽(𝑥)𝑢(𝑥),

where 𝛼(𝑥) and 𝛽(𝑥) are any two functions of the class 𝐶(𝑛−2,𝜆)(Γ). Then the
constant entering the 𝑂-term on the right-hand side of (5) also depends on the
norms ‖𝛼‖𝐶𝑛−2,𝜆(Γ) and ‖𝛽‖𝐶𝑛−2,𝜆(Γ).

2∘. Suppose now that Γ belongs to the class 𝐴(𝑛,𝜆), 0 < 𝜆 ⩽ 1, 𝑛 ⩾ 2, that
𝑎𝑖𝑗 belong to the class 𝐶(𝑛−1,𝜆) in 𝑔 + Γ, and that 𝑏𝑖 and 𝑐 belong to the class
𝐶(𝑛−2,𝜆) in 𝑔 + Γ, with 𝑐 ⩽ 0. In this case one can also construct the principal
fundamental solution 𝐺(𝑥, 𝑦) of equation (1), by virtue of the result of Gevrey
noted above. For 𝐺(𝑥, 𝑦) consider the simple-layer potential:

𝑉 (𝑥) = ∫
Γ

𝜈(𝑦)𝐺(𝑥, 𝑦) 𝑑𝑠𝑦, (6)

where 𝜈(𝑥) is the density of this potential.

* That is, it depends on the norm of the function defining the surface Γ in local
coordinates.

The direct value 𝑉pr on Γ of the conormal derivative of the simple-layer potential
𝑉 (𝑥) is the following function of the points of the surface Γ:

𝑉pr = [𝑃𝑥𝑉 (𝑥)]𝑥∈Γ = ∫
Γ

𝑣(𝑦) [𝑃𝑥𝐺(𝑥, 𝑦)]𝑥∈Γ 𝑑𝑠𝑦. (7)

We have proved that the direct value of the conormal derivative of the simple-
layer potential increases the smoothness of the density 𝑣(𝑥) by almost one unit;
that is, the following holds.

Theorem 2. If the density 𝑣(𝑥) belongs to the class 𝐶(𝑛−2,𝜆) on Γ, then the
direct value 𝑉pr of the conormal derivative of the simple-layer potential belongs
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to the class 𝐶(𝑛−1,𝜆′) on Γ, where 0 < 𝜆′ < 𝜆 is arbitrary, and the norm of 𝑉pr in
𝐶(𝑛−1,𝜆′)(Γ) is estimated in terms of the norm of the density 𝑣(𝑥) in 𝐶(𝑛−2,𝜆)(Γ):

‖𝑉pr‖𝐶𝑛−1,𝜆′ = 𝑂(‖𝑣‖𝐶𝑛−2,𝜆
), (8)

where the constant occurring in the term 𝑂 depends only on the norms of the
coefficients ‖𝑎𝑖𝑗‖𝐶𝑛−1,𝜆(𝑔+Γ), ‖𝑏𝑖‖𝐶𝑛−2,𝜆(𝑔+Γ), ‖𝑐‖𝐶𝑛−2,𝜆(𝑔+Γ), the ellipticity constant
𝑎, the choice of 𝜆′, and the properties of the surface Γ, but does not depend on
the density 𝑣(𝑥).
Remark 2. Theorem 2 remains valid if in (7) 𝑃 has the more general form

𝑃𝑥𝑢(𝑥) = 𝛾(𝑥)𝜕𝑢(𝑥)
𝜕𝜈𝑥

+ 𝑠(𝑥)𝑢(𝑥),

where 𝛾(𝑥) and 𝑠(𝑥) are any two functions of the class 𝐶(𝑛−1,𝜆)(Γ). Then the
constant occurring in the term 𝑂 on the right-hand side of (8) also depends on
the norms ‖𝛾‖𝐶𝑛−1,𝜆(Γ) and ‖𝑠‖𝐶𝑛−1,𝜆(Γ).

3°. Suppose now that 𝑎𝑖𝑗, 𝑏𝑖, and 𝑐 belong to the class 𝐶(𝑛,𝜆) in 𝑅𝑁 , 0 < 𝜆 ≤ 1,
0 ≤ 𝑛, and outside some bounded domain 𝑐 < −𝑏2, where 𝑏 > 0. Then there also
exists the principal fundamental solution 𝐺(𝑥, 𝑦) of equation (1). For 𝐺(𝑥, 𝑦)
consider the volume potential

𝑈(𝑥) = ∫
𝑔

𝑍(𝑦)𝐺(𝑥, 𝑦) 𝑑𝑦, (9)

where 𝑔 is any bounded domain, and 𝑍(𝑥) is the density of this potential. It
has been proved that the volume potential for the principal fundamental solu-
tion increases the smoothness of the density by almost two orders; that is, the
following holds.

Theorem 3. Let the density 𝑍(𝑥) belong to the class 𝐶(𝑛,𝜆)(𝑔 + Γ) in 𝑔 + Γ;
then the volume potential 𝑈(𝑥) for the principal fundamental solution 𝐺(𝑥, 𝑦)
belongs to the class 𝐶(𝑛+2,𝜆′)(𝑔), where 0 < 𝜆′ < 𝜆 is arbitrary, and the norm of
𝑈(𝑥) in 𝐶(𝑛+2,𝜆′)(𝑔′) is estimated in terms of the norm of 𝑍(𝑥) in 𝐶(𝑛,𝜆)(𝑔 + Γ):

‖𝑈‖𝐶𝑛+2,𝜆′ (𝑔′) = 𝑂(‖𝑍‖𝐶𝑛,𝜆(𝑔+Γ)), (10)

where 𝑔′ is an arbitrary interior subdomain of the domain 𝑔, whose distance from
the boundary Γ of the domain 𝑔 is equal to 𝑑, and the constant occurring in the
term 𝑂 depends only on the norms of the coefficients ‖𝑎𝑖𝑗‖𝐶𝑛,𝜆(𝑔+Γ), ‖𝑏𝑖‖𝐶𝑛,𝜆(𝑔+Γ),
‖𝑐‖𝐶𝑛,𝜆(𝑔+Γ), the ellipticity constant 𝑎, the choice of 𝜆′, and the number 𝑑, but
does not depend on the density 𝑍(𝑥).

sovietrxiv.org/items/ru-196301.25637 Machine Translation

https://sovietrxiv.org/items/ru-196301.25637


Remark 3. Theorem 3 was proved by V. A. Il’in and I. A. Shishmarev for a
smooth closed domain 𝑔 + Γ ∈ 𝐴(𝑛+2,𝜆) (5).

4°. It is known that to each equation (1) one can put in correspondence its own
comparison function, defined by the formula

𝐻(𝑥, 𝑦) =
⎧{{
⎨{{⎩

1
(𝑁 − 2)𝜔𝑁√𝐴(𝑦)

𝜌 2−𝑁 , 𝑁 ⩾ 3,

1
2𝜋√𝐴(𝑦)

ln 1
𝜌 , 𝑁 = 2,

where

𝜌2 =
𝑁

∑
𝑖,𝑗=1

𝐴𝑖𝑗(𝑦)(𝑥𝑖 − 𝑦𝑖)(𝑥𝑗 − 𝑦𝑗),

and 𝐴𝑖𝑗(𝑥) is the ratio of the algebraic complement of the element 𝑎𝑖𝑗(𝑥) in the
determinant 𝐴(𝑥) = |𝑎𝑖𝑗(𝑥)| to the determinant 𝐴(𝑥) itself; 𝜔𝑁 is the area of
the unit spherical surface of 𝑁 − 1 dimensions.

Let us now consider the potentials (3), (6), and (9), in which, instead of the
principal fundamental solution 𝐺(𝑥, 𝑦), the comparison function 𝐻(𝑥, 𝑦) ap-
pears. Then Theorems 1, 2, and 3 are also valid; that is, more precisely, the
following holds:

Theorem 4. Suppose that all the conditions of Theorem 1 (or, respectively, of
Theorem 2 or 3) are satisfied, except for the smoothness requirements on the
coefficients 𝑏𝑖(𝑥) and 𝑐(𝑥). Under these conditions Theorem 1 (or, respectively,
Theorems 2 and 3) is valid for the corresponding potential in which, instead of
𝐺(𝑥, 𝑦), the comparison function 𝐻(𝑥, 𝑦) stands; moreover, in this case the con-
stants entering the estimates (5), (8), and (10) do not depend on the coefficients
𝑏𝑖(𝑥) and 𝑐(𝑥).
Remark 4. The improving property of the direct values of potentials for the
comparison function of the Laplace operator was proved by Kh. L. Smolitskii
(2).
The author takes this opportunity to express sincere gratitude to V. A. Il’in
for posing the problem and for guidance, to A. N. Tikhonov for discussion of
the results, and to I. A. Shishmarev for his attention to this work.

Moscow State University
named after M. V. Lomonosov
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