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THEORY OF ELASTICITY

N. F. MOROZOV

ON THE ANALYTIC STRUCTURE OF THE SOLUTION
OF THE MEMBRANE EQUATION

(Presented by Academician V. I. Smirnov on 9 III 1963)

The so-called membrane equation of a circular thin plate is investigated (1)

32p2(x)[zp(z)]” — 1 =0, (1)

0 <z <1, where p(z) is proportional to the radial force and opposite to it in
sign.

For x = 1 we have three possible boundary conditions:

—p(1) =T > 0; (a)
p(1) =0; (b)
2p"(1) 4+ (1 —o)p(1) = 0, (c)

corresponding respectively to tension on the contour, absence of shearing forces
on the contour, and absence of radial contour displacements.

Following Hencky (?), we seek a formal solution of the equation in the form of
a power series in x

pe) =13 g )
n=0

The coefficients a,, are determined through a:

1
alzai%, a2:—%,.... (3)

We shall establish the possibility of such a choice of a, that the series (2) con-
verges on [0, 1] and its sum satisfies conditions (a) or (c).
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§ 1. Investigation of problems (1)—(a) and (1)—(c). In (®) it was obtained
that the possible solutions of problems (1)—(a), (1)—(b), and (1)—(c) are non-
positive. In () the uniqueness of the solution of the indicated problems and
the existence of solutions of problems (1)—(a) and (1)—(c) in the class of twice
continuously differentiable functions were proved.

Let us pass, for problems (1)—(a) and (1)—(c), to integral equations
1 /w/o da:dxo / /wo dxd:vo T (4a)
z \Jy Jo 32p2( 32p2(

1 0 dmdx o d:vdx 2 U dr
p@) = */ / 32p2 O / / 32p2 O 1z / Sop2a)” 19
T Jo Jo p*( o P2 ( o J p?(z)

We shall consider equation (4a) (for (4c) we obtain analogous results). Following
(4), we make the change of variables p(z) = p(z) + T,

// ke o —/Ol/o%?mzwy (5)

In paper (4) it was proved that there exists a continuous nonpositive p,(x)
satisfying equation (5).

Consider the space | of power series of the form v =" o Cn®""; convergent on
the segment [0, 1], and introduce in [ the norm maxy,; |v(x)|. The resulting

space will be a Banach space. Consider the series satisfying the conditions:
e <0 2 ce, <0 (k=120 3) el =D ey

These series form a cone K in the space [.

Let Sy be the sphere with center at the origin in the space [, and let K =
Sp N K. Kp is convex as the intersection of two convex sets. One can choose
R = R so that the operator ® maps the set K into itself. The operator @ is
completely continuous in the space [, and by the Schauder principle we obtain
that equation (5) has a solution from the set Kp_

x) = i cp ™. (6)
n=0

Thus, the solution of problem (1)—(a) (as well as of problem (1)—(c)) is always
representable in the form of a power series convergent on the segment [0, 1]
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and satisfying the boundary condition at @ = 1. Substituting series (6) into
equation (1) and choosing a, = 4c¢;, we find that the coefficients of series (2)
and (6) coincide.

§ 2. Existence of a solution of problem (1)—(b). Let zp = U. Equation
(1) is transformed to the form

1’2

U'(z) = W (7)

with boundary conditions U(0) = U(1) = 0. Problem (1)—(b) reduces to the
integral equation

Y R L T S A A 5
U@;)_/O dt/o B x/o dt/o et (8)
Take

3
9
U, = —% z(1—z)2/3

and consider the process of successive approximations

1.2

Uiy () = 3202(z)" Un1(0) = U, 11 (1) = 0. 9)

It can be proved, analogously to what was done in paper (5), that

Uy(z) < Up(x) < <0

and U,, converges uniformly to some function U,(x) on the segment [0, 1], with
Uy(z) <0 for z € (0,1).

§ 3. Investigation of problem (1)—(b). Let us take an arbitrary z; (0 < z; < 1).
Since Uy(x;) < 0, on the interval [0, z,] Uy(z), as the solution of problem (1)—
(a), can be represented in the form of an absolutely convergent power series of
the form (6).

We now investigate the solution Uy(z) in a neighborhood of the point x = 1.
From equality (8) one can obtain that, for all n,

3
- V9

where y,,(z) is continuous on [0,1]. It can be shown that y,, (x) converges uni-
formly on [0, 1] to a certain function y,(z). Obviously,
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Upla) = =2 2(1 = aoy) (10

On further investigation of the integral equality (8), we obtain

volz) =1, yole) = —2/5  ygla) = °/h

z—1 x—1 x—1

Finally, for p(z) one can write formulas of asymptotic character as = tends to
unity:

p(z) = ST\/g(l 7@2/3 [*1 - 2/3(1 —z)+ 5/22(1 - x)z + O[(l - 93)3” )

(11)

(@) = Y1 =) 3 2y 410y (1 =) = (1~ + Of(1 )]

The results obtained justify the form proposed by Bromberg! for finding solu-
tions of problem (1)—(b).

Received
1 IIT 1963

REFERENCES

L E. Bromberg, Comm. on Pure and Appl. Math., 9, No. 4, 633 (1936).
2 H. Hencky, Zs. Math. u. Phys., 63, 311 (1915).

3 N. F. Morozov, DAN, 123, No. 3 (1958).

4 V. I. Yudovich, L. S. Srubshchik, DAN, 139, No. 2 (1961).

® F. S. Rofe-Beketov, Matem. prosveshchenie, No. 1 (1957).
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