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In this note we consider diffusion processes z,(a,w) depending on a numerical
parameter a and connected with equations of the form

ov 1 0% ov

— = b (t,x)~— +alt,z)—. 1

at ~ 20 b¥gp taltalg 1)
For the trajectories of such processes, estimates are found—optimal in a certain
sense—of their differential properties with respect to a, both in mean square and
with probability 1.

These results contain, as special cases, most of the results of (*,2) and lead to
a priori estimates of the differential properties of the classical solution of the
Cauchy problem for equation (1). The a priori estimates thus obtained depend
only on the differential properties of the functions b(t, ), a(t,z), and v(0,z),
and do not depend on the “degeneracy” of b(t, z), i.e., the Cauchy problem for
equation (1) is considered in the case where b(¢,z) may vanish in an arbitrary
manner.

Let & (w), t € [0,T], denote the Wiener process (®, p. 187), defined on the
probability space (©, 9%, P), and let §, denote the o-algebra generated by the
sets

{w : ftl(w> < Tqy .- aftN(w) < TN tla atN € [Ovt]}7

where x4, ...,z are arbitrary numbers on the line R = (—o0, 00); €2 is the space
of elementary events w; 9 is the o-algebra of subsets of the set 2 on which the
probability measure P is defined.

We shall call a process z,(w) admissible if z,(w) is §, -measurable for every
s < t;; we shall call a process z,(w), t € [0,T], diffusive if it is admissible,
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continuous in ¢t € [0,7T] for almost all w € , and, for some functions a(t,z),
b(t,x), t € [0,T], z € R, with probability 1 the equality

1) = 2,(w) + / a(u, 2 (w)) du + / b 2y (@) dy(@)  (2)

is satisfied.

For the theory of such equations see, for example, (*) (or (°), Ch. VI, § 3). By
0x(a,w)/0a we shall denote a random variable 7(a,w) such that

lim M
h—0

[m(a + h, W})L —z(a,w) n(a, w)] 2 =0.

Here

Mi(w) = /Q n(w) dP

is the mathematical expectation of the random variable n(w).

Let 23(w) = « in equation (2). Under certain conditions on a(t, x), b(t, x), (x)
(see (6)), the function v(t,z) = M)(z,(w)) is a solution of the Cauchy problem
for equation (1) with initial condition v(0,z) = v(x). Finally, let x,(c,w), for
each a € D C R, be a diffusion process and satisfy almost surely (a.s.) the
equation

xy (o, w) = zo(o,w) + /0 a(u,z, (o, w), o) du+

+/O b(u’xu(a7w)7a) dgu(w) (3)

Theorem 1. If for any =,y € R, o, € D, t € [0,T] there exist constants
v € (0,1), Ly,, Ly, € (0,00) such that
| <

IMa(t,x,0)  0™a(l,y,B)
Oxkdam—Fk dykopm—F

Imb(t,x, ) 9™b(t,y, B)
Ozkdam—k dykopm—*

>

> |:
k=0

2
< Lyg(ja =yl +la— )", @
m l 1 [
d'a(t, x, ) 9'b(t, z, @)
leZ[ orkdal—k rkdal—F < Ly, ()
=0 k=0
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Oagaw)  Imag(Bw)]” 2
_ < _ Y.
M |: aO[Tﬂ 857” — L1T|a IB| ) (6)
m ) 2r
TolO, W
ZM |: %al :| < L2rv (7)
=0
r=0,1,2,...,

then for x, (o, w), t € [0,T], inequalities (6) and (7) hold with constants L3, and
Li,., r=1,2,.., depending only on m,~, Ly,, L,,., T, r =0,1,2, ...

Theorem 2. If for each » < 0o and bounded domain D’ C D there exist: a
constant L,.(D’) such that for all ¢ € [0,T], z,y € [—r,r], a, f € D’ inequality
(4) holds with L,, = L,.(D’), and a nonnegative random variable L(D’,w) < oo
a.s. such that for all «, 5 € D’

‘amxo(aaw) _ am‘TO(Baw) < L(D/ w)|a*5|7 (8)

oo™ apm

then for x,(a,w) inequality (8) holds with any 7; < + and with a random
variable L' (D’,w) < oo, depending only on L(D’,w), L.(D"), T, m, v, ;.

Theorem 3. If a(t,x), b(t, ), ¥(x) are such that

o™al(t oma(t o™b(t o™b(t
‘ a(t,z) a(7y)’+‘ (tx) _ Omb(ty)|

dz™ oy™ ox™ oy™
I™p(x)  IP(y)
_ < _ oyl
+| P - S < Koo o o)
o a(t, ) O'b(t, ) Olap(x)
< >
;( o ‘ 5 +‘ = >K27 m>2 ~v>0, (10)

then for the classical solution v(t,z) of equation (1) with initial condition
v(0,2) = ¢(z) the inequalities hold:

o™v(t,x)  O0Mw(t,y) ,
_ < _ -
L) - O < e - (1)
ou(t,x)
| < Ko (12)
o BT
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where K] and K/ depend only on the constants K, Ky, T, m,~.

Remark. Analogous theorems also hold in the case when x = (z4,...,2,),
a = (aq,...,a,). We omit the formulations of these theorems.

Let us outline the idea of the proof of the theorems.

Consider the equation:
t
=« —|—/ b(x%) d¢g, (13)
0
(for convenience of exposition we omit the parameter w € ).

Formally differentiating (13) with respect to «, for y¢* = 0z /Oa, we obtain the
equation

t
wo=t+ [ Ve, Vi) =5 (14)
0
Next let 07 = (2% — 2)/(a — 8); then for any a, 8,0/, 3" we have

t
-4 b(a?a)_b(fﬁ) /s
yr? =y’ =/ e (e — ) de
0 Ty — T

Ty, — Ty CUS — Tu

Flb(ag) —b(al) by —b(l)
o [

From this equation, using K. 1t0’ s formula for stochastic integrals (7), one can
obtain the inequalities:

AR / ’ ’ l
M|y =y 7| <L (lo—a/ P+ 18— 812)", (16)
21
M|yf5—yf‘ < Lo — B2, (17)

From inequality (16) (analogously to Kolmogorov’ s theorem, see (5), p. 576)
it is proved that y;' # is continuous with probability 1 in «, 8, and from (17) it

follows that 5
¢ —x
P slim At =g b =1,

Next one considers ztaﬁ = (y& — ytﬁ)/|a — B|*, i < 7, and proves that

A/2

af 0/[3/21 o 7\2 _ A2 _47)\2
M =P < Clla—a?+ (B + -, (a8)

where A\ = min(y2,y — x) > 0. From (18) it follows that 2’ is a continuous
function in ¢, «, B for almost all w, and for any bounded domain G of variation
of the variables t, «, 8

(o(w) =sup |28 < oo as. (19)
G
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For equation (13) in the case where m = 1, v > 0, Theorems 1 and 2 follow from
(16), (17), and (19), if only |b(z)| + b’ (z)| < Ly and | (x) — b (y)| < Lq|z —y|".
If, however, b’ (z) is such that |b’(z) — b’ (y)| < L(r)|z — y|? for all z,y € [—r, 7]
and is otherwise arbitrary, then Theorem 2 for equation (13) is proved as follows:
let b,.(z) coincide with b(x) for |z| < r, be equal to zero for |z| > r + 1, and let
[br.(x) —bl(y)] < L'(r)|x —y|” for all z,y € R, and

() = a+ / b, (2(r) d,. (20)

Generalizing Lemma 5 from ()| one can prove that there exists a nonnegative
random variable 7, (w) < oo a.s. such that xf = z¢(r) for r > r,(w) for all
t €[0,7] and « € [—k, k] simultaneously almost surely. But since for z¢(r) the
theorem has already been proved and r,(w) < oo a.s., the theorem is thereby
proved also for x§*.

From the connection with equation (1) of the corresponding diffusion process
and Theorem 1, Theorem 3 follows.

Finally, let us note that Theorems 1 and 3 can be strengthened by allowing
functions a(t,x), b(t,z) that grow no faster than |z|, but with higher-order
derivatives growing only no faster than |z|" for some N < oo. It is sufficient to
require of ¥(z) that 1(z)e %"l — 0 as || — oo for every 6 > 0.

Received
8 V 1963
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