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Abstract
Full Text

N. E. TOVMASYAN
THE DIRICHLET PROBLEM FOR AN ELLIPTIC
SYSTEM OF TWO SECOND-ORDER DIFFERENTIAL
EQUATIONS
(Presented by Academician I. N. Vekua on 29 V 1963)

1. We consider the Dirichlet problem in a bounded simply connected two-
dimensional domain 𝐷 with boundary Γ for an elliptic system of two differential
equations

𝐴𝑢𝑥𝑥 + 2𝐵𝑢𝑥𝑦 + 𝐶𝑢𝑦𝑦 + 𝐸𝑢𝑥 + 𝐹𝑢𝑦 + 𝐾𝑢 = ℎ(𝑧), (1)

where 𝑢 = (𝑢1, 𝑢2) is the unknown vector; ℎ = (ℎ1, ℎ2) is a given real vector;
𝐴, 𝐵, 𝐶, 𝐸, 𝐹 , 𝐾 are square matrices of order 2, whose elements are real functions
of 𝑧 = 𝑥 + 𝑖𝑦. Suppose that the matrices 𝐴, 𝐵, 𝐶 belong to the class 𝐶2

𝛼, the
matrices 𝐸, 𝐹 to the class 𝐶1

𝛼, the matrix 𝐾 to the class 𝐶, and the vector ℎ
belongs to the class 𝐶.

For equations (1) the Dirichlet problem is posed as follows: in the domain 𝐷
with boundary Γ, one is required to find a regular solution of equation (1),
belonging to the class 𝐶′

𝛼(𝐷̄) and satisfying the boundary condition

𝑢|Γ = 𝑔(𝑧), (2)

where 𝑔(𝑧) is a given vector on Γ of class 𝐶1
𝛼(Γ). The problem (1)—(2) with

ℎ ≡ 0, 𝑔 ≡ 0 will be called the homogeneous problem.

It is known (1) that, if system (1) is strongly elliptic, then the Dirichlet problem
for the adjoint system forms a Fredholm pair of boundary-value problems. For
general elliptic systems this assertion, generally speaking, does not hold. As
examples show (2), the homogeneous problem (1)—(2) for elliptic systems may
admit an infinite number of linearly independent solutions.

Consider the characteristic matrix of system (1)

𝐴 + 2𝐵𝜆 + 𝐶𝜆2 = ‖𝑎𝑖𝑗(𝜆)‖. (3)

In what follows, without loss of generality, we shall assume that the matrix 𝐶
is the identity matrix.
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It is proved in the article (3) that the Dirichlet problem for system (1) is Fred-
holm also in the case when the imaginary parts of the roots of the equation with
respect to 𝜆

𝑎11(𝜆) + 𝑎22(𝜆) + 𝑖(𝑎21(𝜆) − 𝑎12(𝜆)) = 0 (4)

have different signs. From the ellipticity of system (1) it follows that the roots
of equation (3) cannot lie on the 𝑥-axis, and therefore the fulfillment of this
condition is sufficient to verify at only one point of the domain 𝐷.

We shall agree to say that problem (1)—(2) is normally solvable if the homo-
geneous problem (1)—(2) has a finite number of linearly independent solutions
and if, for the solvability of the inhomogeneous problem, ℎ and 𝑔 must satisfy
a finite number of orthogonality conditions.

The Dirichlet problem and more general boundary-value problems for elliptic
systems are considered in (4,7 ). The theorems stated there on the necessary
and sufficient condition for normal solvability of the posed problems are, unfor-
tunately, erroneous (see (4), pp. 75, 107, 149, 185, 199; (7), pp. 60, 72, 81, 86).
This is easily verified on the example of the equation

𝜕
𝜕𝑧 [(1 − 𝑧

4
𝜕𝑢
𝜕𝑧 + 𝜕𝑢

𝜕 ̄𝑧 ) 𝛽] = 0, (5)

where 𝛽 = 16(16 − |1 − 𝑧|2)−1, 𝜕/𝜕 ̄𝑧 = 1
2 (𝜕/𝜕𝑥 + 𝑖 𝜕/𝜕𝑦), 𝜕/𝜕𝑧 = 1

2 (𝜕/𝜕𝑥 −
𝑖 𝜕/𝜕𝑦), 𝑢 = 𝑢1 + 𝑖𝑢2, 𝑢̄ = 𝑢1 − 𝑖𝑢2.

Equation (5) is the complex form of writing a system of two equations of elliptic
type in the disk |𝑧| < 1. The Dirichlet problem for equation (5) in the disk |𝑧| <
1 does not satisfy the necessary and sufficient condition for normal solvability
formulated in (4), p. 185, but nevertheless it always has a solution, and this
solution is unique. This follows directly from the general representation of the
solutions of system (5)

𝑢 = Φ′(𝑧) ̄𝑧 − 1 − 𝑧 ̄𝑧
4 Φ(𝑧) + Ψ(𝑧), Φ(0) = 0, (6)

where Φ and Ψ are holomorphic functions in the unit disk (here and below the
bar denotes passage to complex conjugate quantities).

If the first derivatives of the unknown functions enter into one of the boundary
conditions of system (1), while they do not enter into the second boundary
condition, then, by the results of (4), it follows that for such a problem normal
solvability does not occur; this also requires clarification. It should also be noted
that under certain conditions imposed on the coefficients of system (1), in (4,7 )
the Dirichlet problem is reduced to a singular integral equation of normal type,
but complete equivalence between them is not established.
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2. Let 𝜆1 and 𝜆2 be the roots of the characteristic equation

|𝐴 + 2𝐵𝜆 + 𝐶𝜆2| = ∣𝑎11(𝜆) 𝑎12(𝜆)
𝑎21(𝜆) 𝑎22(𝜆)∣ = 0 (7)

with positive imaginary parts. It is not hard to prove that throughout the closed
domain 𝐷 one of the following inequalities holds:

∣𝑎11(𝜆1) + 𝑎22(𝜆1) + (𝜆1 − 𝜆̄1)(𝜆̄2 − 𝜆1)∣ >

> ∣𝑎11(𝜆1) + 𝑎22(𝜆1) + (𝜆1 − 𝜆̄1)(𝜆2 − 𝜆1)∣ ; (8)

∣𝑎11(𝜆1) + 𝑎22(𝜆1) + (𝜆1 − 𝜆̄1)(𝜆̄2 − 𝜆1)∣ <

< ∣𝑎11(𝜆1) + 𝑎22(𝜆1) + (𝜆1 − 𝜆̄1)(𝜆2 − 𝜆1)∣ . (9)

Without loss of generality we may suppose that 𝑔 ≡ 0.

Under the condition that

𝑎11(𝜆1) + 𝑎22(𝜆1) + (𝜆1 − 𝜆̄1)(𝜆̄2 − 𝜆1) ≠ 0, 𝑧 ∈ Γ, (10)

the following two theorems hold.

Theorem 1. The number 𝑘 of linearly independent solutions of the homoge-
neous Dirichlet problem for system (1) and the number 𝑘′ of linearly indepen-
dent solutions of the homogeneous Dirichlet problem for the adjoint system∗ of
equations are finite, and

𝑘 − 𝑘′ =
⎧{
⎨{⎩

0, in the case of inequality (8),
1
𝜋 ΔΓ (|𝑎11(𝜆1)|2 + 𝑎21(𝜆1)𝑎12(𝜆1)) , in the case of inequality (9);

(11)

here ΔΓ (|𝑎11(𝜆1)|2 + 𝑎21(𝜆1)𝑎12(𝜆1)) denotes the increment of the function

arg (|𝑎11(𝜆1)|2 + 𝑎21(𝜆1)𝑎12(𝜆1)) ,

when 𝑧 describes once the boundary Γ of the domain 𝐷 in the positive direction.

Theorem 2. In order that the nonhomogeneous Dirichlet problem have a
solution, it is necessary and sufficient that the conditions
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∬
𝐷

(ℎ1𝑉𝑖1 + ℎ2𝑉𝑖2) 𝑑𝑆 = 0, 𝑖 = 1, … , 𝑘′, (12)

be satisfied, where (𝑉11, 𝑉12), … , (𝑉𝑘′1, 𝑉𝑘′2) is a complete system of linearly
independent solutions of the homogeneous Dirichlet problem for the adjoint
system.

∗ By “the system adjoint to system (1)”we mean in the sense of Lagrange.

If condition (10) is violated at a finite number of boundary points 𝑧1, … , 𝑧𝑛 and,
in a neighborhood of each of them,

𝑎11(𝜆1)+𝑎22(𝜆1)+(𝜆1 −𝜆1)(𝜆2 −𝜆1) = (𝑧 −𝑧𝑘)𝑛𝑘𝑓𝑘(𝑧) (𝑘 = 1, 2, … , 𝑛), (13)

where 𝑛𝑘 are integers, 𝑓𝑘(𝑧𝑘) ≠ 0, and 𝑓𝑘(𝑧) satisfies the Hölder condition on Γ,
then the Dirichlet problem for system (1) still remains normally solvable. On
the other hand, it is not difficult to construct an example of an elliptic system
for which condition (10) is violated on a set of points of Γ of positive, arbitrarily
small measure, in such a way that the Dirichlet problem for this system ceases
to be normally solvable.

It is of interest to clarify whether the Dirichlet problem for system (1) remains
normally solvable when condition (10) is violated on a countable set of points of
Γ. In analyzing condition (10) it turned out that it coincides with the condition
obtained in the work (8).
In the work (7) a method is given for computing the index of the first boundary-
value problem (i.e., for 𝑘 − 𝑘′), and it is asserted that this index for elliptic
systems depends essentially not only on the values of the coefficients of the
system on the boundary of the domain, but also on the values of the coefficients
inside the domain. From our Theorem 1 it follows that, when the condition of Ya.
B. Lopatinskii (8) is fulfilled, in the case of elliptic systems of two second-order
differential equations the index depends only on the values of the coefficients on
the boundary of the domain.

3. When condition (10) is fulfilled, the Dirichlet problem is reduced to an
equivalent singular integral equation of normal type.

Suppose that there exists a point 𝑧 = 𝑧0 in the closed domain 𝐷, where

Im(𝑎11(𝜆1)𝑎21(𝜆1)) ∣𝑧=𝑧0
= 0. (14)

Three cases are possible:

a) 𝑎11(𝜆1) ∣𝑧=𝑧0
= 0, 𝑎12(𝜆1) ∣𝑧=𝑧0

= 0;
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b) 𝑎11(𝜆1) ∣𝑧=𝑧0
= 0, 𝑎21(𝜆1) ∣𝑧=𝑧0

= 0;

c) 𝑎11(𝜆1) ∣𝑧=𝑧0
≠ 0.

In case c), we first multiply both sides of system (1) by the matrix

∥−𝑘0 1
1 0∥ , 𝑘0 = 𝑎21(𝜆1)

𝑎11(𝜆1) ∣
𝑧=𝑧0

.

Then, by means of the corresponding substitutions:

a) 𝑣1 = 𝑢1, 𝑣2 = 𝛼𝑢2;
b) 𝑣1 = 𝛼𝑢1, 𝑣2 = 𝑢2;
c) 𝑣1 = 𝛼𝑢1, 𝑣2 = −𝑘0𝑢1 + 𝑢2

we obtain a system for which, for small 𝛼, at the point 𝑧 = 𝑧0 equation (4) will
have roots with imaginary parts of different signs. Consequently (see (3)), under
condition (14) the Dirichlet problem for system (1) is Fredholm. If condition
(14) is satisfied, then inequality (8) always holds.

Suppose that

Im(𝑎11(𝜆1)𝑎21(𝜆1)) ≠ 0, 𝑧 ∈ 𝐷, (15)

and that inequality (9) holds. Multiplying the first equation of system (1) by
𝑎21(𝜆1), and the second by −𝑎11(𝜆1), and adding them, we obtain the equation

𝜕
𝜕𝜉2

(𝑞1
𝜕𝑣
𝜕𝜉1

+ 𝜕𝑣
𝜕𝜉1

) = 𝐹1(ℎ, 𝑣, 𝑣𝑥, 𝑣𝑦), (16)

where

𝑣 = 𝑣1 + 𝑖𝑣2 = [𝑎11(𝜆1)(𝑘1 − 𝑘1) − (𝜆1 − 𝜆1)(𝜆2 − 𝜆1)𝑘1]𝑢1
+ [𝑎12(𝜆1)(𝑘1 − 𝑘1) + (𝜆1 − 𝜆1)(𝜆2 − 𝜆1)]𝑢2,

(17)

𝑘1 = 𝑎21(𝜆1)
𝑎11(𝜆1) , 𝜕

𝜕𝜉1
= 𝜕

𝜕𝑧 + 𝛼1
𝜕
𝜕𝑧 , 𝜕

𝜕𝜉2
= 𝜕

𝜕𝑧 + 𝛼2
𝜕
𝜕𝑧 , 𝛼1 = 𝜆2 + 𝑖

𝜆2 − 𝑖,

𝛼2 = 𝜆1 − 𝑖
𝜆1 + 𝑖, 𝑞1 = (𝜆2 − 𝜆1)(𝜆2 + 𝑖)

(𝜆2 − 𝜆1)(𝜆2 − 𝑖)
𝑎11(𝜆1) + 𝑎22(𝜆1) + (𝜆1 − 𝜆1)(𝜆2 − 𝜆1)

𝑎11(𝜆1) + 𝑘1𝑎12(𝜆1) .

𝐹1 is a linear function of its arguments; moreover, there is complete equivalence
between equations (1) and (16).
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As a result of the change of the independent variable 𝜏 = 𝜉 + 𝑖𝜂 = 𝑤1(𝑧), where
𝑤1(𝑧) is the principal homeomorphism of the equation 𝜕𝑤/𝜕𝜉1 = 0 (see (5),
p. 96), equation (16) takes the form

𝜕
𝜕𝜉2

(𝑞2
𝜕𝑣
𝜕𝜏 + 𝜕 ̄𝑣

𝜕𝜏 ) = 𝐹2(ℎ, 𝑣, 𝑣𝜉, 𝑣𝜂), 𝜏 ∈ 𝐷1, (18)

where 𝐷1 is the image of the domain 𝐷 under the mapping 𝜏 = 𝑤1(𝑧),

𝜕
𝜕𝜉3

= 𝜕
𝜕𝜏 +𝛼3

𝜕
𝜕 ̄𝜏 , 𝛼3 = 𝛼2 − ̄𝛼1

1 − 𝛼1𝛼2
(𝜕𝑤̄1

𝜕𝑧 ) (𝜕𝑤1
𝜕𝑧 )

−1
, 𝑞2 = 𝑞1

𝜕𝑤̄1
𝜕𝑧 (𝜕𝑤1

𝜕𝑧 )
−1

,

and 𝐹2 is a linear function of its arguments.

Let us first suppose that 𝐹2 does not depend on 𝑣, 𝑣𝜉, 𝑣𝜂. Then the general
solution of equation (18) is written in the form:

𝑣 = 1
𝜋 ∬

𝐷

Φ(𝑤2(𝑡))
𝑡 − 𝜏

𝜕
𝜕 ̄𝑡 𝑞3(𝑡) 𝑑𝑆𝑡 − 1

𝜋 ∬
𝐷

Φ′(𝑤2(𝑡)) 𝑑𝑆𝑡
(𝑡 − 𝜏)(1 − |𝑞2(𝑡)|2)+

+𝑞3(𝜏)Φ(𝑤2(𝜏)) + Ψ(𝜏) + 𝑢0(𝐹2), (19)

where 𝑢0(𝐹2) is a particular solution of equation (18), Ψ(𝜏) is an arbitrary
analytic function in the domain 𝐷1; 𝑤2(𝜏) is the principal homeomorphism of
the equation 𝜕𝑤/𝜕𝜉3 = 0, Φ(𝜁) is an arbitrary analytic function in the domain
𝐷2, with Φ(𝜁0) = 0; 𝐷2 is the image of 𝐷1 under the mapping 𝜁 = 𝑤2(𝜏),
and 𝜁0 is a fixed point in the domain 𝐷2; 𝑞3(𝜏) = −𝑞2[(1 − |𝑞2|2)𝜕𝑤/𝜕 ̄𝜏 ]−1.
(19) establishes a one-to-one correspondence between 𝑣 and the pair of analytic
functions Φ and Ψ.

Since the solution is sought in the class 𝐶1
𝛼(𝐷̄1), it follows from (19) that Φ ∈

𝐶1
𝛼(𝐷̄2), Ψ ∈ 𝐶𝛼(𝐷̄1).

If condition (10) is satisfied, then, using the integral representation of analytic
functions (see (6))

Ψ = 1
𝜋𝑖 ∫

Γ1

𝜇1(𝑡) 𝑑𝑡
𝑡 − 𝜏 + 𝑖𝑐1, Φ(𝑤2(𝜏)) = 1

𝜋𝑖 ∫
Γ1

𝜇2(𝑡) 𝑑𝑤2(𝑡)
𝑤2(𝑡) − 𝑤2(𝜏) + 𝑖𝑐2,

where 𝜇1(𝑡) and 𝜇2(𝑡) are real functions, and 𝑐1 and 𝑐2 are real constants, the
Dirichlet problem for equation (18) is easily reduced to a system of singular
integral equations of normal type (Γ1 is the boundary of the domain 𝐷1).
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Let now 𝐹2 depend on 𝑣, 𝑣𝜉, 𝑣𝜂. Using the results set forth above, the Dirichlet
problem in this case can be reduced to the solution of a Fredholm equation and
Theorems 1 and 2 can be proved. If, however, inequalities (15) and (8) hold,
then the Dirichlet problem is reduced, in an entirely analogous way, again to an
equivalent integral equation of normal type; only in this case, instead of (17),
one must take the substitution

𝑣 = 𝑣1 + 𝑖𝑣2 = [𝑎11(𝜆1)(𝑘1 − 𝑘̄1) − 𝑘̄1(𝜆1 − 𝜆̄1)(𝜆2 − 𝜆̄1)]𝑢1+

+[𝑎12(𝜆1)(𝑘1 − 𝑘̄1) + (𝜆1 − 𝜆̄1)(𝜆2 − 𝜆̄1)]𝑢2.
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