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Abstract

Full Text
MATHEMATICS

Corresponding Member of the Academy of Sciences of the USSR A. N.
TIKHONOV

ON THE REGULARIZATION OF ILL-POSED
PROBLEMS

Numerous practically important problems lead to ill-posed problems, such as,
for example, Fredholm integral equations of the first kind, the Cauchy problem
for an elliptic equation, the problem of analytic continuation, etc. Ill-posed
problems have recently attracted much attention (see, for example, (1), where
the literature on this question is given).

The problem R of determining a function z(s) € Z from a given function u(x) €
U: z(s) = R[s,u(z)] (where Z and U are the corresponding functional spaces)
is called well-posed if:

1°. To every function u(z) € U there corresponds a solution z(s) of the problem.
2°. The solution z(s) is uniquely determined by the data u(x).

3°. The solution z(s) of the problem depends continuously on u(x) in the metrics
of Z and U.

Let an ill-posed problem z = R[s,u] be given. As an illustrative example we
shall take the Fredholm equation of the first kind

b
Alz, z(s)] = / K(z,s)z(s)ds = u(x), c<z<d. (1)

Not every function u(z) corresponds to a solution of the problem z(s).

Let us consider the following question concerning the solution of ill-posed prob-
lems.

It is known that to some function u(z) there corresponds a solution of the prob-
lem z(s) = R[s,u(x)]; suppose that a function @(z) is given, an approximation
to u(x) with known accuracy 0: |u(z) — t(x)| < . Determine Z(s)—an approx-
imate value of z(s) with prescribed accuracy |Z(s) — z(s)||, < €, provided that
0—the accuracy with which @(z) is specified—is sufficiently small. In this case
Z(s) is by no means required to be equal to R[s, @(x)], which may in general not

exist.
We shall call an operator (or algorithm) Rs[s,u(z)] regularizing if:

1°. Rg[s, @(x)] is defined for all @ € U and ¢ > 0.
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2°. If for u(x) there exists z(s) = R[s, u(x)], then for every e there exists a d(¢, 2)
such that, if |u(z) —@(z)|y < J, then |Z5(s)—2(s)|, < &, where Z5(s) = Rgls, 1.

We shall call the problem z(s) = R[s,u(z)] regularizable if it admits at least
one regularizing algorithm.

It is obvious that if the problem z = R|[s, u] is well-posed, then it is regularizable,
since, putting Rgs[s,u] = R[s,u] for any §, we obtain a regularizing algorithm.

Depending on the norm of z, we may distinguish weak regularization, uniform
regularization, and regularization of the n-th order of smoothness.

Regularizing algorithms provide a practical method for solving ill-posed prob-
lems.

In (?) a uniformly regularizing algorithm is given for equations of the first kind.
In the present article, for the same class of problems, regularizing algorithms of
the n-th order of smoothness are presented.

1. Consider the integral equation of the first kind (1), and for simplicity
suppose that the kernel is continuous and that for u(x) = 0 there is only
the unique solution z(é) = 0. Consider the smoothing functional

My [2(s); u(x)] = Nz(s); u(x)] + aQ™[], (2)

where

d
Niz(s);a(2)] = / |Alz, 2(5)] — a(2)]? da

and the regularizing functional

b (n+1 ) 9
Q™ :/ {Z&(S)(ZWS)) }ds,

1=0

where K;,(s) are continuous functions, K;(s) > 0.

Theorem 1. For any function u(z) € L, and any « > 0, there exists a unique
2(n+ 1)-times continuously differentiable function z%(s) realizing the minimum
of the smoothing functional M|z, u(x)].

The function 22(s) is determined by the Euler equation

n+l1 i iy b _
Lol =a {Z(—l)iﬂjsi (0)%) } - { [ .0 - b<s>} =0

1=0
3)
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with boundary conditions

=0 (I=1,.,n+1), 4
a,b

n+1 "
ml(s) = { Z (71>iil71[Ki(S)Zi(s)]@il* )}

i=l+1

where

B d
/ K(& 9)K(E.C)de,  b(s) = / K (&, )al€) de.

Using the Green function for the boundary-value problem

n+1

- di
Ln[z]:;( 1)”1d51[Kz N=f  7a)=7'b)=0, I=1,....,n+1,

equation (3) is transformed into a Fredholm equation of the second kind, which
for @ > 0 has only the trivial solution, and this proves the existence of the
function 22(s).

Theorem 1’. For any function u(z) € L, and any « > 0, there exists a function
z(4)(s) € Ly realizing the minimum of the functional M2 [z, u].

This function is determined as the solution of the equation

aKy(z / K(s,6)2(€) d€ — b(s), (3%)

for which the corresponding homogeneous equation has only the trivial solution.

Theorem 2. If u(z) = Az, 2(s)], Z € C"*V, then for any £ > 0 and auxiliary
numbers 0 < 7; < 7, there exists such a d(g,7v;,7,, 2) that if: 1) Jus(x) —
u(x)|, <0, where ug(x) € Ly; 2) a = a(d) has pos-

has order 6%: 7; < 6%/a(d) < 7y, then 2§, (s), realizing the minimum of the
functional Mg [z, @is(x)], are such that

28, ()@ —2(s)?| <e, a<s<b  i=0,..,n

for 6 < dy(e, 71,72, 2)-

Theorem 2’. If u(z) = Alz, 2(s)], Z € L,, then for any ¢ and auxiliary numbers
0 <7 < 7, there exists such a dy(e, 7y, 72, 2) that, if: 1) [ts(z) —u(z)],, <,
where fig5(z) € Ly; 2) @ = a(d) has order §%: vy < 6%/a(d) < v, then z§ (s),
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(5)[

realizing the minimum of the functional M;'”[z,7is(x)], converges weakly to

Z(s).

From Theorems 1, 2 and 17, 2’ it follows that the solution of the boundary-
value problem (3), (4) constitutes a regularizing algorithm of the n-th order
of smoothness if z € C™*! and the solution of equation (3*) constitutes an
algorithm of weak regularization for z € L,.

Analogously (?), all these results carry over to multidimensional problems and
to operator equations of the first kind

Alz, 2(s)] = ul(x),

where Az, z| is an operator acting from C' to L,, bounded in the sense that, for
almost every z,

d
|Alz, 2(s)]| < A(z)|z]c, / A2(z)dx = Ay < +oo.
A finite-dimensional approximation of the problem under consideration is

treated analogously (?).

2. Let us consider a very important special case of the problem under con-
sideration, when

b
/ K(x,s)z(s)ds = u(x), a<z<b

(i.e., when a = ¢, b = d) and when for K (z, s) there exists a kernel of half-order,
ie.

;
K(,s) = / R(&,0)R (€, 5) de.

/

In this case the algorithm for obtaining z*(s) is simplified. The equation for
determining z*(s) can be written in the form

_ b
Lylz] = aL,[2] — {/ K(s,€) 2(§) d€ — ﬂ(S)} =0 (3)
with the conditions

ml(a) =7l (b) =0 (l=1,...,n+1). (4"
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Indeed, consider the function

b
w0 = [ Kessods, ¢ <e<d,

Let us pose the problem: regarding v(£) as a given function, find z(s). This
problem is equivalent to the original one and determines the same function z(s).
Applying to this

problem, by the basic algorithm set forth above, we obtain for determining 2% (s)
the problem (3*), (4%), determined directly by the specification of K(z, s), u(z).

3. The special case under consideration (Sec. 2) includes the problem of
continuation of a potential toward the perturbing masses, determined by
the Poisson equation

L demite), esasd
’]Tioo (x—s>2+h228 S =ul\r), CST s a.

If z(s) is different from zero only for a < s < b and the domain (c¢,d) in
which u(x) is specified contains (a,b), then one may use the special algorithm
(3"),(4"). If, however, (c,d) does not contain (a,b), then one must use the
general algorithm (3), (4).

Analogous considerations apply both to the inverse problem of heat conduction
of the usual type

1/+OO ! e~ (@=9)* /4%t 1) ds = u(x)
2V ) o ’

Va2t
and to the inverse problem of the second type, corresponding to the problem of
determining the historical climate (3.

The problem of analytic continuation from the arc L; to the contour L,, deter-
mined by the equation

w(z) = — /L w(¢) ¢ (:C Ly, (CL)

2mi QC—Z

is solved with the aid of the basic algorithm.

Problems of optimal regulation lead to ill-posed variational problems, and the
regularization method also finds application in solving these problems.

The methods set forth have been tested on electronic computers and have yielded
very effective results.
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