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Abstract
Full Text
Crystallography
Yu. I. Sirotin

Integral Rational Bases of Tensor Invariants of
Crystallographic Groups
(Presented by Academician L. I. Sedov, 16 February 1963)

1. Tensor invariants of a crystallographic group are polynomials composed of
the components of one or several tensors and invariant with respect to this group.
They are used in expanding thermodynamic functions of state of crystals into
series, in constructing tensors invariant with respect to crystallographic groups,
etc. As is known (1), all invariants of one or several tensors can be obtained
by integral rational operations—multiplication and linear combination—from a
finite set of such invariants, called their integral rational basis (i.r.b.). For
crystallographic groups, i.r.b.’s of vector invariants (2) and i.r.b.’s of invariants
of a symmetric tensor of the second rank (3) are known. Here a general method
is set forth for constructing i.r.b.’s of tensor invariants of crystallographic groups
—a generalization of a method proposed earlier for constructing tensors invariant
with respect to crystallographic groups (4).
2. For definiteness, we shall consider two tensors ⃗𝛼 and ⃗𝛽, whose components
transform respectively according to a representation 𝐴 of the orthogonal group
of dimension 𝑎 and according to its representation 𝐵 of dimension 𝑏. Polynomi-
als composed of their components, of degree 𝑚 in the components of the tensor

⃗𝛼 and of degree 𝑛 in the components of the tensor ⃗𝛽, transform according to the
representation∗ 𝑇 = [𝐴𝑚][𝐵𝑛]. In the linear space 𝐿(𝑇 ) of such polynomials,
the invariants of the crystallographic group 𝐺 form a subspace 𝐿(𝐺 × 𝑇 ). The
averaging operators (cf. (4))

̂𝑆(𝐺 × 𝑇 ) = 1
𝑁𝐺

∑
𝑔∈𝐺

̂𝑇 (𝑔),

where 𝑁𝐺 is the order of the group 𝐺, and ̂𝑇 (𝑔) is the operator of the represen-
tation 𝑇 of the group 𝐺 corresponding to the element 𝑔, map the space 𝐿(𝑇 )
onto its subspace 𝐿(𝐺 × 𝑇 ).
3. We shall agree to use in 𝐿(𝑇 ) bases consisting of all possible monomials

𝛼𝑠1
1 𝛼𝑠2

2 … 𝛼𝑠𝑎𝑎 𝛽𝑡1
1 𝛽𝑡2

2 … 𝛽𝑡𝑏
𝑏 (

𝑎
∑
𝑖=1

𝑠𝑖 = 𝑚,
𝑏

∑
𝑗=1

𝑡𝑗 = 𝑛) .
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In doing so, if we seek an i.r.b. of invariants of groups of the lower or cubic
systems, we shall write the tensors ⃗𝛼 and ⃗𝛽 in the orthogonal crystallophysical
(5) coordinate system 𝑥, 𝑦, 𝑧. If, however, it is required to find an i.r.b. of
invariants of groups of the middle systems, we shall write the tensors ⃗𝛼 and ⃗𝛽
in the cyclic (6) coordinate system 𝜉, 𝜂, 𝑧, obtained from the crystallophysical
one by the unitary transformation

𝜉 = 2−1/2(𝑥 + 𝑖𝑦), 𝜂 = 2−1/2(𝑥 − 𝑖𝑦).

4. Suppose first that the representation 𝑇 of the group 𝐺 splits into one-
dimensional representations. For this it is sufficient (and if 𝑇 is a faithful
representation, also necessary) that the group 𝐺 be Abelian. In this case, the
bases chosen in Sec. 3 in the space 𝐿(𝑇 ) consist of eigenvectors of the operators

̂𝑇 (𝑔). The action of the operator ̂𝑆 on the elements of such a basis

∗ The symbol [𝐴𝑚] denotes the 𝑚-th symmetric Kronecker power of the repre-
sentation 𝐴, in distinction to the ordinary Kronecker power, denoted by 𝐴𝑚.

reduces to selecting monomials, i.e., to multiplying the monomials satisfying
certain“selection rules”by one and multiplying the remaining basis monomials
by zero. Further, as in (4), we easily find an i.r.b. of the selected monomials for
all possible 𝑇 = [𝐴𝑚][𝐵𝑛] (𝑚, 𝑛 = 0, 1, 2, …).

5. Let us explain the foregoing by an example. We shall find an i.r.b. of
the invariants of a vector ⃗𝛼 = (𝐴 = 𝑉 ) and a pseudovector ⃗𝛽 (𝐵 = 𝜀𝑉 )
with respect to the group 𝐷2ℎ. The basis in 𝐿(𝑇 ) consists of all possible
monomials of the form

𝛼𝑠𝑥𝑥 𝛼𝑠𝑦
𝑦 𝛼𝑠𝑧𝑧 𝛽𝑡𝑥𝑥 𝛽𝑡𝑦

𝑦 𝛽𝑡𝑧𝑧 (𝑠𝑥 + 𝑠𝑦 + 𝑠𝑧 = 𝑚, 𝑡𝑥 + 𝑡𝑦 + 𝑡𝑧 = 𝑛).

The group-averaging operator over the group 𝐷2ℎ, referred to this basis, is:

̂𝑆 (𝐷2ℎ × [𝑉 𝑚][(𝜀𝑉 )𝑛]) = 1
8[1 + (−1)𝑚−𝑠𝑥+𝑛−𝑡𝑥 + (−1)𝑚−𝑠𝑦+𝑛−𝑡𝑦

+ (−1)𝑚−𝑠𝑧+𝑛−𝑡𝑧 + (−1)𝑚 + (−1)𝑠𝑥+𝑛−𝑡𝑥

+ (−1)𝑠𝑦+𝑛−𝑡𝑦 + (−1)𝑠𝑧+𝑛−𝑡𝑧]

= {1, if 𝑠𝑥 + 𝑡𝑥 ≡ 𝑠𝑦 + 𝑡𝑦 ≡ 𝑠𝑧 + 𝑡𝑧 (mod 2), 𝑚 ≡ 0 (mod 2);
0, in all other cases.

Hence, as in (4), we find an i.r.b. consisting of the following 13 invariants:
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𝐼1 = 𝛼2
𝑥, 𝐼2 = 𝛼2

𝑦, 𝐼3 = 𝛼2
𝑧,

𝐽1 = 𝛽2
𝑥, 𝐽2 = 𝛽2

𝑦, 𝐽3 = 𝛽2
𝑧 , 𝐾 = 𝛽𝑥𝛽𝑦𝛽𝑧,

𝐿1 = 𝛼𝑦𝛼𝑧𝛽𝑥, 𝐿2 = 𝛼𝑧𝛼𝑥𝛽𝑦, 𝐿3 = 𝛼𝑥𝛼𝑦𝛽𝑧,
𝑀1 = 𝛼𝑦𝛼𝑧𝛽𝑦𝛽𝑧, 𝑀2 = 𝛼𝑧𝛼𝑥𝛽𝑧𝛽𝑥, 𝑀3 = 𝛼𝑥𝛼𝑦𝛽𝑥𝛽𝑦.

The invariants 𝐼𝑝, consisting only of the components of ⃗𝛼, form an i.r.b. of
the invariants of a vector, coinciding with that indicated in (2). Similarly, the
invariants 𝐽𝑞 and 𝐾 form an i.r.b. of the invariants of a pseudovector with
respect to the group 𝐷2ℎ. Among the 13 invariants listed, 6 are functionally
independent (say, 𝐼𝑝 and 𝐽𝑞). The remaining ones are related to them and to
one another by 28 relations***:

𝐾2 = 𝐽1𝐽2𝐽3, 𝐿2
1 = 𝐼2𝐼3𝐽1, 𝑀2

1 = 𝐼2𝐼3𝐽2𝐽3,
𝐿2𝐿3 = 𝐼1𝑀1, 𝑀2𝑀3 = 𝐼1𝐽1𝑀1, 𝐾𝐿1 = 𝐽1𝑀1, 𝐾𝑀1 = 𝐽2𝐽3𝑀1,

𝐿1𝑀1 = 𝐼2𝐼3𝐾, 𝐿2𝑀3 = 𝐼1𝐽2𝐿1, 𝐿3𝑀2 = 𝐼1𝐽3𝐿1

(among them, of course, only 7 are functionally independent). Taking these
relations into account, we refine, following Smith (8), the form of the general
integral rational invariant of the group 𝐷2ℎ, composed of the components of the
vectors ⃗𝛼 and ⃗𝛽. Obviously, any such invariant, i.e. any polynomial in the 13
basic invariants, can be written in the following form:

𝑃 (𝐼𝑝, 𝐽𝑞, 𝐾, 𝐿𝑟, 𝑀𝑠) = 𝑓 + 𝐾𝜑 +
3

∑
𝑟=1

𝐿𝑟𝜓𝑟 +
3

∑
𝑠=1

𝑀𝑠𝜒𝑠,

where 𝑓, 𝜑, 𝜓𝑟, 𝜒𝑠 are arbitrary polynomials in the six principal (functionally
independent) invariants 𝐼𝑝, 𝐽𝑞.

6. To construct an i.r.b. of invariants of non-Abelian crystallographic groups,
we shall use the easily proved theorem on averaging over subgroups. Let
𝐹 and 𝐻 be subgroups of a group 𝐺 having no common elements except
the identity, and let the product of their orders be equal to the order of
the group 𝐺; then, for any 𝑇 ,

̂𝑆(𝐺 × 𝑇 ) = ̂𝑆(𝐹 × 𝑇 ) ̂𝑆(𝐻 × 𝑇 ) = ̂𝑆(𝐻 × 𝑇 ) ̂𝑆(𝐹 × 𝑇 ).

* 𝑉 is the vector representation, 𝜀 is the pseudoscalar representation.

** More precisely, with respect to the supergroup (7) 𝐷2ℎ: the i.r.b.’s of the
invariants of a pseudovector are the same with respect to the other groups
belonging to this supergroup, 𝐶2𝑣 and 𝐷2.
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*** To each of the written relations (except the first) there correspond two more,
obtained from it by a cyclic permutation of the indices.

For every non-Abelian crystallographic group 𝐺 one can choose subgroups 𝐹 and
𝐻, satisfying the conditions of this theorem, in such a way that 𝐹 is Abelian,
while 𝐻 is isomorphic to the symmetric group of degree three or to one of
its subgroups. Moreover, the bases indicated in Sec. 3 in 𝐿(𝑇 ) are chosen
so that the operators ̂𝑇 (ℎ) of the representation 𝑇 of the group 𝐻 perform
permutations of indices in the basis monomials (sometimes, in addition, they
change the signs of monomials). Hence there follows a method for constructing
an i.r.b. of invariants of the non-Abelian group 𝐺. First, as shown in Sec. 4,
we find an i.r.b. of invariants of its Abelian subgroup 𝐹 . The next stage of
the problem reduces to constructing an i.r.b. of invariants of the symmetric or
signed-permutation group of degree three or two, described, for example, in (1).
One may, of course, proceed in the reverse order as well.

7. Let us consider this case in a simpler example. Let ⃗𝛼 be, as before, a
vector (𝐴 = 𝑉 ), and let 𝛽 be a pseudoscalar or a tensor of rank three
antisymmetric in all indices (𝐵 = 𝜀), with 𝛾 = 𝛽𝑥𝑦𝑧 in a right-handed
coordinate system. We shall find an i.r.b. of invariants of these tensors
with respect to the cubic groups. We choose the subgroups 𝐹 and 𝐻 of
the cubic groups 𝐺 as follows:

𝐺 𝑇 𝑇ℎ 𝑇𝑑 𝑂 𝑂ℎ

𝐹 𝐷2 𝐷2ℎ 𝐷2 𝐷2 𝐷2ℎ
𝐻 𝐶3 𝐶3 𝐶3𝑣 𝐷3 𝐶3𝑣

An i.r.b. for the group 𝐷2 consists of the invariants 𝛼2
𝑥, 𝛼2

𝑦, 𝛼2
𝑧, 𝜉 = 𝛼𝑥𝛼𝑦𝛼𝑧,

and 𝛽, while for the group 𝐷2ℎ it consists of the invariants 𝛼2
𝑥, 𝛼2

𝑦, 𝛼2
𝑧, 𝛽2, and

𝜉𝛽. Averaging over the groups 𝐻 reduces to constructing from these invari-
ants symmetric polynomials or polynomials invariant with respect to a signed-
permutation group, taking into account that under certain operations 𝛽 and 𝜉𝛽
change sign. Introducing the notation

𝛼2 = 𝛼2
𝑥 + 𝛼2

𝑦 + 𝛼2
𝑧, 𝛾2 = 𝛼4

𝑥 + 𝛼4
𝑦 + 𝛼4

𝑧,

𝜂 = (𝛼2
𝑥 − 𝛼2

𝑦)(𝛼2
𝑦 − 𝛼2

𝑧)(𝛼2
𝑧 − 𝛼2

𝑥),

we easily obtain the following i.r.b.’s:

Group 𝑇 : 𝛼2, 𝜉, 𝛾2, 𝜂, 𝛽;
Group 𝑇ℎ: 𝛼2, 𝛾2, 𝜉2, 𝜂, 𝛽2, 𝜉𝛽;
Group 𝑇𝑑: 𝛼2, 𝜉, 𝛾2, 𝛽2;
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Group 𝑂: 𝛼2, 𝛾2, 𝜉2, 𝜉𝜂, 𝛽;
Group 𝑂ℎ: 𝛼2, 𝛾2, 𝜉2, 𝛽2.

In those cases where there are more than four basic invariants, there exist rela-
tions among them by means of which, as in Sec. 5, one can refine the form of
the general invariant composed of the components of the tensors 𝛼 and 𝛽.
For the group 𝑇 we thus obtain:

𝑃(𝛼2, 𝜉, 𝛾2, 𝜂, 𝛽) = 𝑓1(𝛼2, 𝜉, 𝛾2, 𝛽) + 𝜂𝑓2(𝛼2, 𝜉, 𝛾2, 𝛽);

for the group 𝑇ℎ:

𝑃(𝛼2, 𝛾2, 𝜉2, 𝜂, 𝛽2, 𝜉𝛽) = 𝑓1(𝛼2, 𝛾2, 𝜉2, 𝛽2) + 𝜂𝑓2(𝛼2, 𝛾2, 𝜉2, 𝛽2)
+𝜉𝛽𝑓3(𝛼2, 𝛾2, 𝜉2, 𝛽2) + 𝜂𝜉𝛽𝑓4(𝛼2, 𝛾2, 𝜉2, 𝛽2);

for the group 𝑂:

𝑃(𝛼2, 𝛾2, 𝜉2, 𝜉𝜂, 𝛽) = 𝑓1(𝛼2, 𝛾2, 𝜉2, 𝛽) + 𝜉𝜂𝑓2(𝛼2, 𝛾2, 𝜉2, 𝛽),

where 𝑓1, 𝑓2, 𝑓3, 𝑓4 are arbitrary polynomials in their four arguments—the prin-
cipal invariants of the corresponding groups.

Moscow State University
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