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Abstract
Full Text

B. V. MEDVEDEV
ON THE ASYMPTOTIC CONDITION OF LEHMANN,
SYMANZIK, AND ZIMMERMANN
(Presented by Academician N. N. Bogolyubov, 24 V 1963)

Physics

1. In recent years much attention has been devoted to the “axiomatic”ap-
proach to the construction of quantum field theory, based not on equations
of motion but on a certain system of basic propositions or“axioms.”Such
systems, proposed by various authors, differ first of all in the form of
the causality condition. Thus, in the widely adopted system of Lehmann,
Symanzik, and Zimmermann (1) (LSZ), this condition is connected not
only with the causality condition named by these authors—the require-
ment of commutativity of the Heisenberg field operators outside the light
cone—but also with the “asymptotic condition”introduced by them, the
role of which has been studied in a number of works (see, for example,
(2)). We wish to clarify here to what extent the latter condition follows
from the axiomatics chosen in (3)*, on the basis of the causality condition
proposed by N. N. Bogolyubov (4).

2. In order to formulate the LSZ asymptotic condition, let us define, for
any field, say 𝐵(𝑥), depending on four space-time coordinates, the three-
dimensional Fourier transforms

𝐵k(𝑥0) ≡ 𝐵(−)
k (𝑥0) = −𝑖

(2𝜋)3/2 ∫ 𝑑𝑥 𝑒𝑖𝑘𝑥
√

2𝑘0 (𝑖𝑘0𝐵(𝑥) − 𝜕𝐵(𝑥)
𝜕𝑥0 ) ∣

𝑘0=
√

k2+𝑚2

(1)

and the complex conjugate 𝐵+
k (𝑥0) ≡ 𝐵(+)

k (𝑥0) (we take 𝐵(𝑥) to be Hermi-
tian), depending on time, whose specification fixes 𝐵(𝑥). These Fourier trans-
forms are constructed analogously to the creation and annihilation operators of
the free field and are normalized in such a way that for the out-field 𝜑(𝑥)**:
𝜑(∓)

k (𝑥0) = 𝑎(∓)(k), i.e. 𝜑k(𝑥0) = 𝑎(k) and 𝜑+
k(𝑥0) = 𝑎+(k). It is easy to see

that, for the Heisenberg field 𝐴(𝑥), the operators 𝐴k, 𝐴+
k will be, at fixed 𝑥0, the

annihilation and creation operators of the free field coinciding, together with the
first derivative, with 𝐴(𝑥) at the instant 𝑥0 (the tangent field of Yang—Feldman
(5)).
The asymptotic condition is now written in the form of the requirement of weak
convergence of the operators 𝐴k, 𝐴+

k to the operators 𝑎(∓)(k) and 𝑎(∓)
in (k) as 𝑥0
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tends respectively to +∞ or to −∞:

lim
𝑥0→+∞

⟨𝛼|𝐴(∓)
k (𝑥0)|𝛽⟩ = ⟨𝛼|𝑎(∓)(k)|𝛽⟩, (21)

lim
𝑥0→−∞

⟨𝛼|𝐴(∓)
k (𝑥0)|𝛽⟩ = ⟨𝛼|𝑎(∓)

in (k)|𝛽⟩ (22)

for any states ⟨𝛼| and |𝛽⟩***.
3. In the axiomatics (3) there was no need at all for the concept of a Heisen-

berg field. Therefore, relying on analogy with the usual theory, we have
the right to define the Heisenberg field 𝐴(𝑥) by the equality

𝐴(𝑥) = 𝑇 (𝜑(𝑥)𝑆)𝑆+, (3)

from which a representation of the Yang—Feldman type (5) will follow.****

* We use the notation of (3).
** For simplicity we work with one Hermitian scalar field.

*** In distinction from (1), we are content with the ordinary Fourier transforms
of the continuous spectrum, without resorting to a normalized-to-1 orthogonal
system of solutions of the Klein—Gordon equation in a definite volume, which
for an infinite region can be defined only by means of a certain limiting process.
It is easy to see that such a process, not being connected with crossing the
energy surface, would change nothing in the following arguments.

**** The definition (3) and the representation (4) will be discussed in more
detail elsewhere.

𝐴(𝑥) = 𝜑(𝑥) − ∫ 𝐷adv(𝑥 − 𝑥′) 𝑗(𝑥′) 𝑑𝑥′, (4)

which leads, for the operators 𝐴k and 𝐴+
k , to the expressions

𝐴(∓)
k (𝑥0) = 𝑎(∓)(k)± 𝑖

(2𝜋)3/2 ∫ 𝑑𝑥 𝑒±𝑖𝑘𝑥
√

2𝑘0 ∫ 𝑑𝑥′ (±𝑖𝑘0𝐷adv(𝑥 − 𝑥′) − 𝜕𝐷adv(𝑥 − 𝑥′)
𝜕𝑥0 ) 𝑗(𝑥′), 𝑘0 = √k2 + 𝑚2.
(5)

Let us check whether these operators will satisfy the asymptotic conditions
(2). Passing to matrix elements, we shall compute them between 𝑙- and 𝑠-
particle states (cf. (6), equation (4)); here it is convenient to use the functions
𝐽((𝑝)𝑙; (𝑞)𝑠) introduced in (7) (the notation, for example, (𝑝)𝑙, means, for brevity,
𝑝1, … , 𝑝𝑙):
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⟨(𝑝)𝑙|𝑗(𝑥′)|(𝑞)𝑠⟩ = 𝑒𝑖𝑃𝑥′𝐽((𝑝)𝑙; (𝑞)𝑠);

𝑃 =
𝑙

∑
1

𝑝 −
𝑠

∑
1

𝑞; 𝑝0
𝑖 = √p2

𝑖 + 𝑚2, 𝑞0
𝑗 = √q2

𝑗 + 𝑚2. (6)

We then obtain

⟨(𝑝)𝑙|𝐴(∓)
k (𝑥0) − 𝑎(∓)(k)|(𝑞)𝑠⟩ =

= −(2𝜋)3/2
√

2𝑘0 𝛿(P ± k) 𝑒𝑖(𝑃 0±𝑘0)𝑥0 𝑘0 ∓ 𝑃 0

𝑚2 − 𝑃 2 − 𝑖𝜀𝑃 0 𝐽((𝑝)𝑙; (𝑞)𝑠). (7)

Using the spatial 𝛿-function appearing in (7) and the fact that the vector k lies

on the energy surface, one can transform the fraction 𝑘0 ∓ 𝑃 0

𝑚2 − 𝑃 2 − 𝑖𝜀𝑃 0 in (7) to

the form 1
𝑘0 ± 𝑃 0 ± 𝑖𝜀 , and the limits we need are written as

lim
𝑡→+∞

⟨(𝑝)𝑙|𝐴∓
k(𝑥0)−𝑎(∓)(k)|(𝑞)𝑠⟩ = ∓(2𝜋)3/2

√
2𝑘0 𝛿(P±k) 𝐿+(𝑃 0 ±𝑘0) 𝐽((𝑝)𝑙; (𝑞)𝑠),

(8)

and the analogous expression for 𝑡 → −∞, with 𝐿+(𝑃 0 ± 𝑘0) replaced by
𝐿−(𝑃 0 ± 𝑘0), where

𝐿±(𝛼) = lim
𝑡→±∞

𝑒𝑖𝛼𝑡

𝛼 + 𝑖𝜀 . (9)

4. It is clear that the limits (9) do not exist in the ordinary sense. We shall
therefore understand them in an improper sense, i.e. in the sense of carrying
out the limiting transition after integration with functions from some class of
sufficient regularity. Without setting ourselves the aim of finding this class, we
note that the limit (9) will in any case exist on the class of functions 𝑓(𝛼) analytic
in the whole complex 𝛼-plane, except for a finite number of poles (possibly
located at infinity), and regular on the real axis.

Indeed, a function of such a class can always be represented as the sum of
a rational function 𝜑(𝛼), decreasing at infinity, and a polynomial 𝑃(𝛼). For

the first function, the integral ∫ 𝑒𝑖𝛼𝑡

𝛼 + 𝑖𝜀𝜑(𝛼) 𝑑𝛼 is computed by means of the
residue theorem, and the contributions from all poles will contain exponentials
that decay in the limiting transition 𝑡 → ±∞. The only exception is the pole
at 𝛼 = −𝑖𝜀, which gives the contribution −2𝜋𝑖𝜑(0) as 𝑡 → −∞ and a zero
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contribution as 𝑡 → +∞. The integral of the polynomial will be equal to the
same polynomial in −𝑖 𝜕

𝜕𝑡 , acting on the discontinuous function −2𝜋𝑖𝜗(−𝑡), and
therefore, like the first integral, will tend to −2𝜋𝑖𝑃(0) as 𝑡 → −∞ and to 0 as
𝑡 → +∞. Consequently, in the improper sense,

𝐿+(𝛼) = 0, 𝐿−(𝛼) = −2𝜋𝑖𝛿(𝛼). (10)

5. Returning now to expression (8), we see that

lim
𝑥0→+∞

⟨(𝑝)𝑙|𝐴(∓)
𝑘 (𝑥0) − 𝑎(∓)(𝑘)|(𝑞)𝑠⟩ = 0, (111)

lim
𝑥0→−∞

⟨(𝑝)𝑙|𝐴(∓)
𝑘 (𝑥0) − 𝑎(∓)(𝑘)|(𝑞)𝑠⟩ = ±𝑖(2𝜋)5/2

√
2𝑘0 𝛿(𝑃 ± 𝑘) 𝐽((𝑝)𝑙; (𝑞)𝑠). (112)

From (111) it is immediately clear that the asymptotic condition (21) is satisfied.
To verify the fulfillment of condition (22), let us recall that, by definition,

𝑎(∓)
in (𝑘) = 𝑆𝑎(∓)(𝑘)𝑆+ = 𝑎(∓)(𝑘) − [𝑎(∓)(𝑘), 𝑆]𝑆+

= 𝑎(∓)(𝑘) ± 𝑖
(2𝜋)5/2 ∫ 𝑑𝑥 𝑒±𝑖𝑘𝑥

√
2𝑘0 𝑗(𝑥), (12)

where we have used (2.20) of (3), and hence

⟨(𝑝)𝑙|𝑎(∓)
in (𝑘) − 𝑎(∓)(𝑘)|(𝑞)𝑠⟩ = ±𝑖(2𝜋)5/2

√
2𝑘0 𝛿(𝑃 ± 𝑘) 𝐽((𝑝)𝑙; (𝑞)𝑠). (13)

Comparing the right-hand side with the right-hand side of (112), we see that

lim
𝑥0→−∞

⟨(𝑝)𝑙|𝐴(∓)
𝑘 (𝑥0) − 𝑎(∓)

in (𝑘)|(𝑞)𝑠⟩ = 0, (14)

i.e., the asymptotic condition is also fulfilled for 𝑥0 → −∞.

Thus, we have shown that, with sufficient regularity of the matrix elements
𝐽((𝑝)𝑙; (𝑞)𝑠), considered as functions of 𝛼± = 𝑃 0 ± 𝑘0 = ∑(𝑝2 + 𝑚2)1/2 −
∑(𝑞2 + 𝑚2)1/2 ± ((∑ 𝑝 − ∑ 𝑞)2 + 𝑚2)1/2, the LSZ asymptotic condition follows
from the system of fundamental postulates (3).
6. It is easy to see, however, that the preceding arguments are invalid for the
cases 𝑙+𝑠 = 1. Indeed, by virtue of the stability condition for one-particle states

sovietrxiv.org/items/ru-196301.21554 Machine Translation

https://sovietrxiv.org/items/ru-196301.21554


(3), §4.1, 𝐽(𝑝; −) = 𝐽(−; 𝑞) = 0, and the last factor on the right-hand side of
(112) vanishes. At the same time, however, the time 𝛿-function turns out to be
a consequence of the spatial one, and an infinite factor 𝛿(0) arises. Therefore
the case 𝑙 + 𝑠 = 1 requires a special investigation,* which it is more convenient
to carry out not with the matrix elements of the combinations (1), but with the
matrix elements of the field 𝐴(𝑥) itself.

* Before passing to such an investigation, let us note that since, for example,
𝐽(𝑝; −) = ⟨𝑝|𝑗(0)|0⟩, it can be expressed, replacing the “amputation”⟨𝑝| by
a variational derivative, through the two-particle Green function introduced in
(3), § 4:

𝐽(𝑝; −) = − 1
(2𝜋)3/2√2𝑝0

𝑔ret(𝑝), 𝑝0 = √p2 + 𝑚2,

and, using the spectral representation (3) (4.38) for the latter, represented (un-
der the assumption that the degree of growth is 𝑛 = 1) in the form

𝐽(𝑝; −) = − 𝐶1(𝑚2 − 𝑝2)
(2𝜋)3/2√2𝑝0

+ 𝑂(𝑚2 − 𝑝2)2.

It is now clear that, with respect to the substitution of such expressions for the
one-particle matrix elements, expression (11) and lim𝑥0→±∞ of (7) behave dif-
ferently. The first, effectively containing the 𝛿-function 𝛿(𝑚2 −𝑝2), immediately
vanishes, whereas the second contains the denominator (𝑚2 − 𝑝2), which, upon
cancellation with (𝑚2 −𝑝2) in 𝐽(𝑝; −), will lead to a finite quantity proportional
to 𝐶1. True, such a cancellation contradicts the original LSZ prescriptions for
understanding the asymptotic condition in the form of equality of matrix ele-
ments. Indeed, taking the matrix element actually corresponds to multiplication
by 𝛿(𝑚2 − 𝑝2), and we are dealing with the (∼ 𝐶1) indeterminate expression

1
(𝑚2 − 𝑝2) (𝑚2 − 𝑝2)𝛿(𝑚2 − 𝑝2), (*)

which depends on the order of the multiplications. The simple result mentioned
arises if one first multiplies the first two of the left factors, whereas the LSZ pre-
scription requires primary use of the extreme right one. A more detailed study
of expression (), understood in the sense of a certain limit of some composed
(𝑚2−𝑝2)−1 and 𝛿(𝑚2−𝑝2), shows that it is equal to 𝛼𝛿(𝑚2−𝑝2), where the value
of the coefficient 𝛼 depends on the order of the limiting transitions and, under
reasonable assumptions, lies within the limits 0 ≤ 𝛼 ≤ 1. Let us also note that,
in computing one-particle matrix elements of the in-field in (13), no ambiguities
arise, since for it 𝐷adv in (5) is replaced by 𝐷, and instead of () there appears
the expression 𝛿(𝑚2 − 𝑝2)(𝑚2 − 𝑝2)𝛿(𝑚2 − 𝑝2), which is unambiguously equal
to 0.
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Returning to its definition (3), we have

⟨p|𝐴(𝑥)|0⟩ = ⟨p|𝑇 (𝜑(𝑥)𝑆)𝑆+|0⟩ =

= ⟨p| ∶ 𝜑(𝑥)𝑆 ∶ |0⟩ − 𝑖 ∫ 𝑑𝑥′𝐷𝑐(𝑥 − 𝑥′) ⟨p ∣ 𝛿𝑆
𝛿𝜑(𝑥′) ∣ 0⟩ =

= ⟨p|𝜑(𝑥)|0⟩ − 𝑖
(2𝜋)3/2 ∫ 𝑑𝑥′ ∫ 𝑑𝑦

√2𝑝0
𝑒𝑖𝑝𝑦𝐷𝑐(𝑥 − 𝑥′) ⟨0 ∣ 𝛿2𝑆

𝛿𝜑(𝑥′)𝛿𝜑(𝑦) ∣ 0⟩ ,
(15)

and an analogous expression for ⟨0|𝐴(𝑥)|q⟩. Separating here the exponential
dependence on the coordinates and using the spectral representation, found in
(3), § 4, of the second variational derivative, we arrive at

⟨p|𝐴(𝑥)−𝜑(𝑥)|0⟩ = 𝑒𝑖𝑝𝑥

(2𝜋)3/2√2𝑝0

𝑔𝑐(−𝑝)
𝑚2 − 𝑝2 − 𝑖𝜀 = 𝑒𝑖𝑝𝑥

(2𝜋)3/2√2𝑝0

𝐶1(𝑚2 − 𝑝2) + 𝑂(𝑚2 − 𝑝2)2

(𝑚2 − 𝑝2 − 𝑖𝜀) ;

(161)

⟨0|𝐴(𝑥)−𝜑(𝑥)|q⟩ = 𝑒−𝑖𝑞𝑥

(2𝜋)3/2√2𝑞0
𝑔𝑐(𝑞)

𝑚2 − 𝑞2 − 𝑖𝜀 = 𝑒−𝑖𝑞𝑥

(2𝜋)3/2√2𝑞0
𝐶1(𝑚2 − 𝑞2) + 𝑂(𝑚2 − 𝑞2)2

(𝑚2 − 𝑞2 − 𝑖𝜀) ,

(162)
i.e., precisely expressions of the type of expression (*) (since 𝑝2 = 𝑞2 = 𝑚2!).
No other two-valued moments will occur, and the matrix elements participating
in the asymptotic condition from combinations (1) will become, independently
of the time 𝑥0, equal to

⟨p|𝐴k(𝑥0) − 𝑎(k)|0⟩ = 0; ⟨p|𝐴+
k(𝑥0) − 𝑎+(k)|0⟩ = 𝛼𝐶1𝛿(p − k);

⟨0|𝐴k(𝑥0) − 𝑎(k)|q⟩ = 𝛼𝐶1𝛿(k − q); ⟨0|𝐴+
k(𝑥0) − 𝑎+(k)|q⟩ = 0, (17)

where the coefficient 𝛼 expresses the dependence on the order of the limiting
transitions.

7. Thus, we see that the asymptotic condition in the LSZ form is not a
consequence of the system of axioms proposed in (3), and, consequently,
narrows the admissible class of theories. Since the latter system proved
sufficient for establishing connections (of the character of dispersion rela-
tions) between observable quantities, there is as yet no visible need for
such a narrowing. If, however, this is desired, then the choice of the LSZ
condition cannot be considered successful, since it leads to expressions
devoid of a clear meaning.* It seems to us that in such a case it would
be more rational to require that the coefficient at the pole with the basic
mass in the full Green’s function be equal to unity, i.e., that the constant
𝐶1 be equal to zero, whence, as is seen from (17), there would follow the
unambiguous fulfillment of the asymptotic condition.

The author is grateful to I. T. Todorov and M. K. Polivanov for discussion of
the results.

Mathematical Institute named after V. A. Steklov
Academy of Sciences of the USSR
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