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Abstract
Full Text

V. E. LYANTSE

ON INVERSION FORMULAS GENERATED BY A
SECOND-ORDER BOUNDARY-VALUE PROBLEM
ON THE HALF-LINE, IN A CLASS OF UNBOUNDED
FUNCTIONS

(Presented by Academician L. S. Pontryagin on 14 XII 1962)

Let I, be the boundary-value problem generated by the differential expression
lly] = —y” + p(x)y, given on the half-line R™ = [0,00), and by the boundary
condition y’(0) = 0y(0). We shall assume that the complex-valued function p(x)
satisfies the condition

/ e |p(z)| dx < oo, (1)
0

where ¢ is some positive number; 6 is an arbitrary complex number. As is known,
the problem [, generates the so-called ly-Fourier transform. If, for simplicity, one
assumes that the function f(z), x € RT, is finite, then the [4-Fourier transform
of the function f(x) is defined by the relation

W(fL ) = / f(@)wl, ) de, 2)

where w(z, A) is the solution of the equation {[y] = Ay with the initial values
w(0,\) =1, w,(0,\) = 6. In particular, for p(z) = 0 and 6 = 0, the [,-Fourier
transform coincides with the Fourier cosine transform. The theory of generalized
functions made it possible to extend the Fourier cosine transform to arbitrary
functions growing as rapidly as desired.

In the present paper, using the results obtained in works (}173), and assuming
that condition (1) is fulfilled, we extend the general l,-Fourier transform to
functions f(x) allowing a certain exponential order of growth at infinity. The
definition we introduce is natural in the sense that it coincides with the extension

by continuity from the class of finite functions in the corresponding topology.

Let y,(x,s) be the solution of the differential equation I[y] = s?y satisfying
the condition |y, (z,s) — expizs| — 0 as z — oo (see (1*)). Put A(s) =
¥1,(0,s) — 0y,(0,s). As is known, the function A(s) is holomorphic in the
half-plane Im s > —¢e/2, satisfies the asymptotic equality A(s) = is[1 + o(1)],
and therefore the equation A(s) = 0 has a finite number of roots sy, ..., s, in

the half-plane Ims > 0 and a finite number of real roots oy, ...,0, # 0. The
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numbers \; = s7,..., A, = s2 are eigenvalues of the boundary-value problem [,:

if m,, is the multiplicity of the root s, then the functions {(d/d\)/w(z, A azszs
Jj=0,..,m; — 1, satisfy the boundary condition y’(0) = 6y(0) and not only
belong to the space L?(RT), but even decrease as & — oo at least as fast as
exp(—eyx), where

gy = min(g/2,&,), (3)

with e, the distance from the real axis to the nonreal roots of the function
A(s). The numbers \; = o7, ..., Ay = 0‘5 are called spectral singularities of the
boundary-value problem [,; the corresponding

the “eigenfunctions and associated functions” : {(d/d\)iw(x, \)} =3, do not

belong to the space L?(R™).

Denote by F' the class of functions f(z), x € R*, for each of which there exists
a number n = n(f) < g, such that

1/2

= { [ i) <o (1)

Of functions of the class F' one may say that they “increase” more slowly than
exp eyx. Below we introduce the notion of the [y-Fourier transform for functions
f(z) of the class F. Since these transforms will be generalized functions, one
must first specify the corresponding basic space. To this end, for every infinitely
differentiable function ¥ (x), x € R = (—o0, x0), set

[l = sup [e"#19? ()] (5)
reR
and denote by ¥ the linear topological space consisting of functions v for which

[4],, <oo forallp<e;and ¢=0,1,.. (6)

with the natural linear operations and topology determined by the system of
norms (6). It is not difficult to see that ¥ is a nuclear countably Hilbert space
(see (°)). Further, for an arbitrary function {(s) of the complex variable s =
o + i7, holomorphic in the strip |7| < g, set

[l = sup |74 (s)| (7)
TI<n

and denote by U the linear topological space corresponding (as above) to the
relations
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||1Z||nq <oo foralln<ey ¢=0,1,... (8)

For each function i) € ¥ and each function 1/7 € U set

Bols) = o= [ v, |ms| <<, (9)
Ej(z) = \/%/ D(s)e s ds, x € R. (10)

It can be proved that the Fourier operator E is a one-to-one and continuous
mapping of the space ¥ onto the space ¥ and of the space ¥ onto the space V.
As usual (see (°)), by means of the relations

(W, Eg) = (Ed,g), ¢e€¥, (B =(Bp,§), ¢ve¥, (11

we extend the operator £ to generalized functions g € ¥’ and generalized func-
tions g € U'; here (¥, g) ((¥,g)) is the value of the functional g € ¥’ (g € ¥’)
on the element ¢ € ¥ (¢ € ¥).

For an arbitrary function f € F set

Vf(x)=0 forz <0, Vf(x) = f(z) forz>0. (12)

Identifying a regular functional with the function generating it pointwise, one
may write the following inclusion: V f € ¥’ for all f € F. It turns out that, in
the case when the function f € F is finite, for the integral (2) the formula is
valid

sl 7) = ¢

SAS)E = A(=S)E V(L + K) f(s); (13)

in this case

t
Kft) = [ Kot s (14)
o
where K(z,t) is a certain smooth kernel satisfying an inequality of the form

K (z,t)] < Ce 5@+, (15)
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so that the operator 1+ K maps the space F' continuously onto itself; A(S) and
A(—S) are the operators of multiplication by the functions A(s) and A(—s),
respectively. We also note that the operator V' is a continuous mapping of
F into U’, while the functions A(s) and A(—s) are multipliers in the space
7. Consequently, for each function f € F, formula (13) defines a functional
sw(f,s?) € ¥, and the mapping f(z) — sw(f,s?) is a continuous transforma-
tion of F into ¥’. Since sw(f,s?) is an even generalized function, after the

change of variable A = s? it becomes a generalized function w(f,\) defined on
the half-axis A > 0.

Definition. The [,-Fourier transform of a function f € F' is the function wf,
which on the half-axis A > 0 is equal to the generalized function w(f, \) defined
by formula (13), and which, moreover, is holomorphic in some neighborhood of
the eigenvalues A, ..., A, and satisfies the relations

(/AN f(N)} sy, = / " @) {(A/AN (e, N sy, d,

j=0,...,m,—1, k=1 ..,
Denote by p;, the multiplicity of the real root o}, of the equation A(s) =0, k=
1,...,p.

Theorem 1. In order that the [,-Fourier transform wf of a function f € F be
equal to zero, it is necessary and sufficient that

P HE—1 d J
T) = Cl. — | w(z, A ; 16
o=33 kj{(dk) ( )} (16)

k=1 j= A=2k

here 5\1 =02, ..., A o = 0,2) are spectral singularities of the boundary-value prob-

lem [y, and C}; are arbitrary constants.

Let us now consider the inversion of the {y,-Fourier transform. It turns out that
for every function g(s), integrable on the axis —oo < s < oo, the following
formula holds:

/_: sw(z, s%) G(s)ds = z\/z(l + %)V’l.ﬁf‘oﬁ(a?), (17)

where Ty = E-YA(—S) — EA(S), I'"h(z) = 0 for < 0, and ITh(z) = h(xz)
for z < 0%*. Kf(z) = / K(x,t)f(t)dt, where K(x,t) is the same kernel as

above; the operator V is defined by relations (12). Denote by D the set of all
those generalized functions § € ¥’ for which V-1I"T,g € F. It is clear that the
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latter inclusion is possible only in the case when fog is a functional regular on
R*. For generalized functions § € © we take the right-hand side of relation (17)
as the definition of the integral appearing on its left-hand side. Next denote by

an arbitrary solution 4(s) of the equation A(s)A(—s)u(s) = g(s) (recall that
the functions A(s) and A(—s) are multipliers in the spa-

* Since the function f satisfies relation (4), all these integrals converge.
** h(x) is a function defined on the whole axis —oo < z < 0.

of @) If the boundary-value problem [, has no spectral singularities, then the
“part”

has only one value. In the opposite case, the values of this “part” are determined
up to a term spanning a linear finite-dimensional manifold (cf. (6)).

Theorem 2. For every function f € F', every value of the part

1

mgw(ﬂs )

belongs to the set ©, and the inversion formula is valid:

)= 2 [ Sule ) o Bl o) dat (18)

0y { (;i)mkl My (N wf () w(z, /\)} +kzp; ljz_; o { (jA)jw(x, /\)}

A=Xk

A=)y (0, VA)
(my — DIAVN)

My = ¢ , (19)

and C); are certain constants depending on which of the possible values of the
part
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is substituted under the “integral” sign.

Suppose now that f € L2(R"); then for each value of the “part”

1

m&w(ﬁs )

there exists a unique system of values of the constants C}; for which the sum

1, —1 1
1 [e's) ) 1 ) P Hg d J
2B gy Sl e+ 30 G () e

o0 =1 j=0 A=Ak
(20)
is an element of the space L?(R"). With such a choice of the values of the
constants Cj;, the sum (20) does not depend on the choice of the value of the
“part”

1

Eearea—) 109) 82 .
A5 A(—s) S s)

The value of the sum (20) belonging to the space L?(R") will be called the
regularized value of the divergent integral

and will be denoted by the symbol

o wf()\)w(x,)\)\ﬂd)\
0 AVNAVA)

1
— reg. val. (21)
v

Theorem 3. Every function f € L?(R") is uniquely determined by its l,-
Fourier transform wf, and the inversion formula holds

L1 e (el VA
flz) = — reg. 1./0 AN AN dX+

+kz{(jx> Mk@)wf(A)w(w»A)} ' (22)

A=),
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